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Summary 



The content of this thesis is a detailed investigation of Rho invariants of the total spaces of fiber 
bundles. The main idea is to use adiabatic limits of Eta invariants to obtain a formula for Rho 
invariants that separates the contribution coming from the fiber and the one coming from the 
base. An adiabatic metric on a fiber bundle rescales the metric of the base manifold in such a 
way that the geometry of the fiber bundle approaches a product situation. Concerning the Eta 
invariant, this process has received a far-reaching treatment in the literature. For this reason, 
one concern of this thesis is to formulate the technical aspects of local index theory for families 
of Dirac operator in terms of the odd signature operator, and place known results in a context 
which permits the treatment of Rho invariants. 

The resulting formula expresses the Rho invariant as a sum of three terms, each of which is of 
a very different nature. First of all, a higher dimensional analog of the Rho invariants of the fiber 
has to be integrated over the base. This term is of a local nature on the base, but contains global 
spectral information about the fiber. The next term is essentially a Rho invariant of the base, 
where the underlying flat connection is defined on the bundle of cohomology groups of the fiber. 
Lastly, there is a purely topological term, which can be computed from the spectral sequence of 
the fiber bundle. Together, this formula casts the Rho invariant of the total space into a form 
which incorporates the structure of the fiber bundle in a satisfactory way. 

The main concern of this thesis is, however, to use this theoretical formula to compute Rho 
invariants for explicit classes of fibered 3-manifolds. More precisely, we consider principal S 1 - 
bundles over closed, oriented surfaces as well as mapping tori with fiber a closed, oriented surface. 
For the first class of examples, one can compute U(l)-Rho invariants without using this general 
formula. In particular, this yields the opportunity to compare the different approaches and test 
the systematical advantage of the general formula. 

For 3-dimensional mapping tori, the presented theory can also be used for explicit compu- 
tations. We first consider the case that the monodromy map is of finite order. In this case, 
a general formula for Rho invariants can be derived. To investigate a further interesting class 
of mapping tori, we consider U(l)-Rho invariants in the case that the fiber is a 2-dimensional 
torus. Here, hyperbolic monodromy maps deserve particular attention. When discussing them, 
the logarithm of a generalized Dedekind Eta function naturally appears. A satisfactory formula 
for U(l)-Rho invariants of hyperbolic mapping tori can then be deduced from a transformation 
formula for these Eta functions. 
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Introduction 



The Rho Invariant for Closed Manifolds. In their famous series of articles [71 [51 [9], Atiyah, 
Patodi and Singer established an index theorem for manifolds with boundary. Part of their 
motivation was to find a generalization of Hirzebruch's Signature Theorem to manifolds with 
boundary and give a differential geometric explanation for the signature defect. 

We recall this briefly. Let W be a closed, oriented 4-manifold, and let Sign(W) be its signature. 
Then the Hirzebruch's Signature Theorem states that 

Sign(T^) = \l pi(TW). (1) 
Jw 

Here, pi(TW) is the first Pontrjagin form, and since W is closed, it is a characteristic class 
independent of the connection used to compute it. Let us now assume that W has a boundary 
M. If a : 7Ti (W) — > V(k) is a unitary representation of the fundamental group, one defines a 
twisted signature Sign Q (H / ) using cohomology groups with local coefficients. Then an application 
of the signature formula ([I]) and its twisted version to the closed double W Um —W shows that 
the difference 

Sign a (W) - k ■ Sign(W) 

depends only on the topology of the boundary dW = M as well as the restriction of a to 
7Ti(M). This signature defect is in general non-trivial. Moreover, the signature itself fails to be 
multiplicative under finite coverings of manifolds with boundary. Both observations show that 
the signature of a manifold with boundary is in general not expressible as in ([I]). 

The Atiyah-Patodi-Singer Index Theorem for manifolds with boundary identifies the correc- 
tion term in great generality. For a formally self-adjoint elliptic differential operator D of first 
order, acting on sections of a vector bundle over a closed manifold M, one defines the Eta function 

0^A6spec(D) ' ' 

The function w(D, s) admits a meromorphic continuation to the whole s-plane, and it is a remark- 
able fact that s = is not a pole. The Eta invariant rj(D) is defined as this finite value. Then 
a special case of the Atiyah-Patodi-Singer Index Theorem for a compact, oriented 4-manifold W 
with boundary M is 

Sign a (W) = ^f Pl (TW,V°)-ri(B%). (3) 

Here, pi(TW, V 9 ) is the first Pontrjagin form, computed with respect to a metric g in product 
form near the boundary, A is a flat U(fc)-connection over M whose holonomy coincides with 
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a lvri(A/)) an d — most importantly — is the odd signature operator on M. It is defined on 
differential forms of even degree with values in the flat bundle E as 

BJoj = (-l) p {*d A - d A *)uJ, uj e fl 2p {M, E). 

A simple consequence of (|3|) is that 

SignjW) - k ■ Sign(W) = r](B%) - k ■ r](B cv ). (4) 

The right hand side of is called the Rho invariant pa(M). It is defined for every odd 
dimensional manifold M and flat unitary connection A over M, without any reference to a 
bounding manifold. Moreover, p A (M) turns out to be independent of the choice of the metric 
used in defining the involved odd signature operators. Therefore, it is an intrinsically defined 
smooth invariant of M, which extends the signature defect. 

Since the Eta invariants appearing in the definition of p A (M) are non-local spectral invari- 
ants, it is difficult to compute Rho invariants directly without using property (j3J). However, 
one cannot always find a bounding manifold in such a way that the flat connection extends. 
Therefore, intrinsic methods to compute Rho invariants are in demand. The concern of this 
thesis is to investigate an intrinsic approach to this problem in the case that the manifold M is 
the total space of an oriented fiber bundle of closed manifolds. 



Adiabatic Limits of Eta Invariants. In a remarkable paper of Witten [97], Eta invariants 
appeared in the interpretation of anomalies in physics. Associated to a family of Dirac operators 
is a determinant line bundle over the parameter space, first described by in [83] by Quillen. It 
comes equipped with a natural connection, defined in terms of the Ray-Singer analytic torsion 
[87] . The topology of this line bundle encodes the obstruction to defining in a consistent way a 
regularized determinant associated to the family of Dirac operators. In the physicists terminology, 
there is no "local anomaly" if Quillen's connection on the determinant bundle is flat. However, 
the bundle might still not be trivial, and this "global anomaly" is encoded in the holonomy of 
Quillen's connection. Witten suggests an interpretation of this holonomy using the Eta invariant. 
For example, a family of spin Dirac operators is naturally associated to a fiber bundle over the 
parameter space B whose fiber F is a closed spin manifold. Here, we also restrict to the case 
that F is even dimensional. Pulling back this structure using a closed loop c : S* 1 —* B leads to 
a fiber bundle F <^-» M — > S . Now Witten considers an adiabatic metric, that is, a family of 
submersion metrics of the form 

9e = ^®9v, (5) 

where g v is a metric on the vertical tangent bundle of M. Then, if D £ denotes the Dirac operator 
associated to ([5]) on the total space M, Witten suggests that the holonomy of Quillen's connection 
around the loop c : S 1 — ► B is given by 

lim exp (2mri(D £ )) . 

The mathematical treatment of this holonomy theorem is due to Bismut-Freed |18] and Cheeger 
[26]. 

Motivated by this geometric interpretation, Bismut and Cheeger [16] gave a formula for the 
adiabatic limit of the Eta invariant, and generalized it to fiber bundles F <^-» M — > B with 
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higher dimensional base spaces. Using ideas of Bismut's local index theory for families |14j . 
they construct a differential form rj on B, whose value at each point x £ B depends only on 
global information of the fiber over x. Under the assumption that the fiberwise Dirac operator 
is invertible, they prove that 

limr](D e )= [ A(TB, V 9B )rj, (6) 
Jb 

where A(TB,'V 9B ) is the Hirzebruch A- form of B. Very roughly, a consequence of (|6]) is that 
the adiabatic limit of the Eta invariant is a simpler object than the Eta invariant itself, since it 
is local on the base. The main matter of this thesis is to analyze in which way this effect can be 
used to simplify explicit computations of Rho invariants of fiber bundles. 

Dai's Adiabatic Limit Formula. The Rho invariants we are considering are associated to 
the odd signature operator. Here, the kernel of the vertical operator forms a vector bundle 
Jlf'{M) — > B whose fiber over each point is isomorphic to the cohomology of F. Therefore, the 
invertibility hypothesis leading to (|6|) is too restrictive. Fortunately, the result of Bismut and 
Cheeger has been generalized by Dai [30] to a setting which applies in particular to the case we are 
interested in. The bundle ^f*{M) — > B of vertical cohomology groups is endowed with a natural 
flat connection V'^. Using this, one associates a twisted odd signature operator Db® over 
the base. Then Dai proves the following, very remarkable adiabatic limit formula. 

Theorem 1 (Dai). Let F w M — > B be an oriented fiber bundle of closed manifolds with 
odd dimensional total space, endowed with a submersion metric. Let Bf be the family of odd 
signature operators on M associated to an adiabatic metric. Then 

lim rj(Bfr ) = 2^1 f L(TB,V 9B )A^+^7](D B <E)V^)+a. 
Jb 

Here, b is the dimension of B, and the differential forms L(TB ,V B ) and rj are the Hirzebruch 
L-form and the Eta form of Bismut- Cheeger, respectively. Moreover, a is a topological invariant 
computed from the Leray-Serre spectral sequence. 

We will give more details on the terms appearing here in the main body of this thesis. 
However, we already want to stress that t](Db <3 V'^) and a are of a very different nature than 
the integral of the Eta form. Where the latter is local on the base and contains spectral infor- 
mation about the fiber, the twisted Eta term is a spectral invariant of the base which contains 
cohomological information of the fiber. Moreover, since a arises from the Leray-Serre spectral 
sequence it is purely cohomological. In this respect, Theorem Q] is a very satisfactory decom- 
position of the adiabatic limit into contributions coming from the base and the fiber, respectively. 

Concern of this Thesis. Since the treatment in [30] is more general than what we have stated in 
Theorem [U Dai's adiabatic limit formula continues to hold for the odd signature operator twisted 
by a flat connection A over M. We will see that there are natural analogs rf^, Db <8> V^ 4 -" and 
a a of the quantities appearing in Theorem [TJ As the Rho invariant p^(M) is independent of the 
metric, it is immediate, that with respect to every adiabatic metric, 

p A (M) = \im V (B% £ ) - k ■ lWflf)- 

e^O ' e^O 

Then, Theorem [T] yields 
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Theorem 2. Let A be a flat XJ(k)- connection over M . Then with respect to every submersion 
metric 



Now, the main matter of this thesis is to investigate how this rather straightforward con- 
sequence of Theorem [1] can be used for explicit computations of Rho invariants. Due to the 
technical nature of local families index theory, our first concern is to assemble the building blocks 
we need, and specialize many known results to the case of the odd signature operator. The moti- 
vation here is certainly not to exhibit new results, but to present the theory in such a way that it 
becomes accessible for a treatment of Rho invariants of fiber bundles. Therefore, our perspective 
will usually be a geometric one rather than discussing analytical difficulties. For a discussion of 
these aspects, we usually refer to the wide variety of literature. Nevertheless, we include proofs 
of some folklore results, for instance a fibered version of the Hodge decomposition theorem, and 
a result about how to achieve that the mean curvature of a fiber bundle vanishes. 

Apart from the theoretical discussion, our true focus is on explicit examples. We will examine 
two important classes of fibered 3-manifolds in detail. 

Circle Bundles over Surfaces. The simplest class of fiber bundles for which a discussion of Rho 
invariants is meaningful, is given by principal S 1 -bundles over Riemann surfaces. Nevertheless, 
this family of manifolds already deserves some attention as it is a model for two important classes 
of manifolds, namely 3-dimensional Seifert fibrations and higher dimensional principal bundles. 

In this spirit, Nicolaescu [7U ES] has analyzed the Seiberg-Witten equations of Seifert man- 
ifolds, and parts of our discussion are influenced by his work. Given a closed, oriented surface 
S, and an oriented principal bundle S 1 M — ► S, we will see that we can represent every flat 
U(l)-connection A over M by pulling back a line bundle of degree k over S. In terms of this 
data, the Rho invariant associated to A is given as follows, see Theorem 12.3.181 

Theorem 3. Assume that I ^ 0, and that qo £ [0, 1) is such that k/l = qo mod 7L. Then 



lfl = 0, so that the fiber bundle is trivial, all Rho invariants vanish. 

We shall include two proofs of this result. The first one in Chapter [2] uses only basic con- 
siderations about the geometry of fiber bundles, and the second one in Chapter [3] shows how 
Theorem [2] can be used for this class of examples. 

3-dimensional Mapping Tori. The second family of manifolds we will consider are fiber 
bundles S M — > S , where S is again a closed, oriented surface. A manifold of this type is 
determined by an element / of the mapping class group of S. Due to the rich algebraic structure 
encoded in the latter, we have not attempted to treat the class of 3-dimensional mapping tori in 
full generality. 

What we shall do instead, is to assume first that the monodromy / of the mapping torus M 
is of finite order. Under this assumption, the formula of Theorem [2] for the Rho invariant of a 
flat U(/c)-connection A over M reduces to 




+ \t]{D B ® V**") - ^rj(D B ® V^") + a A - k ■ a. 



p A (M) =2l{q 2 - go )+sgn(Z). 



p A (M) = \r]{D B ®V^) - |t/(Z>b®V-*). 
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In Theorem 14.2.41 we shall give an expression of the right hand side in terms of Hodge-de-Rham 
cohomology of E, thus obtaining a cohomological formula for the Rho invariant. Since the precise 
statement would need a longer preamble, we refer Chapter U] for details. 

After this we will consider U(l)-Rho invariants of a mapping torus T^, where the fiber is the 
2-dimensional torus T 2 , and M G SL2(Z) — the mapping class group of T 2 . One naturally has to 
distinguish between three cases, depending of whether M is elliptic, parabolic or hyperbolic. The 
first two cases are rather special, and we shall not discuss them here. The explicit formulas for 
the corresponding Rho invariants can be found in Theorem 14. 4 . 4 1 and Theorem l4.4.81 respectively. 

The case of a hyperbolic monodromy matrix requires more background material. Here we 
will use ideas of Atiyah [3j , who gives a far-reaching treatment of the untwisted Eta invariant for 
mapping tori with fiber T 2 . In particular, he uses the relation to Hirzebruch's signature defect to 
show that for a hyperbolic element M = ( ° b d ) G SL2 (Z) , the Eta invariant of the odd signature 

Mi 



operator with respect to a natural metric on T 2 ^, is given by 



3c 

Here, s(a,c) is the Dedekind sum 



V (B^) = ^ - 4sgn(c)s(a, c) - sgn (c(a + d)). (7) 



|c|-l 

S (a,c)= VP^f)^), (8) 



where for 

P x {x) 



k=l 



0, if x G Z, 

x — [x] — |j if x ^ Z. 



Atiyah also relates the Eta invariant to the classical Dedekind Eta function, which is defined for 
a point a in the upper half plane as 



n=l 



One can define a natural logarithm of rj, and the transformation property of log 77 under the 
action of elements of SL2(Z) has a long history, going back to Dedekind [34J. For an element 
M = (" ^) G SIj2(Z) with c / 0, this transformation formula states that 

log rj(Ma) - log r}(a) = J log ( ^tf. ) + ^(^ttA ~ sgn(c)s(a, cj) . (9) 

2 Vsgn(cjz/ V 12c / 

Here, the logarithm on the right hand side is the standard branch on C \ R~, and s(a, c) is the 
Dedekind sum ([8]). Atiyah's explanation of the relation between ([9]) and the formula (|T|) makes 
essential use of the idea of taking the adiabatic limit. 

Motivated by this, we will study in detail the expression J sl rjA appearing in Theorem [2] for 
the case of a flat U(l)-connection over a hyperbolic mapping torus over S . Using ideas related to 
Kronecker's second limit formula, we will cast it into a form, where the logarithm of a generalized 
Dedekind Eta function naturally appears. We will then employ a transformation formula due 
to Dieter [35J, to obtain the analog of ([9]) for the logarithm of this generalized Dedekind Eta 
function. From this we shall deduce the main result of Chapter [U see Theorem 14.4.201 
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Theorem 4. Let M = ( a c b d ) £ SL 2 (Z) be hyperbolic, and let {v u v 2 ) G M 2 \ I? with v x G [0, 1) 
safe/?/ 

XTiis defines a flat connection A over T 2 ^, and 

PA{T 2 M ) = 2 J2±£±(vf - v,) - 4 £ A (f ) + sgn (c(a + d)) - Hgn(c)*(i*)(l - 6(^)) 

k=l 

- 2P X {*?) - 28{v 1 )(p 1 {^) - Px (^)) , 

where r G {0, . . . |c| — 1} is such that mi = r mod c, and 5 is the characteristic function o/M\Z. 

Although this formula might appear to be somewhat involved, it is satisfactory in two ways. 
First of all, the involved terms are easy to compute for explicit choices of M = ( * j) and (y\, v-i). 
Secondly, we shall see that it contains previous computations of Chern-Simons invariants by 
Freed and Vafa [32] as a special case. In this respect, the author hopes that a possible general- 
ization to SU(2)-connections will reprove results of Kirk and Klassen [57] and might shed a new 
light on Jeffrey's conjecture [S3] concerning the spectral flow associated to twisted odd signature 
operators on a mapping torus of the form considered here. 

Outline of this Thesis. We end the introduction with a very brief outline of this thesis. We 
will keep this rather short since the beginning of each chapter contains a more detailed outline 
of its contents. 

• Chapter [U is a survey of results from index theory that we will need. In particular, we shall 
introduce the signature of a manifold, discuss its relation to index theory, and recall the 
Atiyah-Singer Index Theorem in its cohomological version for geometric Dirac operators. 
Then we introduce the Eta and Rho invariant, and discuss how they appear in the index 
theorem for manifolds with boundary. We also place some emphasis on variation formula? 
and sketch how they are related to local index theory. 

• In Chapter [2] we start with the discussion of fiber bundles. We will introduce the geometric 
setup, paying close attention to the structure of the odd signature operator. Then, we shall 
encounter the basic idea of adiabatic limits and use this to give an elementary proof of 
Theorem [3] above. 

• Chapter [3] contains the main theoretical part of this thesis. Here, the main objective is to 
introduce all quantities appearing in Theorem [TJ After discussing the bundle of vertical 
cohomology groups in some detail, we will give a heuristic derivation of Theorem [TJ For 
this, we also include a short survey of local families index theory. All this discussion will 
lead to Theorem [21 which we will then use to reprove Theorem [3] in a more abstract way. 

• The content of Chapter 0] is the discussion of 3-dimensional mapping tori along the lines 
we have already outlined above. 

• For the reader's convenience, and to keep our discussion more self-contained, we have also 
included a couple of appendices, which contain material that we freely use, but that would 
lead to far afield if discussed in the main body of this thesis. 
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— Appendix lAl contains a discussion of Chern-Weil theory in a way which is particularly 
well-suited for the applications we need. Moreover, we have included some aspects 
concerning Chern-Simons invariants, as they appear throughout our discussion. 

— Since the Rho invariants we are interested in depend only on the gauge equivalence 
class of the involved flat connection, we include some remarks concerning the moduli 
space of flat connections in Appendix [Bj We start giving some details on the relation 
to representations of the fundamental group. Moreover, the moduli space of flat con- 
nections over a mapping torus is discussed, since we need this in Chapter [H We end 
this appendix with a brief survey of the moduli space of holomorphic line bundles over 
a Riemann surface, which is an ingredient for discussing flat U(l)-connections over 
principal 5 1 -bundles over surfaces. 

— Appendix O contains some computations. On the one hand, we need explicit values of 
basic Eta and Zeta functions to which we reduce most computations in the main body 
of the thesis. On the other hand, we shall discuss the Dedekind sum in (|8|) and its 
generalization, establishing a relation among them which we need to prove Theorem 

m 

— Finally, Appendix [D] includes some more analytical details concerning the heat opera- 
tor. Specifically, we will give some remarks concerning families of heat operators, and 
derive the variation formula for the Eta invariant. 
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Chapter 1 



The Signature Operator and the Rho 
Invariant 

In this chapter we will survey some results from index theory, which we need in our discussion 
later on. The objective is not to give a systematic treatment but merely to introduce the objects 
we are interested in and to fix notation. For this reason we shall include proofs only if they enrich 
the discussion and do not lead too far afield. 

We start with a brief discussion of the signature of a closed manifold, placing emphasis on 
the generalized version where the intersection form is associated to a flat unitary vector bundle. 
Introducing the signature operator relates the signature to the index of an elliptic operator, and 
this leads us to a discussion of the main facts concerning the heat equation on closed manifolds. 
Although our focus is on the signature operator and its odd dimensional analog, we present the 
Atiyah-Singer Index Theorem in its version for geometric Dirac operators. This is because many 
ideas in the later chapters are influenced by local index theory which is more transparent when 
formulated in terms of Clifford modules and Dirac operators. 

Then we will introduce the object which constitutes the main topic of this thesis — namely the 
Eta invariant of an elliptic operator on a closed manifold. Variation formula? for Eta invariants 
will play a prominent role in the discussion in the next chapters. Therefore, we discuss this topic 
in some detail. Most notably, the behaviour under the variation of a flat twisting connection leads 
naturally to the first appearance of a Rho invariant as the difference of certain Eta invariants. 

After this we describe — briefly leaving the realm of closed manifolds — how the Eta invariant 
arises as a correction term in the index theorem for a manifold with boundary. From then on 
the focus will be on the case that the elliptic operator in question is the odd signature operator. 
From the signature theorem for manifolds with boundary we derive some general and well-known 
properties of the Eta invariant. In particular, the relation of Rho invariants to Chern-Simons 
invariants will be exhibited. 

We close the general discussion of this chapter with a short outline of how local index the- 
ory methods for odd dimensional manifolds can be used to obtain important properties of Rho 
invariants without referring to the Atiyah-Patodi-Singer Index Theorem. Our interest in this is 
not only of a purely academic nature, as similar ideas are the ones underlying local families index 
theory, which we will need in the context of fiber bundles in Chapter [3j 
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1.1 The Signature of a Manifold 

1.1.1 Intersection Forms and Local Coefficients 

Let M be a closed, oriented and connected manifold of dimension m. On the real cohomology 
groups there exists the intersection pairing 

H p (M,R) x H m - p (M,R) — > R, (a, 6) h-> (a U 6 , [M]), 

where (., .) is the Kronecker pairing, U is the cup product, and [M] denotes the fundamental class 
of M determined by the orientation. Expressing H P (M, R) in terms of de Rham cohomology 
groups, the intersection pairing is induced by 

Vt p {M) x n m ~ p (M) i-> R, (q,)3)h / «A (3. 

As a consequence of the Poincare duality theorem, the above pairing is non-degenerate. In 
particular, if dimM = m is even, there is a non-degenerate bilinear form 

Q : H m/2 {M,R) x H m/2 {M,R) -> R, (1.1) 

which is called the intersection form of M. If (m = mod 4) the intersection form is symmetric, 
and if {m = 2 mod 4) it is skew. Recall that the signature of a symmetric form is the number 
of positive minus the number of negative eigenvalues. 

Convention. We also use the convention that the signature of a skew form is the number of 
positive imaginary eigenvalues minus the number of negative imaginary ones. 

Definition 1.1.1. Let M be a closed, oriented and connected manifold of even dimension m. 
Then the signature of M is defined as 

Sign(M) := Sign(Q). 

Remark. In topology, the intersection form is usually considered as a form over Z. If one 
uses cohomology groups with integer coefficients, one has to divide out the torsion subgroup of 
H m l 2 (M, Z) to get a non-degenerate form. Moreover, note that if we want to work with complex 
coefficients, we have to extend Q anti-linearly in, say, the first variable to get a (skew) Hermitian 
form. Then the signature is also well-defined and agrees with the signature of the underlying real 
form. Note, however, that if a skew form comes from a form over R it has zero signature since 
its eigenvalues come in conjugate pairs. 

Cohomology with Local Coefficients. We will also need a twisted version of the intersection 
form. For this we briefly recall the construction of cohomology groups with local coefficients. We 
refer to [33} Ch. 5] for more details and proofs. 

Let M be a connected manifold, not necessarily closed, and let M be the universal cover of 
M. Let 7r = tti(M) be the fundamental group of M, and let C[ir] denote the group algebra of 
7r. The fundamental group acts from the right on M, so that the cellular chain groups C P {M) 
are C[tt] right modules in a natural way. This is because a cell decomposition of M induces via 
lifting of cells a cell decomposition of M which is compatible with the action of tt on M. 
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Now let a : ir — > U(fc) be a unitary representation, and let 

C p (M,E a ) := Hom cw (C p (M),C k ). 

Here, the action of C[tt] on C k is by matrix multiplication x ^ a{x)~ l . The differential on 
cochains on M turns C'(M,E a ) into a complex. As for untwisted cellular cohomology, the 
homology of this complex does not depend on the particular cell decomposition and the chosen 
lifts. 

Definition 1.1.2. Let M be a compact, connected manifold, and a : tti(M) — > U(fc) a represen- 
tation. Then the homology of C'(M, E a ) is denoted by H'(M, E a ) and is called the cohomology 
of M with local coefficients given by a. 

If we now assume that M is also closed and oriented, then there exists a non-degenerate 
pairing 

H P (M, E a ) x H m - p (M, E a ) -► C (1.2) 

induced by the cup product on the cohomology of M and the scalar product on C k . If M is of 
even dimension m this yields a bilinear form 

Q a : H m l\M,E a ) x H m / 2 (M,E a ) - C, 

which we call the twisted intersection form. 

Definition 1.1.3. Let M be a closed, oriented and connected manifold of even dimension m, 
and let a : tti(M) — > U(fe) be a unitary representation of the fundamental group of M. Then the 
twisted signature of M is defined as 

SignjM) := Sign(Q a ), 

where we use again the convention that the signature of a skew form is the number of positive 
imaginary eigenvalues minus the number of negative imaginary ones. 

Remark. As we will see soon, the twisted signatures we have just defined give no new topological 
information for a closed manifold M. However, their version for manifolds with boundary are a 
non-trivial generalization of topological importance. Nevertheless, we have included the definition 
here to keep the discussion parallel. 

Local Coefficients and Flat Bundles. Twisted cohomology groups can also be defined in 
terms of differential forms. Let E — > M be a Hermitian vector bundle of rank k, endowed with 
a unitary connection A. This gives rise to a twisted version of the exterior differential 

d A : Q P {M, E) -► Q P+1 (M, E), d A {u ® e) = du e + u A Ae. 

The square of d A is given by exterior multiplication with the curvature F A £ S7 2 (M, End(E')) . 
Therefore, we get a complex (f2*(M, E), d A ) precisely if A is flat. 

Definition 1.1.4. Let E — > M be a Hermitian vector bundle of rank k, endowed with a unitary 
flat connection A. Then we denote the homology of (J7*(M, E), d A ) by H°(M,E A ) and call it 
the cohomology of M with values in the flat bundle (E, A). 
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We briefly sketch the relation between cohomology with local coefficients and cohomology with 
values in a flat bundle. As a general reference, we refer to [861 Sec. 5.5]. In addition, we have 
included a detailed discussion concerning the equivalence of flat connections and representations 
of the fundamental group in Appendix IB. 1[ The language there is in terms of principal bundles, 
but the translation to Hermitian vector bundles is done without effort. 

Let M be a connected manifold, not necessarily closed, and let E be a flat unitary bundle 
over M with connection A. As explained in Appendix lB.il we can lift every closed loop c in M 
horizontally to E with respect to A. The starting point and the end point of the lifted loop lie 
in the same fiber of E and since A is unitary they differ by the action of an element in XJ(k). 
This construction gives rise to the holonomy representation of the based loop group of M, see 
()B.3|) on p. 11921 Since A is flat, the holonomy representation depends only on homotopy classes. 
Thus, we obtain a representation 

hoU : tti(M) -> U(fc), 

which is precisely the object we need to define cohomology with local coefficients. 

Conversely, let us start with a representation a : ttx(M) — > U(fc) of the fundamental group. 
Via the action of tti(M) as the group of deck transformations we may interpret the universal 
cover M as a 7ri (-M)-principal bundle over M. The representation a defines an associated vector 
bundle 

E a = M x a C k -» M. 

Since a is unitary, one can define a natural Hermitian metric on E a . Moreover, the trivial 
connection on M x C k descends to a unitary, flat connection A a on E a . 

When taking suitable equivalence classes, the above constructions are inverses of each other, 
see Appendix lB.il Then there is the following twisted version of the de Rham Theorem, see for 
example the discussion in [861 p. 154]. 

Proposition 1.1.5. Let M be a connected manifold, and let E be a Hermitian vector bundle 
with flat connection A. If a : wi(M) — * U(fc) is the holonomy representation of A, then there is 
a natural isomorphism 

H'(M,E A )^H'(M,E a ). 

Moreover, if M is closed, the twisted intersection pairing of fll,2|) corresponds under this isomor- 
phism to the bilinear form on H°(M,Ea) induced by 

n p (M,E)xn m - p (M,E)^C, (u,rf)^ [ (uArj), 

Jm 

The notation {oj A rf) is shorthand for taking the exterior product in the differential form part and 
pairing with the Hermitian metric in the bundle part. 

Having the above canonical isomorphism in mind, we will henceforth not carefully distinguish 
between H°(M,Ea) and H'(M,E a ). Similarly, when concerned with the intersection form, we 
will also write Qa and Sign j4 (M) if the focus is on a flat connection rather than a representation 
of the fundamental group. 
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1.1.2 Twisted Signature Operators 

Historically, one of the starting points of index theory is the observation that the signature can 
be described as the index of an elliptic operator. Before we can define the signature operator, 
we need to fix some notation and conventions. Since they are of a purely linear algebraic nature, 
we formulate them for an oriented vector space V of dimension m over R which plays the role of 
the cotangent space T*M. 

Algebraic Preliminaries. Let V be an Euclidean vector space with scalar product g, and let 
A'Vc denote the complexified exterior algebra. We endow it with the Hermitian metric g^ given 
by extending g antilinearly in the first variable. Then 

Qh(a,P) vol(g) = a A */?, a,peA'Vc, 

where vol(g) is the volume element given by g and the orientation of V and * is the complex 
linear extension of the Hodge * operator. V acts on A'V via exterior multiplication 

e(v)a = v A a, a £ A'V. 

Using the metric g, one defines an interior multiplication by requiring that 

i(v)w = g(v,w) and i(v)(a A j3) = i(«)(a) A (3 + (-l) |a| a A i(v)/3, 

for every v,w G V and a,f3 £ A'V with a homogeneous of degree \a\. For v £ V we extend i(v) 
and e(v) complex linearly to A*Vfc, and define the Clifford multiplication 

c : V - End c {A'V C ) , c(v) := e(v) - i(v). (1.3) 

Then, for all v G V, 

c(v) 2 = -g(v,v), c(v)*=-c(v). 
This means that c extends to a complex representation of the Clifford algebr43 

c: C\(V,g) ^End c (A'Vfc). 

Equivalently, this is a representation of the complexified Clifford algebra Clc(V). We define the 
symbol map 

a : Cl c (V) -» A'Vc, a^c{a)l. (1.4) 

The symbol map cr is an isomorphism of vector spaces, but certainly not of algebras. The inverse 
a 1 is called the quantization map. Using this we define the chirality operator 

T ■= il^] coo-- 1 (vol(5)) : A*U C -» A'Vfc. (1.5) 

Here, [ m t ] denotes the integral part of The following result is straightforward, see |X3|, 

Prop. 3.58]. 

1 Recall (e.g. from [131 Sec. 1.3]) that the Clifford algebra Cl(V, g) of an R vector space V with a metric g is 
the R algebra generated by V and the relations 

c(v)c(w) + c(w)c(v) = ~2g(v, w), V, w € V. 
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Lemma 1.1.6. The chirality operator r satisfies 

t 2 = Id and t* = r = t -1 . 

On A p Vc it is explicitly given by 

T = (-l)^ +mp i fc * p , (1.6) 

where k := [ m j" 1 ] and * p is the complex linear Hodge * operator on A p Vc- Moreover, 

T oc(v) = (-l) m+1 c(v)o T and r o i(«) = (-l) m e(«) o r. 

Convention. Prom now on we will always drop the subscripts C. Thus, for a real vector space 
V, we will use A'V to denote the complexified exterior algebra, and C1(V) will denote the 
complexified Clifford algebra. 

The Signature an the Index. Now let M be an oriented manifold of dimension m, endowed 
with a Riemannian metric g. We fix a Hermitian vector bundle B^Mof rank k, endowed with a 
unitary connection A. Let f2*(M, E) denote differential forms with values in E. The Riemannian 
metric g and the bundle metric on E define an I? scalar product on fi*(M, E). With respect to 
this, the formal adjoint of the twisted exterior differential 

d A : tt'(M,E) -> n 9+1 (M,E) 

is given in terms of the chirality operator r = tm from (|1.5p by 

d t A = (-l) m+1 rod A or, (1.7) 

see |13t Prop. 3.58]. Here, tm acts only on the differential form part. Note that we are using 
that A is unitary. Now (jl.7p implies that the twisted de Rham operator d A + d A satisfies 

r(d A + d A ) = (-l) m +\d A + d A )r. (1.8) 

Let us assume from now on that m is even. Since r is an involution, we may decompose Q'(M, E) 
into the ±1 eigenspaces of t, 

ST (M, E) = Q + (M, E) ® Q~(M,E). 
It follows from (jl.8p that we can decompose 

d A + d* A = (®+ D A , where D+ : 0+(M, E) -> n"(M, £), D A = (£>^)*. 

Definition 1.1.7. Let M be an even dimensional, oriented Riemannian manifold, and let E — » M 
be a Hermitian vector bundle with a unitary connection A Then 

D\ : n + (M,E) -> n-(M,^o 
is called the twisted signature operator of M twisted by A 
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Since the signature operator is an elliptic operator of first order and M is a closed manifold, 
we have a well-defined index problem. The name signature operator is only justified if A is a flat 
connection, since then the index of D A is indeed the twisted signature Sign^(M). 

Proposition 1.1.8. Let M be a closed, oriented and connected Riemannian manifold of even 
dimension to. Let E be a Hermitian vector bundle, endowed with a unitary flat connection A. 
Then 

Sign A (M) = md(D+). 

Proof. Although this result can be found in many textbooks, we include its proof as related 
arguments will appear again. First of all, since {D\) t = Dl, 

md(D+) = dim ( ker D\) - dim ( ker D A ) (1.9) 

To identify Ker D A in cohomological terms consider the twisted Laplacian 

A A = (d A + d A ) 2 : n 9 (M,E) -> Q'(M,E). (1.10) 

The twisted version of the Hodge isomorphism identifies H P (M, E A ) with the space of harmonic 
forms 

je p (M,E A ) := (kerA A ) nQ p (M,E). 

It follows from (II. 8j) that the chirality operator r commutes with A a, hence it induces an invo- 
lution on M"{M,E A ). On J^ rn / 2 (M,E A ) the chirality operator is r = i k *, where k := to 2 /4. 
Using this the intersection form can be expressed in terms of harmonic forms as 

Q A {a,0)=! (aA(3) = {a,i k Tf3) L2 , a, (3 6 JT m / 2 (M, E A ). 
Jm 

Therefore, 

Sign(QA) = Sign(i fe r| Jf . ro / 2 ), 

where we use the same convention as before regarding the signature of a skew endomorphism. 
We deduce that 

Sign(Q j4 ) = dim J^ m ^{M,E A ) + - dim JT m / 2 (M, E A )~ . 
If p ^ to/2, there are isomorphisms 

$± : Jif p (Jtr* ^ m " p ) ± , *±(a) := ±(a ± to). 
From this and from the fact that Ker(d A + d A ) = Ker Aa we find 

dim ( ker Df) = dim (jT m/2 (M, Ea)*) + ^ dim (j^ p (M, E A )) 

p<m/2 

Thus, all terms in (jl.9p are cancelled except the one in the middle degree so that 

ind(L>+) = dimJf m / 2 (M,£ A )+ - dim JT m / 2 (M, E A )~ = Sign(Q j4 ) □ 
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Remark. We have already pointed out that for closed manifolds the twisted signatures do not 
carry interesting topological information. If the flat twisting bundle is trivial, this can be deduced 
from the above result: Let A be a flat connection on the trivial vector bundle E = M x C fc , and 
let D\ be the associated signature operator. Furthermore, let D^ k denote the signature operator 
associated to the trivial connection on E. Clearly, Dj^ — D^ k is an operator of order 0. On 
a closed manifold adding a 0-order perturbation to an elliptic operator of first order does not 
change the index. This is because it is a compact perturbation of a Fredholm operator in the 
appropriate Hilbert space setting. Therefore, 

Sign A (M) = md{D+) = ind(D+ fc ) = k ■ ind(D+) = k • Sign(M). 

This means that the only new information encoded in the twisted signature is the rank of the 
twisting bundle. We will see in Corollary 11.2.101 below that this is also true for flat twisting 
bundles which are topologically non-trivial. 

1.2 Dirac Operators and the Atiyah-Singer Index Theorem 

The famous index theorem equates the index of an elliptic operator over a closed manifold M 
with the integral over certain characteristic classes over M. In this section we briefly recall the 
definitions occurring in the index theorem for Dirac type operators. 

1.2.1 The Index and the Heat Equation 

We first recall some facts about the spectral theory of formally self-adjoint elliptic operators on 
closed manifolds, see e.g. f39] See's. 1.3 & 1.6]. 

Definition 1.2.1. Let M be a Riemannian manifold, and let E — > M be a Hermitian vector 
bundle. We denote by 

the space of formally self-adjoint elliptic differential operators of order d. 
Theorem 1.2.2. Let D £ &>* e (M,E), and assume that M closed. 

(i) The operator D extends to an unbounded self-adjoint operator in L 2 (M,E) with domain 
the Sobolev space L%(M,E). It defines Fredholm operators 

D:L 2 s+d (M,E)^L 2 s (M,E), s£l, 

with Fredholm index independent of s . 

(ii) There exists a constant C such that for all ip £ C°°(M,E) 

M\ l1 <c{m\ L 2 + \\d^\\ l2 ). (i.ii) 

(iii) The spectrum spec(D) is a discrete subset of R consisting of eigenvalues with finite multi- 
plicities. There is an orthonormal basis of L 2 (M,E) consisting of smooth eigenvectors. 
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(iv) If we define 

N(X) := #{A n G spec(D) \ \X n \ < A}, A > 0, 
then for some constant C > 

N(X) ~ CA m/d , as A -> oo. (1.12) 

(v) // I? /ias a positive definite leading symbol, then the spectrum spec(D) is bounded from 
below. 

The Heat Kernel. We now specialize to a second order operator, H G e (M, E), and assume 
that -ff has positive definite leading symbol. Clearly, the model we are having in mind is a 
generalized Laplacian, i.e., an operator H G & 2 e (M,E) such that its principal symbol o~(H) 
satisfies 

a(H)(x,0 = \t\ 2 g id Ex , £ G T*M. 

Recall that the heat equation with initial condition tp G L 2 (M,E) in terms of .ff is the partial 
differential equation 

(£ + H)<p(t) = 0, t>0, <p(0) = <p. (1.13) 

Formally, if {A n } n >_ no denotes the set of eigenvalues of H with eigenvectors (p n , the solution to 
(ITTT31 is 



V(*) =e tH if= e ^Vn&n , V) L 2 



n> — no 



^2 e tXni Pn{x)((pn{y),<p(y)}vol M (y)- 



M n>-n 

Thus, e~ tH is an integral operator with kernel 

k t (x,y) = e- tH (x,y) = £ e~ tXn tp n (x) (g> <p n {y)* £ C°° (M x M, £7 Kl £7*) . (1.14) 

n>— no 

Here, for vector bundles — » M and -F — ► N, we employ the standard notation 

£ IS F := tt* m E ® tt^F M x N, (1.15) 

where 7Tm and 7r/v are the natural projections. The formal expression (|1.14p can be made precise 
using the following basic estimate. 

Lemma 1.2.3. Let < Ao < Ai < . . . denote the positive eigenvalues of H , and let A_i < . . . < 

A_ no denote the finite number of eigenvalues of H which are less or equal than 0. Let {(f n }n>-n 
be a basis of smooth eigenvectors and for N G N consider 

N 

k?(x,y):= ^ e- tx "<p n (x)®cp* n (y)eC 00 (MxM,E®E*). 

n=— ng 

Then for every k G N and to > there exists a constant C such that for every N G N and t > to 
we can estimate 

' k?(x,y)-Y,e- tX "<Pn(x)®<p n (y) <Ce-*V 2 . 

Z 4 Qk 

n<0 
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Proof. Sobolev embedding [491 Lem. 1.3.5] and the elliptic estimate f| 1 . 11 [) imply that for I > 
k + m/2 there exist constants C±, C% such that for all n > 

)=C 2 (1 + Af). 

Thus, for some other constants C\ and C2, 

\\e~ tx - Vn (x)®^ n (y)\\ ck <C ie -* A "(l + Ai) < C 2 e-* A "/ 2 (1 + t^), 
where we have used that for x = X n t > 

< C, e*' /2 and thus, x l e~ x < Q e~ x/2 . 

Now for each n > we have A n > Ao and thus for t > to 

e — 1\„/2^ _|_ t -lj <- e -toA„/2^ _|_ i-j e — (t— to)Ao/2 _ toA n /2 g — tAo/2 

where the constant C depends only on to an d Z. Putting the pieces together we find that there 
exists a constant C such that for every N > and i > to 

||^e- u > n (x)®<(y)|| k <Ce~ tx °/ 2 Y,e~ toXn/2 

n=0 ° n=0 

Now the eigenvalue asymptotics ()1.12|) shows that Yln=o e~*° An / 2 is absolutely convergent for 
N — > 00. Absorbing this to the constant, we get the desired result. □ 

The above result shows that the kernels k^(x,y) converge for N —> 00 to the expression 
(11.141) . uniformly with respect to all C k . Hence, we can define e~ tH for t > by 

(e- m <p)(x)= [ k t (x,yMy)vohi(y), 6 L 2 (M, E). 

JM 

In Appendix ID. II we give an expression for e~ tH using the spectral theorem. It is then easy 
to check that the collection e~ tH forms a strongly continuous semi-group in each Sobolev space 
L 2 S (M,E), i.e., 

e -{s+t)H = e - s H e -tH^ and limiie-^-^n^ =o for each if £ L 2 S (M,E), 

see also Proposition ID . 1 .21 Moreover, e~ tH is smooth in t and does indeed solve the heat equation 
(|1.13p . In addition, each e~ tH is trace class, and 

Tre~ tH = [ tT E [k t (x,x)]vol M (x), 

JM 

where tr E ■ C°° (M, End(£)) -> C°°(M) denotes the fiberwise trace. 

More generally, given an auxiliary differential operator D : C°°(M, E) — * C°°(M, E) of order 
d > 0, the uniform bound of Lemma 11.2.31 ensures that we can apply D under the integral to get 

De~ tH (p(x) = D[ / k t (x,y)(p(y)vol M (y)) = D x k t (x,y)(p{y)vol M (y), 
v JM ' JM 
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where D x means applying D with respect to the x variable. Thus, the operator De tH has a 
smooth kernel 

D x k t {x,y) e C°°(M x M,EmE*), 

so that De~ tH is trace class. The estimate in Lemma 11.2.31 implies the following basic estimate 
on Tr(De~ tH ). 

Proposition 1.2.4. For every to > there exists a constant C such that for all t > to 

|Tr(L>e-* H P ( o !0o) )| < Ce^/ 2 , 

where Xq is the smallest positive eigenvalue of H and -P(o,oo) * s the spectral projection of H 
associated to the interval (0, oo). 

Proof. The kernel of c~ tH P(p )0 o) is given by 

k t (x,y) := k t (x,y) - ^ e~ tXn ^ n (x) ® <p* n {y). 

n<0 

Then we find that for t > to 



Tr (De-^P (0iOo) ; 



tr B [X?a;fet(x,j/)] vol M («) 

^rk^voKM)^^^^)!!^ 
< d [|fe t (x )2 /)[| ad < Cae-*^/ 2 , 

where in the last line we have used that D is a differential operator of order d and then Lemma 
IIT51 □ 

The McKean-Singer Formula. We now turn our attention to first order differential operators. 
To be able to restrict to the formally self-adjoint case, we use the following construction: Let 
D + : C°°(M, E + ) — > C°°(M, E~) be an elliptic differential operator of first order, acting between 
Hermitian vector bundles E + and E~ . We define E := E + © E~, and consider 

Dl= \D+ ^ ) : C °°( M > E ) C°°(M,E), where D" := (£>+)*. (1.16) 
Certainly, an operator of this form is formally self-adjoint and elliptic. 

Definition 1.2.5. Let E —* M be a Hermitian vector bundle endowed with a splitting S = 
E + @E~. 

(i) Let a : E —* 12 be the involution on I? given by cr| ^± = ±id. Then cr is called the grading 
operator of 

(ii) An operator D G @ > \ e {M, E) is called ^-graded if 

{£>,cr} = -Oct + ctD = 0. 

Note that — unless stated otherwise — we are using commutators and anti-commutators in 
an ungraded sense. Clearly, D is Z2-graded if and only if it is of the form (|1.16|) . 
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(iii) For T G C°° (M, End(P)) , we define fiberwise supertrace of T as 

str E (T) := tr B (aT) G c7°°(M). 

(iv) If D G <^g S (M, P) is ^-graded, and M is closed, then the heat supertrace associated to D 
is defined as 

Str(e-* D2 ) :=Tr(ae- w2 ). 

Note that in (iv) the operator H = D 2 is positive and splits as H = H + © P_, where H± are 
formally self-adjoint, positive operator as well. Thus, we are in the situation considered before 
so that the respective heat traces exist, and 

Str(e-* D2 ) = Tr(e- tH +) - Tr(e~ tH -) = Tr( e -'( D+ ) tD+ ) - Tr(e- W+ ( D+ ?). 

Now, as an elliptic operator on a closed manifold D + has a well-defined Fredholm index 

ind(D+) = dim(kerD+) - dim ( ker(P>+)*) = Str(P ), 

where Po : L 2 (M,E) — > ker(P) is the orthogonal projection on the kernel of D. The famous 
McKean-Singer formula [69] relates this index and the heat supertrace. 

Theorem 1.2.6 (McKean-Singer). Let M be a closed manifold, E — » M a Hermitian vector 
bundle, and let D G &\ S {M, E) be 7,2-graded. Then for all t > 

ind(P+) = Str(e-* D2 ). 

Proof. Since D 2 has no negative eigenvalues, we have Po + P(o,oc) = Id. Then the estimate in 
Proposition 11.2.31 implies that there exist constants c and C such that for large t 

| Str(e- w2 ) - Str(P )| = | Str( e -^ 2 P (0iOo) )| < Ce~ ct . 

Thus, 

lim Str(e-* D2 ) = Str(Po) = ind(P+). 

t— >oo 

It remains to check that Stv(e~ tD2 ) is independent of t > 0. For this, we note that the heat 
equation yields 

ie-t* = -D 2 e-^. 
The basic trace estimate then implies that Str(e~* £)2 ) is differentiable in t with 

|Str(e- tD2 ) = -Str(DV tD2 ). 

However, since D anti-commutes with a, we infer from the trace property that 

Sti(D 2 e- tD2 ) = Tv(aD 2 e- tD2 ) = -TrpffDe"^) = - Tr(ae- t£)2 D 2 ) = - Str(P 2 e" tD2 ), 

so that indeed Str(P 2 e~ tD2 ) =0. □ 
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Heat Kernel Asymptotics. So far, the treatment of the heat kernel has been of a functional 
analytic nature. The only input are the basic properties of elliptic differential operators on closed 
manifolds as in Theorem 1 1.2.11 However, one important missing piece is the analysis of the heat 
trace as t — > 0, which requires further work. We summarize the following from [491 See's 1.8 & 
1.9]. 

Theorem 1.2.7. Let M be a closed manifold, and let H £ e {M,E) have positive definite 
leading symbol. Let D : C°°(M,E) — ► C°°(M,E) be an auxiliary differential operator of order 
d>0, and let kt(x,y) denote the kernel of De~ tH . 

(i) There exists an asymptotic expansion 

oo 

fct(x,x)~> t 2 e n (x), as t —* 0, 

n=0 

with e n £ C°° [M, End(-E)) such that e n {x) is locally computable from the total symbols of 
H and D near x. If n + d is odd, then e n = 0. 

(ii) The trace of De~ tH admits an asymptotic expansion 

r. OO 

Tr(De~ tH ) = / tr B [k t (x, x)] vol M (x) ~ V t I1 ^ L a n (D, H), as t -> 0. 
The asymptotic expansion can be differentiated in t, and the a n are given by 



a n (D,H)= / tr E [e n ] vo\ M 
Jm 



The Index Density. As a consequence of the McKean-Singer formula and the asymptotic 
expansion of the heat trace, we get the following result of [69] and [5]. 

Theorem 1.2.8. Let e n (x) be the coefficient appearing in the asymptotic expansion ofe~ tD2 (x,x) 



as in Theorem \1.2.% Then 

str E [e n ] vol M 



M 




if n = dim M, 
if n < dimM. 



Remark. 



(i) For aparent reasons, the differential form strife™] voIm with m = dimM is called the index 
density of D + . 

(ii) As mentioned in Theorem 11.2.71 the coefficients e n vanish if n is odd. This implies that the 
index of D + vanishes if M is odd dimensional. 

We also want to note an important consequence of the local nature of the e n . Assume that 
two operators D £ &\ S {M, E) and D 1 £ &\ s iM, E') are locally equivalent. This means that for 
every x £ M, there exists a neighbourhood U of x and a local isometry <3? : E\jj — > E'\u such 
that 

*oDo* -1 =D / overt/. (1.17) 

Since the sections e n and e' n in the respective asymptotic expansions of the heat kernels are 
computable from the total symbols over U, relation (|1.17p implies that strg; [e n ] \ u = str^ [e' n ] \ u . 
This has the following consequence. 
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Corollary 1.2.9. Let M be a closed manifold, E —> M a Hermitian vector bundle, and let 
D G &l S (M, E) be a ^-graded operator. 

(i) If 7r : M — » M is a k-fold regular cover, and 

D : C co (M,ir*E) -> C°°(M,7r*£) 

is i/te natural lift of D to M , then 

md(D + ) = k ■ md(D + ). 



(ii) If A is a flat connection on a Hermitian vector bundle F of rank k over M , and if Da is 
the operator D twisted by F and A, then 

md(£>^) =k-md(D + ). 
Proof. For (i) one notes that the e n are the lifts to M of the e n . Thus, 

/ str^E [e n ] voir? = / 7T* ( str E [e„] vol M ) = k- str E [e n ] vol M , 

JM JM JM 

where we have used that vol(M) = k ■ vol(M). For (ii) note that choosing local trivializations 
for F which are parallel with respect to A, one finds that the flat bundle F is locally isomorphic 
to M x C k endowed with the trivial connection. This yields that Da is locally equivalent to 
D® k . □ 

As we have seen in Proposition 11,1.81 the signature of a closed manifold equals the index of 
an elliptic differential operator of first order. Hence, Corollary 11.2.91 proves our earlier assertion 
that the twisted signatures do not contain new information other than the rank of the twisting 
bundle. 

Corollary 1.2.10. Let M be a closed, even dimensional manifold. 
(i) If tt : M — > M is a k-fold regular cover, then 

Sign(M) = k • Sign(M) 



(ii) If A is a flat connection on a Hermitian vector bundle E of rank k over M , then 

Sign A (M) = k • Sign(M). 



1.2.2 Geometric Dirac Operators and the Local Index Theorem 

Theorem 11.2.81 is the starting point for local index theory. Since the coefficients e n are — in 
principal — locally computable, a strategy to prove the Atiyah-Singer Index Theorem is to 
identify the index density str^[e m ] voIm with a Chern-Weil representative of an appropriate 
characteristic class. Note, however, that Chern-Weil classes are expressions in the curvature, 
whereas the e n a priori contain higher order derivatives of the connection. Nevertheless, this 
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strategy works for an important class of differential operators, which we describe briefly. 

Geometric Dirac Operators. Let (M, g) be an oriented, Riemannian manifold, and let E — > M 
be a Hermitian vector bundle. E is called a Clifford module if it is endowed with a bundle map 
c:T*M^ End(£) such that for every ££T*M 

c(C) 2 = -\C\ 2 g id E and c(0* = -c(0- (1-18) 

A Clifford module is called Z2-graded if E is ^-graded and if c(£) is an odd element of Knd(E) 
for all £ G T*M. Provided that £7 is endowed with suitable connection, we can construct a 
natural first order differential operator: 

Definition 1.2.11. Let E be a Clifford module over a Riemannian manifold (M,g). 

(i) A connection X7 E on E 1 which is compatible with the metric is called a Clifford connection 
if for all e 6 C°°(M, E) and f G fi^M) 

[V E ,c(0]e = V E (c(£)e) - c{t,)V E e = c(V^)e, 

where V 9 is the Levi-Civita connection acting on forms. 

(ii) If V E is a Clifford connection, we define the associated geometric Dirac operator by 

D:=coV E : C°°(M,E) -» C°°(M,E). 
Here, we are viewing the Clifford structure as a bundle map c :T*M ® E ^ E. 

(iii) A geometric Dirac operator is called ^-graded if E is a 2^-graded Clifford module, and the 
Clifford connection respects the splitting E = E + © E~ . 

Remark 1.2.12. One often defines a Dirac operator to be a formally self-adjoint elliptic operator 
whose square is a generalized Laplacian. It is straightforward to check that geometric Dirac 
operators have this property. However, not every Dirac operator is a geometric one. In Section 
13.21 we sketch how to associate Dirac operators to generalized connections, in particular Clifford 
superconnections, thereby obtaining a larger class of Dirac operators, see also |13|. Prop. 3.42]. 

Canonical Structures on Clifford Modules. As pointed out, the index density is a purely 
local object. The reason for studying geometric Dirac operators is that Clifford modules have a 
canonical local structure which we now describe briefly. For proofs we refer to |13l See's 3.2 & 
3.3]. 

We assume from now on that m = dimM is even. Some aspects of the odd dimensional 
case are contained in Section 11.2.31 and Section 11.5.21 in a special case. Let us further assume 
for the moment that M is spin. Without going into the details of the definition and the topo- 
logical restrictions that this imposes on M, we note that it implies that there exists a unique 
irreducible Clifford module S of rank 2 m / 2 over M, called the spinor module. It follows from the 
representation theory of Clifford algebras that 

End(S) = C1(T*M). (1.19) 

The Clifford module S is naturally ^-graded, and (11. 19ft is an isomorphism of ^-graded algebras. 
Here, the grading on C1(T*M) is the one induced via the symbol map from the even/odd grading 
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on differential forms. Now, every Z2-graded Clifford module E can be decomposed as E = S®W , 
where W carries a trivial Clifford structure. Moreover, 

End(iy) = End C i(£) := {t E End(E) [T, c{a)] s = for all a E T*m}, (1.20) 

and 

End(£) = C1(T*M) 0s Endci(-E). (1.21) 

Here, [., .] s and (8> s are the commutator and the tensor product in the ^-graded sense. If a 
denotes the grading operator of E, there exists a unique decomposition 

a = T®a w £ C\(T*M) ® s End cl (£), (1.22) 

where r := i m / 2 c(volM) is the chirality operator, and a\y is a grading operator on W. Now, if 
T E End(iy), then one verifies that 

striy(T) = tr w [a w T) = tr E [(r 2 ® a w )T] = ^ str^rT]. (1.23) 

Moreover, the spinor module S 1 comes equipped with a canonical Clifford connection V 5 which 
is induced by the Levi-Civita connection V 9 via (|1.19p . From this one gets a 1-1 correspondence 
between Clifford connections X7 E on E and connections of the form V s (g> 1 + 1 (g> V^ 7 , where V w 
is a Hermitian connection on W. The curvature -Fyw satisfies 

F v w = F v e -R s E n 2 (M,End C i(-E0), ( L24 ) 

where for any orthonormal frame {e^} of TM 

R s : = lg(R9(e l ,e j )e k ,ei)e i Ae j ®c(e k )c(e l ). (1.25) 

Here, i? 9 E f2 2 (M, End(TM)) is the curvature tensor of the Levi-Civita connection. 

We now note that the right hand sides of (|1.2U|) . (|1.23|) and (|1.24|) can be defined globally on 
M without referring to the spinor module S. Thus, we can introduce corresponding objects also 
in the case that M is not spin. In particular, the definition of Endci(-E') in (jl.20p is meaningful 
for every Clifford module E. 

Definition 1.2.13. Let M be an m-dimensional manifold, where m is even, and let £ be a 
^-graded Clifford module over M, endowed with a Clifford connection V s . 

(i) Let R be defined as in (jl.25p . Then we can decompose 

F v e = R s + F E I S , where F E I S E Q 2 (M, End cl (£)) . 

The term F E I S is called the twisting curvature of E. 

(ii) If T E C°°(M, Endci(-E')), then its relative supertrace is defined as 

str E /s(T) ■■= — ^ str^rT). 
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(iii) The relative Chern character form of E is given by 

ch E/s (E,V E ) := str E/s [exp {^F E / S )\ G Q e *(M). (1.26) 

Remark. It follows from ([L23]) and (fL24"j) that if M is spin so that E = S ® W, then 

ch E/s (E,V E ) = sti w [exp(£F w )]. 

In particular, if W is ungraded this coincides with the Chern character form of W as in Definition 
IA.1.31 In general, if W = W + © W~ , the relative Chern character is the difference of the Chern 
characters of W + and W~ , see also f|3. 16() . 

The Local Index Theorem. We can now state a version of the local index theorem as in |X3|, 
Thm. 4.2]. 

Theorem 1.2.14 (Patodi, Gilkey). Let M be a closed, oriented Riemannian manifold of even 
dimension m, and let E — > M be a ^-graded Clifford module with Clifford connection V E and 
Dirac operator D. Let e n (x) be the coefficient appearing in the asymptotic expansion of e~ tD (x, x) 



as in Theorem 1.2.7, Then 



f(A(TM,V3)Ach E/s (E,V E )) ifn = dimM, 
str E [e n ]vol M (x) = < l m J (1.27) 

[ 0, ifn<dimM, 



where the Hirzebruch A-form is as in Definition A.l.4 , and (. . .)r m i means taking the m-form 
part of a differential form. 

Remark 1.2.15. There is a stronger version of the local index theorem due to E. Getzler, see 
[34] and [HI Thm. 4.1], which we also want to recall. Let a : C\(T*M) -> ATM be the symbol 
map (fL"4]h and use this to endow C\(T*M) with a Z-grading. With respect to this let Cl n (T*M) 
be the subbundle of C1(T*M) of elements of degree < n. Then it can be shown that 

e n G C°° (M, C\ n {T*M) ® s Endci(^)) • 

The stronger version of the local index theorem is the formula 

^ m/2 E^)-^(-^) AKp( -^,, 

where R 9 is the Riemann curvature tensor. For the definition of the right hand side, see Appendix 
lAl in particular (|A.lj) and Definition IA. 1.41 Now the supertrace of elements in C1(T*M) vanishes 
away from degree m. Hence, Theorem 11.2.141 follows by computing the supertrace of r and taking 
into account the powers of ^ appearing in our definition of A and chg/g. In Section [1.5.21 we 
will sketch a proof of a variation formula for the Eta invariant based on this more general local 
index theorem. 



A direct consequence of the local index theorem 11.2.141 and Theorem 11.2.81 is the famous 
Atiyah-Singer Index Theorem for geometric Dirac operators in its cohomological version. 
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Theorem 1.2.16 (Atiyah-Singer). Let M be a closed, oriented Riemannian manifold of even 
dimension m, and let E — > M be a 1i2-graded Clifford module with Clifford connection V E and 
Dirac operator D. Then 

ind(£> + ) = / A(TM,V 9 ) Ach E/s (E,V E ). 

In terms of characteristic classes, 

md(D+) = (A(TM) U ch E/s (E), [M]>. 

1.2.3 Hirzebruch's Signature Theorem 

A special case of the Atiyah-Singer Index Theorem is one of its predecessors, the Hirzebruch 
Signature Theorem. It arises if the geometric Dirac operator in question is a twisted signature 
operator. Therefore, we now collect some details about the structure of the exterior algebra as a 
Clifford module. 

Clifford Structures on the Exterior Algebra. Let M be an m-dimensional closed, oriented 
Riemannian manifold. For the moment we do not assume that m is even. We consider the 
Clifford structure 

c : T*M -» End (A*T*M) , c(£) = e(f ) - i(£), 

see (|1.3p . The Levi-Civita connection V 9 acting on forms is a Clifford connection, and we get a 
geometric Dirac operator 

d + d* = co V 9 : Q*(M) -► n'(M). 

There are two natural gradings on A'T*M, one given by the even/odd grading and one given by 
the chirality operator r. We know from Lemma 1 1 . 1 . 6 1 that if m is even, Clifford multiplication is 
odd with respect to both gradings. However, if m is odd, Clifford multiplication commutes with 
t so that in this case we do not get a Z2-graded Clifford module. Moreover, if M is spin and 
even dimensional, then 

A*T*M ^ C1(T*M) = End(S) = S ® S*, 

which means that the twisting bundle is isomorphic to the dual bundle S* of S. This motivates 
the following 

Definition 1.2.17. Let M be a manifold of dimension m, not necessarily even. We define a 
transposed Clifford multiplication 

c:T*M -» End (ATM), c(£) := e(^) + 

The transposed Clifford multiplication has the following properties. 

Lemma 1.2.18. Let {e 1 } be a local orthonormal frame for TM . 

(i) With the obvious abbreviations, we have 

+c ? 'c i = 2^, and = & 
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(ii) If we define f := d 2 1c 1 . . .c™, then 

r 2 = (-l) m , and ?=to(-1)", 
where v : A'T*M — > N is i/ie number operator given by v{oS) = k if uj £ A k T*M. 

(iii) Lei C1(T*M) denote the subbundle of End (A*T*M) generated by transposed Clifford mul- 
tiplication. Then 

C1(T*M) = End a (ATM), 
where Endci is defined as in (jl.20p uiii/i respect to the even/odd grading. 

We shall not include the proof which is straightforward but a bit tedious. Part (i) and (iii) 
of Lemma 11.2.181 can be found in [13, p. 144]. Part (ii) can be easily proved by induction on m. 
However, we want to point out that part (iii) implies that we have an isomorphism of Z2-graded 
algebras, 

End (AT*M) = C1(T*M) ® s C1(T*M), (1.28) 

which is (|1.2ip translated to the case at hand. Moreover, part (ii) of Lemma 11.2.181 shows that 
the decomposition (jl.22p in the case at hand is 

{-If =T®T. 

Remark. In the case that m is even, one might expect that the decomposition (I1.21H for 
End (A*T*M) with respect to the r-grading is given by (jl.28p together with the grading op- 
erator r <S) 1. However, with respect to this, the endomorphism c(a) for a £ T*M is even, and 
this is incompatible with part (i) of Lemma 11.2.181 To stay in the Z2-graded formalism, one 
would have to consider yet another kind of Clifford multiplication, namely 

c := co (-l) u : T*M -> End (ATM). 

This generates a subalgebra Cl(T*M) of End (A'T*M) of purely even degree with respect to r 
so that 

End (ATM) = C1(T*M) ® s C\{T*M). 

Fortunately, in the discussion to follow, we are interested only in elements of C1(T*M), respec- 
tively C1(T*M), which are of even with respect to the even/odd grading. For elements of this 
form, c and c coincide up to sign. More precisely, if {e^} is a local frame for TM, then for all 

k < m/2 

...? 2fc = ...? 2fe . 

Hence, even if it is incorrect from a formal point of view, we use the transposed Clifford multi- 
plication c also in the case that A'T*M is graded by r. 

Traces of the Exterior Algebra. Let ttq : C1(T*M) — > C be the projection onto the subalgebra 
C C CL(T*M). One easily verifies that [ Cl(T*M), C1(T*A/)] n C = {0}, so that we can define a 
trace on C\(T*M) by 

tr C i := 2 m / 2 ^o : C1(T*M) -> C, 

see |44^ Thm. 1.8]. In the same way, we get a trace trci on C1(T*M). Note that in the case that 
m is even, the natural supertrace of [13j Prop. 3.21] is given by 

strci := tr C i or : C1(T*M) -> C. 
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Proposition 1.2.19. With respect to the decomposition (jl,28p we have 

tr A . = tr cl <g)tr cl , 
where tr\» is the natural trace on End(A*T*M). 

Remark. We include a proof, since the treatment in [13] considers only the case that m is 
even. There are some non-trivial sign difficulties involved, since (11.28P involves the graded tensor 
product, whereas trci and trci are traces rather than supertraces. Yet, for elements of pure 
degree, 

tr C i®trci((a(g>a)(&<g) S)) = (-l)l a H fc l tr ra (a6)tr^(aS) 

= (-1)1*11*1 tr a (6a)ta^(&a) (1.29) 
= (-1)I«H 6 I+I S II«I tr a ®tr^((6 S)(a © a)) . 

Moreover, for trci(afr) and trci(afe) to be non-zero it is necessary that \a\ = \b\ and \a\ = \b\. In 
this case the sign in (ll.29|) is always +1. Hence, trci <8>trci is indeed a trace. 

Proof of Proposition \1.2.19[ Since the assertion is local, it suffices to consider an m-dimensional 
Euclidean vector space V. Let us first consider the case V = R, and let e be a unit vector. Then 

A"R = CeCe ^ C 2 . 

Consider the following elements of End(C 2 ) 

-Go 1 ). *-(;;). — -=-(; _°o- 

Then C1(R) C End(C 2 ) is the algebra generated by Id and c, and C1(R) is generated by Id and 
c. Moreover, cc = — cc = — n, which implies that all monomials in c and c have vanishing trace 
except c°c° = Id. In this case, 

tr(c°c°) = tr(Id) = 2 = trci(c )tr^i(c°), 

which yields the claimed formula in the case that V = R. 

We now assume that the claim holds for and m-dimensional vector space V, and want to 
prove it for V © R. Let {e{\ be an orthonormal basis for V, and let e be a unit vector in R. For 
an ordered multi-index A = (i\ < . . . < i^) we consider the following sets of generators 

e A := e h A . . . A e ik G AY, c A := c(e h ) . . . c(e ik ) G C1(V), 

and for a G {0, 1}, 

e A ,a ■= e A A e° G A*(F © R), Cj4 ,a := c A c a G Cl(V © R), 

where c := c(e). In the same way we define c A G C1(V) and CA,a £ C1(V © R). Then a short 
computation shows that 

tr A'(yeK)(cA,aCB 5j a) = ^ ^ (ca^cb^c^ , ec )7 ) 

|C|<m 7 G{0,l} 

= E E (-l) |B||a| (( c ^)(c Q ^)e Ci7 ,e Ci7 ) 

|C|<m 7 e{0,l} 

= £ (-l)l^ll«l+l^(l«l+l/'l)<( c ^ fl )ec, B c>teA.R(^). 
|C|<m 
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From the case m = 1 we know that tr A . R (c Q c^) = if (a, (3) / (0,0). In this case the factor in 
the last line above is +1 and so 

tr A«(yeK)(cA,aCB 5j a) = tTA'V (cacb) tr\-R(c a (f). (1.30) 

Now by induction we have 

tr A .y = tr cl(y) <g>tr cl(V ), tr A . R = tr cl(R) ©tr cl(R) . (1.31) 

Moreover, as in (jl.29p one checks that with respect to 

Cl(V © M) © s Cl(V ©R) = ( C1(V) © s C1(V)) © s (C1(R) © s C1(M)) 

one has 

tr ci(veiR) ® tr ci(yeiR) = ( tr ci(v) ® tr ci(v)) ® (tr cl ( R ) ©tr cl ( R )), 
which together with (jl.30j) and (ll.31|) proves the assertion for V © M.. □ 

Local Index Density and the Signature Theorem. As in the above proof let V := T*M 
for some x G M, and let R be an element in the Lie algebra so(V) C End(V). Let Vc be the 
complexification of V. Then iR £ End(Vx) is a self-adjoint endomorphism, and we can define 
cosh(zi?) S End(Vc) via the spectral theorem. Since the eigenvalues of iR are real, and cosh is a 
positive function on IR, we can define 

det 1/2 (cosh(iR)) := y^et ( CO sh(ii2)). 

It follows from the spectral theorem that 

det 1/2 ( cosh(ii?)) = exp (± tr [ log cosh(iR)} ) , 

which agrees with the definition in (|A.ip . Note, however, that the context here is slightly different 
since we are considering elements in so(V) whereas in (|A.1|) we are considering elements of the 
algebra (A ev C m ) © End(F c )- 

We then have the following version of [131 Lem. 4.5] 

Lemma 1.2.20. Let V be an m- dimensional oriented Euclidean vector space, and let R E so(V). 

Define 

R s :=-\(Re i ,e j )^c> G C1(0. 
where {e{\ is any orthonormal basis for V , and c 1 = c(e l ). Then 

tr^[exp(iR 8 )] = 2 m / 2 det 1/2 (cosh(ii?/2)). 

Proof. Let k G N be such that m = 2k or m = 2k + 1. Since R G so(V) we can find an 
orthonormal basis {e{\ such that 

R(e 2 j-i) = 6je 2 j, R(e 2 j) = -9je 2 j-i, j = 1, . . . , k, and R(e 2k+1 ) = 0, (1.32) 

where the last condition has to be considered as empty if m is even. Then 
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Since c 2% 1 c 21 and c 2 i 1 c 2j commute for i ^ j, one finds 

exp(iR 5 ) = JJexp {(-i6 j /2)c 2j ~ 1 c 2j ) = JJ (cosh(%/2) - i sinh(%/2)c 2j - 1 c 2j ) , 

where the last equality follows from the relation (c 2j_1 c 2j ) 2 = — 1. By definition of the trace on 
CUT*), we find 

tr^[exp(iR s )] = 2 m/2 Yl cosh(0,/2). 

j<k 

On the other hand, for all z £ C 



cosh 

from which it follows that 



-z 
z 



cos ( z ) ( o i ) ' cosh (°) = !> 



det (cosh(iR/2)) = JJ ^/cosh(^/2) 2 = cosh(0,/2). □ 

j<k j<k 

The next result can be found in [13, p. 145]. Although the treatment there is only for m 
even, one verifies without effort that it holds for odd m as well. 

Lemma 1.2.21. Let (M,g) be an oriented Riemannian manifold with Riemann curvature tensor 
R 9 £ Q 2 (M, End(TM)) . In a local orthonormal frame {e^} for TM write 

R9 = \ R kij ei A ei ® ( e l ® efc )> and R lkij = 9ln R tij = g{R{ei, ej)e k , e z ) . 
Define R s £ Q 2 (M, C\{T*M)) as in ([L25D . and 

R s := -\Rikije 1 A e j ® c*c* € ft 2 (M, C1(T*M)) . 
Then, the curvature R^' T * M of the induced connection on A'T*M decomposes as 

R A ' T * M = R S + R S . 

Lemma 11.2.201 extends to the case R £ A 2 V <8> 5o(V), where (jA.ip is used to define the right 
hand side, see |13l pp. 144-146]. Then Lemma 11.2.201 and Lemma 11.2.211 imply the following 

Proposition 1.2.22. Let (M,g) be an oriented Riemannian manifold of dimension m, and let 
R 9 be the Riemann curvature tensor. Then 

A(TM,V 9 ) Atr^i[exp(^fi 5 )] = 2 m / 2 L(TM,V 9 ). 



with the Hirzebruch L-form, see Definition A.1.4 



From Proposition 11.2.221 and Theorem 11.2.161 we obtain the index theorem for twisted signa- 
ture operators. 

Theorem 1.2.23 (Atiah-Singer, Hirzebruch). Let M be a closed, oriented Riemannian manifold 
of even dimension m. Let E — > M be a Hermitian vector bundle with connection A. 
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(i) The index of the twisted signature operator ~D\ is given by 

md(D+) = 2 m ' 2 ( L(TM, V 9 ) A ch(E, A). 

J M 

(ii) If A is a flat connection, and E has rank k, then 

Sign A (M) = k [ L(TM,V 9 ) = k- (L(TM),[M}), (1.33) 
Jm 

where L(TM,V 9 ) is the Hirzebruch L-form as in (|A.4p . 

1.3 Manifolds with Boundary and the Eta Invariant 
1.3.1 The Eta Function 

Let (M, g) be a closed, oriented Riemannian manifold of dimension m. Let E — » M be a Hermitian 
vector bundle, and let 

D : C°°{M,E) -» C°°{M,E) 

be a formally self-adjoint elliptic differential operator of first order, i.e., D S ^* e (M, E). As M 
is closed, the growth of the eigenvalues of D are controlled by (|1.12p . This allows us to make the 
following definition. 

Definition 1.3.1. The Eta function of D is defined for s G C with Re(s) > m as 

O^Aespec(D) 1 1 

Via a Mellin transform, the Eta function is related to the heat operator e~ tL>2 in the following 

way 

n(D,s) = / Tr (D e - w2 )t^ dt, Re(s) > m, (1.34) 

r(— j Jo 

where T(s) is the Gamma functional, 



/•oo 

r(s) := / e~H s - l dt, Re(s) > 0. 



Note that for (jl.34[) to exist we are using that De tD is trace class, and that there exist constants 
c and C such that for large t 

|Tr(Z?e-* D2 )| < Ce~ ct . 

This follows from Proposition 11.2.41 because using the notation introduced there, we have 
Tr(De~ tD ) = Tr (De~ tD -P(o,oo))- Thus, (jl.34p yields a holomorphic function in the half plane 
Re(s) > m. 



2 See Appendix IC . 1 1 for some facts about the Gamma function which we will use freely. 
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As we have noted in Theorem 11.2,71 there is an asymptotic expansion 

oo 

Tr (De~ tD2 ) ~ t 2 ^ 1 a n (D), as t -> 0, (1.35) 

n=0 

where a n (D) is an integral over a quantity locally computable from the total symbol of D. 
Substituting the asymptotic expansion into (jl.34j) and dividing the integration into f + one 
easily verifies that for each iV > 

V(D, s) = -1 ( £ 2an{D) + h N (s)) , (1.36) 
r( ?±L) \ n — m + s J 

\ z / n=0 

where h^(s) is holomorphic in the half plane Re(s) > m — (N + 1). Since rf^jp) 1 is an entire 
function, one can use this to deduce 

Proposition 1.3.2. The Eta function rj(D,s) extends uniquely to a meromorphic function on 
the whole plane with possible simple poles for s £ {m — n \ n £ N}. 

Regularity at s = 0. We note that r(^i) 1 has no zeros to cancel the possible poles. This 
is an important difference between the Eta function and the Zeta function of, say, a generalized 
Laplacian, see e.g. \13\ Prop. 9.35]. Therefore, the following result is very remarkable. For 
references we refer to Remark 11.3.51 b> elow . 

Theorem 1.3.3 (Atiyah-Patodi-Singer, Gilkey). Let D be a formally self-adjoint elliptic dif- 
ferential operator of first order on a closed, Riemannian manifold M. Then the Eta function 
r](D,s) has no pole at s = 0. If D is a geometric Dirac operator, n(D,s) is holomorphic for 
Re(s) > -1/2. 

Definition 1.3.4. Using the result of Theorem 11.3.31 we can define the Eta invariant of D as 

n(D) := 7](D, 0). 

Moreover, we define the ^-invariant and the reduced ^-invariant by 

C(D) := ^) + <M^) , and [m] := m modZ. 

Remark 1.3.5. To further stress the non-triviality of Theorem 11.3.31 we want to give some 
historical remarks. 

(i) Atiyah, Patodi and Singer first deduced the regularity of the Eta function at from their 
proof of the index theorem for elliptic differential operators of first order on manifolds with 
boundary, see Thm. 3.10]. The improved regularity for geometric Dirac operators is 
Thm. 4.2]. 

(ii) Later, the same authors generalized the result to pseudo-differential operators of arbitrary 
order on closed, odd dimensional manifolds using -theoretic arguments and the regularity 
results for geometric Dirac operators, see [9j Thm. 4.5]. 
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(iii) In [38] , Gilkey was able to generalize Theorem 11.3.31 to the case of even dimensional man- 
ifolds, again for the much larger class of formally self-adjoint elliptic pseudo-differential 
operators, see also [39l Sec. 3.8]. 

(iv) Gilkey [37] also initiated the study of the regularity of the local Eta function of an elliptic 
operator D, 

7](D,s,x) := n / tr {k t {x,x))t^ dt, (1.37) 
r(— ) Jo 

where kt(x,y) is the kernel of De~ tD2 . Studying various examples, Gilkey found that 
rj(D,s,x) is in general not regular at s = 0. 

(v) Later Bismut and Freed were able to refine the result of Atiyah-Patodi-Singer for geometric 
Dirac operators. They showed using local index theory techniques, that the local Eta 
function rj(D,s,x) of a geometric Dirac operator is holomorphic for Re(s) > —2, see [181 
Thm. 2.6]. Their result implies that for a geometric Dirac operator one can define the Eta 
invariant directly by 

V (D) = ^= / r^TiiDe- 10 )dt. (1.38) 
Jo 

Lemma 1.3.6. Let M and N be closed, oriented Riemannian manifolds, with Hermitian vector 
bundles E over M and F over N. Let D G ^l >e (M, E) and B G ^\ e {N, F). 

(i) Assume that there exists and isometry ip : M — > N , and a unitary bundle map $ : E — > F 
covering if such that 

$oD = Bo$. 

Then i](D) = rj(B). In particular, if M = N , E = F and {D, $} = 0, then r/(D) = 0. 

(ii) If M = N, then 

r](D © B) = r](D) + r](B). 

(iii) Assume that D is 7Li-graded with grading operator a on E. Consider the operator 

D®l + o®B on C°°(M x N,EMF), 
with the fiber product EM F as in (|1 . 15[) . Then 

rj{D <g> 1 + a <g> B) = ind(L> + ) • rj(B). 

Sketch of proof . Part (i) and (ii) of the above result are immediate for rj(D,s) for Re(s) large, 
since the whole spectrum has the respective properties. By meromorphic continuation, they 
continue to hold for s = 0. We sketch a proof of (iii). 

First note that D® 1 and a®B anti-commute as operators on C°° [M x N, EMF^j . Therefore, 
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To compute traces one may choose an orthonormal basis of 1? (M x N, E M F\ of the form 
{ipi (g> tpj} with <pi G C°°(M,E) and ipj G C°°(N,F). Then one easily finds that 

Tr ((L> ® i) e -*(^ 2 ®l+l®s 2 )) + Xr ^ g, B)e -t(z»»®l +1 ®Ba)\ 

= ^l^m,e) {De~ w2 ) Tt L2(NiF) (e~ tB2 ) 

+ Str L 2 (M>E) (e^ D2 )Tr LW) (Be- tB2 ). 

Since is Z2-graded, oDe~ tD2 = — De~ tr)2 a and thus, 

Tr (Der tD2 ) = Tr (a 2 D e - w2 ) = - Tr ((xDeT^V) = - Tr (De^ 2 ), 

where we use the trace property in the last equality. Therefore, Tr (De™^ 2 ) = 0. Moreover, 
Theorem 11.2.61 asserts that for all t > 0, 

Str(e - * D2 ) = ind(L> + ). 

We conclude that for Re(s) large, 

[ /"OO ^ 2 1 

rj(D ® 1 + a ® B, s) = n / Str (e~ tD2 ) Tr (Be~ tB2 )t^- dt 
= ind(D + ) • r](B,s). 

By meromorphic continuation, part (iii) follows. □ 

The Rho Function. We now want to use the local nature of the coefficients a n (D) appearing 
in (jl.36p to introduce the Rho function — respectively, the Rho invariant. 

Definition 1.3.7. Let D G £?\ e (M, E), and let A be a flat connection on a Hermitian vector 
bundle of rank k. Denote by Da the operator D twisted by A, and use the notation D® k for the 
operator D twisted by the trivial flat bundle C k . We then define the Rho function of Da as 

p(D A ,s) = r}(D A ,s)- V (D® k ,s), s G C. 

Moreover, we define the Rho invariant of Da as 

p(Da) :=p(D A ,0). 

From Theorem II .3.31 we know that the meromorphic functions r/(DA, s) and r/(D® k , s) have no 
pole in 0. Thus, the Rho invariant is well-defined. However, unlike in the case for the individual 
Eta invariants, this already follows from the local nature of heat trace asymptotics. 

Proposition 1.3.8. Let Da and D® k , where A is a flat \J(k)- connection. Then the Rho function 
is holomorphic on the whole plane, and for all s G C, we have 

Tr(D® fc e -^ ffifc ) 2 )]i^dt, (139) 



1 f°° 

p(D A ,s) = ¥{ ^J o [Tr (D A e~ A } 



in particular, 



1 /'CO 

p(D A ) = -L / ^[Tr^e-^) 
v 71 " Jo 
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Proof. For Re(s) > m, we already know from (jl.34p that p(Da, s) is holomorphic and that (|1.39|) 
is the correct formula. Moreover, as for the Eta function, we can split up the integral and use 
that extends to a holomorphic function on C. Concerning J Q , we now make the following 
observation: As we have already seen in the proof of Corollary 11.2.91 the operators Da and 
D® k are locally equivalent. Then Theorem 11.2.71 implies that all coefficients of the asymptotic 
expansions of Tr (D^e -4 ^) and Tr (D® k e~ t ( D<Bk ^ 2 ^ as t — > agree, since they are local in the 
total symbols of the involved operators. Thus, for all N there exists a constant C such that as 
t -» 

| Tr {D A e- tD A) - Tr (D©V^ ffifc ) 2 ) | < Ct N . 
This shows that the integral 

f 1 [Tr {D A e~ tD A) - Tr (Z>®*e-*W)] t^dt 
Jo 

exists and defines a holomorphic function for all s G C with Re(s) > — (JV + 1). Continuing in 
this way, one finds that p(Da, s) is holomorphic for s G C. □ 

1.3.2 Variation of the Eta Invariant 

While the Eta invariant is a spectral invariant and thus encodes global information about the 
manifold and the operator, its deformation theory turns out to be expressible in terms of heat 
trace asymptotics, thus being a local quantity. We have included further details in Appendix [Dj 
and summarize only briefly what we need here. 

Families of Operators. Let M be a closed manifold of dimension m, and let E — * M be a 
Hermitian vector bundle. Let U G W be open, and let (D u ) u ^jj be a p-parameter family of 
differential operators on C°°(M,E) of order d. Choosing local frames for E we can write locally 

D u = J2 a a (x,u)d2, (1.40) 

\a\<d 

where a = (a%, . . . , a m ) is a multi-index, x = (x\, . . . , x m ) is a local coordinate chart on M, and 
the a a (x,u) are matrix valued functions. 

Definition 1.3.9. The p-parameter family (D u ) u ^jj is called smooth if for every local frame and 
coordinate chart, the functions a a (x,u) as in ([1.40]) are smooth, jointly in x and u. 

We also need a functional analytic consequence of the geometric notion of smoothness we have 
just defined. Let s, s' G M and denote by 3$(L 2 S , L 2 S ,) the space of bounded linear operators L 2 S — > 
L 2 , endowed with the operator norm [|.|| s s /. The proof of the following result is straightforward. 

Lemma 1.3.10. Let (D u ) u£ u be a p-parameter family of differential operator of order d > 
which is smooth in the sense of Definition \1.3.9\ Then for all s£M, we have a smooth map 

U ^<%(L 2 s+d ,L 2 ), u^D u . 



For more details on the following results we refer to Appendix [Dj in particular Proposition 
ID. 2.41 and Proposition [DX3 
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Proposition 1.3.11. Let (D u ) u ^ be a smooth one-parameter family of formally self-adjoint 
elliptic operators of first order on C°°(M,E), and let a rn (^^-,D^ l ) denote the constant term in 
the asymptotic expansion of 

VtTv(^e- tD "), ast^O. (1.41) 

Then the following holds. 

(i) Assume that dim(kerD u ) is constant. Then the meromorphic extension ofr/(D u ,s) is con- 
tinuously differentiable in u, and 

£v(D u ) = -^a m (^,Dl). (1.42) 

(ii) Without the assumption on ker(Z? n ), the reduced ^-invariant [£(-£>«)] £ M/Z is continuously 
differentiable in u, and 

M( D u)] = -^*r n (^,Dl). (1.43) 

An immediate consequence of the local nature of a m (^^-,L>^) is the following result, see [U 
Thm. 3.3]. 

Corollary 1.3.12. Let (D u ) u ^ be a smooth one-parameter family of operators in 2?\ e {M, E), 
and let A be a flat connection on a Hermitian vector bundle of rank k. Denote by {DA,u)ueS, the 
one-parameter family of operators obtained by twisting with A. 

(i) // the kernels of D u and Da )U ar ^ of constant dimensions, then the Rho invariant p(Da, u ) 
is independent of u. 

(ii) In the general case, only the reduced Rho invariant, 

[p(D Au )] := [£(D Av )]-k'[Z(D u )], 

is independent of u. 

Proof. As in the proof of Proposition 11.3.81 the operators Da.u and D® k are locally equivalent 
smooth families in the sense of (|1.17p . Since the twisting connection is independent of u, the 

families ) Mg R an d i ~^r ) Mg R are locally equivalent as well. Now, the a n in the asymptotic 

expansion of (jl.41j) can be computed locally from the total symbols of the involved operators, 
and so 

I dD® k ^r>0£:\2\ (dD A ,u i n \2\ 

Since n(D® k ) = k ■ n(D u ), the result follows from (jl.42p respectively (|1.43p . □ 

Remark. One can also use Proposition 11.3.81 and proceed as in Appendix [D] to differentiate 
under the integral to proof part (i) in Corollary 11.3.121 This has the advantage that it is a bit 
less involved than the proof of the variation formula of the individual Eta invariant, since one 
does not have to deal with meromorphic continuations. However, the main steps remain the 
same. 
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Spectral Flow. The smoothness of [£(-D u )] shows that the discontinuities of £,(D U ) as u varies 
are only integer jumps. Heuristically, this is due to the fact that the Eta invariant is a regularized 
signature so that whenever an eigenvalue of D u crosses 0, it changes by an integer multiple of 2. 
This can be made more precise using the notion of spectral flow, which we now introduce briefly. 

For a smooth one-parameter family of formally self-adjoint elliptic operators (Du)ue[a,b]i it 
can be shown that the associated family of compact resolvents varies smoothly with u in the 
operator norm on L 2 (M, E), see the proof of Theorem [DT3 for some related ideas. This implies 
that the eigenvalues of D u can be arranged in such a way that they vary continuously with u. In 
particular, we can find a partition a = u$ < u\ < . . . < u n = b such that for each i £ {1, . . . , n} 
there is Cj > with 

Cii |J spectAj. (1.44) 

«e[«i_i,Mi] 

For u G [ui_i,Uj] denote by Pi ^ c .i(u) the finite-rank spectral projection associated to eigenvalues 
in the interval [0, Cj]. We then define the spectral flow in the spirit of |82j . 

Definition 1.3.13. Let {D u ) u ^ a ^ be a smooth one-parameter family in &g e (M, E), and let 
a = uq < u\ < . . . < u n = b be a partition such that there exist Cj as in (|1.44p . Then the spectral 
flow between D a and D\, is defined as 

n 

SF(D u ) ueM := J^rk (P [0>Ci] (m)) - rk (Pfa^Ui-i)) . 

i=l 




Figure 1.1: Spectral Flow 

Without going into further details, we note that the spectral flow is well-defined and inde- 
pendent of the choices made. Moreover, as indicated in Figure 11.11 there is a built-in convention 
of how to count zero eigenvalues at the end points. For more details and generalizations we 
refer to [201 1651 [82] . In the situation at hand, there is also the approach as in [89] using Kato's 
selection theorem. 

The Variation Formula. With the notion of spectral flow at hand, we can now state a result 
on the variation of the Eta invariant, due to Atiyah, Patodi and Singer in [9J. We sketch a proof 
in Corollary ID. 2. 61 see also [611 Lem. 3.4]. 
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Proposition 1.3.14. Let (D u ) ue ! a a be a smooth one-parameter family of operators in 
&e S (M, E), where M is closed. Then 

£{D b ) - £(D a ) = SF(D u ) ue[a>b] + f ±[£(D u )]du. 

J a 

1.3.3 The Atiyah-Patodi-Singer Index Theorem 

To relate the Eta invariant to the index theorem, we have to leave the realm of closed manifolds 
briefly. 

Product Structures at the Boundary. Let N be compact manifold with boundary dN = M. 
We equip N with a metric gjy of product type near the boundary, i.e., we assume that a collar 
of the boundary is isometric to (—1,0] x M endowed with the metric g = dt 2 + gM, where gM is 
a metric on M. If N is oriented, we get an induced orientation on (—1,0] x M which we use to 
orient M. This is the outward normal first convention, see Figure [TT21 Atiyah, Patodi and Singer 
in [7j use a different convention, which explains some sign differences. 




(-1,0] x M 
Figure 1.2: Collar and orientation convention 



Definition 1.3.15. A Z2-graded, formally self-adjoint elliptic differential operator of first order 
D : C°°(N,E) — * C°°(N,E) is called in product form if the following holds. 

(i) On a collar of M 

E \(-i,0]xM = ^Em, 

where ir : (—1,0] x M — > M is the projection, and Em is a Hermitian vector bundle over 
M. 

(ii) If 7 is the bundle isomorphism E + \m — ¥ E~\mi given by applying the symbol of D + to the 
outward normal unit vector, then 

D+ = lift ~ over (-M x M > 

where Dm is a formally self-adjoint elliptic differential operator of first order on Em, called 
the tangential operator. 
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An operator of the above form can be extended canonically to an operator on the closed 
double 

X = N U M -N. 

Here, — N denotes N with the reversed orientation. One uses 7 to glue E\qn to E\q^_ n ^ to get a 
bundle Ex - ► A, and the operator D extends naturally over A. For more details and a detailed 
proof of the following we refer to [2 1 1 Thm. 9.1]. 

Proposition 1.3.16. If D is in product form, then the natural extension 

D x : C co (X,Ex)^C c °(X,E x ) 
is invertible and extends D in the sense that Dx\c°°(n,e) = D. 

Boundary Conditions and the Index Theorem. To formulate an index theorem for D one 
needs to introduce suitable boundary conditions in order to render D Fredholm. As observed 
by Atiyah and Bott [4j, most geometric Dirac operators do not admit local boundary conditions 
that set up a well-posed boundary value problem. Atiyah, Patodi and Singer [7J solved this by 
introducing the following global boundary projection. 

Definition 1.3.17. Let D £ SP). e (N, E) be Z2-graded and in product form, with tangential 
operator Dm- The Atiyah- Patodi- Singer projection 

P>{D M ) : C°°(M,E M ) - C7°°(M,£Af) 

is defined as the spectral projection onto the subspace spanned by the eigenvectors of Dm corre- 
sponding to eigenvalues > 0. 

Then the index theorem for manifolds with boundary in [7, Thm. 3.10] reads 

Theorem 1.3.18 (Atiyah-Patodi-Singer). Let N be compact, oriented Riemannian manifold of 
dimension n with boundary dN = M , and let 

D : C°°(N,E) -» C°°(N,E) 

be a 7*2-graded, formally self-adjoint elliptic differential operator of first order. Assume that the 
metric and D are in product form in a collar of M . Let 

C co {N,E + - 1 P>):={v£C co (N,E+) \ P>{D M ){y\ M ) = 0}, 

where P>(Dm) is the projection of Definition \ 1 . 3.T7\ Then 

D + : C°°(N,E + ;P>) -» C°°(N,E-) 

has a natural Fredholm extension with 

ind (D + ;P>)= ( str E [e n ]vol N -^Dm)- (1.45) 
Jn 

Here, £(Dm) is the ^-invariant as in Definition ]! .3.41 ande n (x) is the coefficient of the constant 
term in the asymptotic expansion as t — > of the heat kernel e~ tD x{x,x) associated to the 
extension Dx to the closed double X. 
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Remark. We are following [7] and use the operator Dx on the closed double to define the index 
density. Clearly, this is an ad hoc method which allows to use the asymptotic expansion of the 
heat trace in its version for closed manifolds as in Theorem 11.141 However, the trace expansion 
can be formulated in a much more abstract functional analytic setting to incorporate the case of 
manifolds with boundary, see |24j for an expository account. 

If dimiV is even and D is a Z2-graded geometric Dirac operator, the index density can be 
made explicit using the local index theorem for closed manifolds. One obtains the index theorem 
for geometric Dirac operators on manifolds with boundary, see Thm. 4.2]. 

Theorem 1.3.19 (Atiyah-Patodi-Singer). Let N be compact, oriented Riemannian manifold of 
even dimension n with boundary dN = M, and let D : C°°(N,E) — > C°°(N,E) be a Z2 -graded, 
geometric Dirac operator which is in product form near M . Then the index of 

D+ : C°°(N,E + ;P>) -> C°°(N,E-) 

is given by 

md(D+;P>) = ! A(TN,V°)Ach E/s (E,V E )-aD M ), (1.46) 
JN 

where A(TN,'V 9 ) is the A-form of Definition \A.l~\ with respect to the Levi-Civita connection V 9 
and ch E /5 is the realtive Chern character (jl.26p . 



1.4 The Atiyah-Patodi-Singer Rho Invariant 

In Proposition 11.1.81 we have seen that the signature of closed manifolds equals the index of 
the signature operator. One motivation that led Atiyah, Patodi and Singer to the discovery of 
Theorem ll.3.18l was the search for a generalization of this to the case for manifolds with boundary. 
We thus briefly recall the definition of the signature of a manifold with boundary. 



1.4.1 The Signature of Manifolds with Boundary 

Let iV be a compact, oriented and connected manifold of dimension n with boundary dN. Then 
dN is closed and naturally oriented, but we allow that it consists of several connected components. 
Let a : tti(N) — ► U(fe) be a representation of the fundamental group. Via the map induced by 
the inclusion dN N, the representation a restricts to 7Vi(dN). There is a relative version 
H*{N,dN,E a ) of cohomology with local coefficients, whose construction we will not describe 
in detail. We only note that the machinery of algebraic topology — like cup and cap products, 
Poincare duality, and exact sequence of pairs — extends to this context. In particular, there is a 
relative intersection pairing 

H P (N, E a ) x H n ~ p (N, dN, E a ) -> C, (a, b) ■-> (aU6, [N,dN]), 

where the fundamental class [N, dN] is the generator of H n (N, dN) determined by the orientation. 
Via the de Rham isomorphism, the relative cohomology groups are isomorphic to de Rham 
cohomology with compact support in the interior of N, 

H P (N, dN, E a ) = H%(N, E a ). 

3 However, one has to be careful with the Mayer- Vietoris sequence and excision, where one has to use van 
Kampen's Theorem to relate the representations of the involved fundamental groups. 
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Here, we also use E a to denote the flat vector bundle determined by a. With respect to this 
identification, the intersection pairing is induced by 

n p (N, E a ) x n™- p (N, E a ) ^ C, (u, V )» I (wA»|). 

./jV 

Now assume that n is even. There is a natural map H n l 2 (N, dN, E a ) — ► H n / 2 {N , E a ) which we 
can combine with the intersection pairing to define a twisted intersection form 

Q a : H n / 2 (N, ON, E a ) x H n ' 2 {N, dN, E a ) - C. 

As for closed manifolds, the intersection form is skew for (n = 2 mod 4) and symmetric for 
(n = mod 4), but it is in general degenerate. 

Definition 1.4.1. Let N be a compact, connected manifold with boundary of even dimension 
n, and let a : tti(N) — > U(fc) be a representation of the fundamental group . Then the twisted 
signature of M is defined as 

SignJiV) := Sign(Q a ), 
where we use the earlier convention regarding the signature of a skew endomorphism. 
Remark. To turn Q a into a non-degenerate form, one needs to restrict to 
H n / 2 (N, E a ) := im {H n ' 2 {N, dN, E a ) - tf"/ 2 (iV, S a )) . 
Then Poincare duality ensures that we get a non-degenerate form 

Qa : H n/2 (N,E a ) x H n / 2 {N,E a ) C. 
Since this process just eliminates the radical of Qa> it is immediate that 

SignQ Q = SignQ a . 

1.4.2 Twisted Odd Signature Operators 

To state the relation of the signature on a manifold with boundary to the index of the signature 
operator, we first need to understand the structure of the signature operator near the boundary. 
Therefore, we now consider the model case of a cylinder, and derive the formula for the odd 
signature operator. 

Let M be a closed, oriented manifold of odd dimension m and consider the cylinder N := 
R x M. We use the natural splitting T* N = R © T*M to orient N and make the identification 

$ : C°°(R,fr(M)) ®C x (R,n*(M)) ^ Q*(N), *(w ,wi) := dtAoj + u u 

where t denotes the R coordinate. Clearly, 

djv$(w ,wi) = dtA (d t ui - d M uo) + d M uj x = ${d t LJi - d M Ld Q ,d M ^i)- (1-47) 

We now endow N with a metric of product form g = dt 2 + jM) and denote by Tjy and tm the 
chirality operators on £l'(N) and fi*(M), respectively. Then one checks that 



T N $(uJ ,UJi) = $(tmWi,TmWo). 
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From this we obtain isomorphisms 

$± : C°°(R,n*(M)) ^ ^(N), uj $(u,±t m u). 

Let L>^y : Q + (N) —>■ Q~(N) be the signature operator. Then a short computation using (|1.47[) 
and the formula (|1.7h for the adjoint differential yields 

&Z 1 0^0$+ = tm(<9* - T M d M - d M T M ) ■ 

The same continues to hold if E — > M is a Hermitian vector bundle, and when we twist with a 
unitary connection A on tt*E in temporal gauge, i.e., a connection of the form A := n*a. Here, 
7r : N — > M is the natural projection and a is a unitary connection on E. We summarize what 
we have observed so far. 

Proposition 1.4.2. Let be the signature operator on the cylinder N = R x M twisted by a 
unitary connection A = it* a in temporal gauge. Then D\ is isometric to 

T M {d t -B a ) :C°°(R,n'(M,E)) -► C°°(R,n'(M,E)), 

where 

B a ■= t m (d a + d* ) = T M d a + d a T M . (1.48) 

Definition 1.4.3. Let a be a unitary connection over an oriented Riemannian manifold M of 
odd dimension. The operator 

B? := B a \ ncv{M , E) : Q^(M,E) -> O ev (M,i?) 

is called the odd signature operator on M twisted by a. 

Remark 1.4.4. 

(i) Note that the operator S a does indeed preserve the even/odd grading, 

B a = B C J © B° dd : n cv (M, E) © n odd (M, £) -> O cv (M, £) © ft odd (M, £7). 

Moreover, £?^ v and -Ba dd are conjugate via rjvf. The kernels of B a and -B„ v are of a topo- 
logical nature, since 

ker(B a ) = ker(d a + d*) = JT'(M, £ a ), ker(£?* v ) = JT ev (M, £ a ). 

(ii) It is straightforward to check that the odd signature operator is a geometric Dirac operator 
in the sense of Definition 11.2.111 Here, one defines the Clifford structure by 

c cv : T*M © A ev T*M —* A CV T*M, c ev (£)u; := r M (£ A u - i(f)w) . (1.49) 

Paying close attention to the various identifications made, one also verifies that the map 

t m : ATM -» A'T*M 

corresponds to Clifford multiplication 

c N (dt) : A+T*iV|M -► A~T*N\ M . 

Hence, Proposition II .4.21 shows that D"t is of product form in the sense of Definition II .3. 151 
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(iii) To give an explicit formula, let m = 2k — 1. Then one can check, using the formula (jl.6p 
for tm, that for all ui £ fl p 

B a cu = -i k +P(P+V ((-l)P * d a - d a * )u. 

In particular for p = 2q, 

1.4.3 The Signature Theorem for Manifolds with Boundary 

Having identified the tangential operator, the APS projection sets up a well-defined index problem 
for the signature operator on manifolds with boundary. Moreover, the Atiyah-Patodi-Singer Index 
Theorem for geometric Dirac operators 11.3.191 and the index theorem for the twisted signature 
operator in Theorem 11.2.231 calculates its index. If the twisting bundle is flat, this index is 
related to the signature for manifolds with boundary as introduced in Section 11.4.11 However, 
this relation is more difficult to establish than in Proposition 1 1 . 1 . 81 for the case that the manifold 
is closed. We only state the result and refer to Sec. 4] for the proof. A concise discussion also 
be found in [HI Sec. 23]. 

Theorem 1.4.5 (Atiyah-Patodi-Singer). Let N be a compact, oriented Riemannian manifold of 
even dimension n with boundary dN = M, and let E — > N be a Hermitian vector bundle of rank 
k with a unitary connection A. Assume that the metric is in product form, and that A is in 
temporal gauge A = ir*a on a collar of M. Let D\ be the twisted signature operator on N, and 
let 

P>(a) : ST(M,E\ M ) -> ST(M,E\ M ) 
be the APS projection in Definition \1.3.17\ of the tangential operator B a . Then 

ind(D+;P>(a)) =2 n ' 2 f L(TN, V s ) A ch(E, A) — £(B a ). 

Moreover, if A is flat, then 

ind(D+;P>(a)) = Sign A (7V) - ± dim(ker B a ), 

and therefore, 

Sign A (A0 = k • f L{TN,V 9 ) - r]{B c J). 

JN 

Remark. In the last equation, the occurrence of B^ v stems from the relation 

Z(B a ) =rj(B^) + ^dim(kevB a ), 
which follows from Remark 11.4.41 (i) . 

Rho Invariants. Motivated by Theorem II. 4. 5^ Atiyah, Patodi and Singer [8] introduced the 
Rho invariant, which we have already briefly considered in Proposition ll .3.81 and Corollarv ll.3.121 
We now treat the Rho invariant associated to the odd signature operator in more detail. 
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Definition 1.4.6. Let M be a closed, oriented Riemannian manifold of odd dimension m, and 
let A be a flat unitary connection on a Hermitian bundle E of rank k. Then the Rho invariant 
of A is defined as 

PA {M) := p(B c Z) = f|(BD - fc • r?(£ CV )- 
We have the following immediate consequences of what we have discussed so far. 
Proposition 1.4.7. 

(i) If A' is aflat connection, unitarily equivalent to A, then pa'(M) = pa(M). In particular, 
the Rho invariant depends only on the holonomy representation 

hol A : vri(M) -» U(ife). 

For this reason, we also use the notation p a (M) if the focus is on representations of the 
fundamental group. 

(ii) The Rho invariant is independent of the metric used to define rj(B^) andr/(B cv ). Therefore, 
it is a smooth invariant of M and A. 

(iii) If N is a compact, oriented manifold with boundary dN = M , and the representation 
a : 7Ti(M) — ► U(k) extends to a unitary representation (3 : ni(N) — > U(fc), then 

Pa (M) = Sign^iV) - k • Sign(iV). 

Proof. Part (i) follows from the fact that the Eta invariant does not change, if we transform 
with a unitary bundle isomorphism. Part (ii) is a consequence of Corollary 11.3.121 (i), since 
the dimensions of the kernels of B^ and B ev are independent of the metric. Part (iii) follows 
immediately from the signature formula of Theorem 11.4.51 □ 

Remark 1.4.8. 

(i) Part (i) of Proposition 11.4.71 shows that the Rho invariant can be interpreted as a map, 
defined on the moduli space of flat connections 

p : M (M, U(fc)) M, [A] ^ p A (M). 

In the explicit examples in Section 12.31 and Chapter H] we will use this and consider partic- 
ularly well-suited representatives for gauge equivalence classes of flat connections. 

(ii) Proposition 11.4.71 (iii) gives a negative answer to the question of whether Corollary 11.2.101 
continues to hold for the signature of manifolds with boundary. As mentioned in the 
introduction, an explanation of this signature defect was one of the motivations leading to 
the discovery of Theorem 1 1.4. 5 1 and the Rho invariant is indeed an intrinsic characterization 
of this. 

(iii) Rho invariants do in general give non-trivial invariants. As an easy example we consider 
M = S . We view S 1 as a subset of C, endowed with the metric of length 2ir. A flat 
U(l)-connection on the trivial line bundle is determined by its holonomy e 2ma £ U(l) with 
a£l. The corresponding odd signature operator is easily seen to be 

B™ = -%{££ e - ia) : C 00 ^ 1 ) -> C°°(S l ), 
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where with ip £ C°°(S' 1 ) and z £ S 



i 



^(*) = 4LoP(*e«). 



Therefore, B^ip = \ip if and only if 



A + a € Z and y(z) 



A+a 



This implies 



sgn(n — a) 



Re(s) > 1. 



n — ar 



In Proposition IC.1.21 (i) , we have included a computation of the value of the meromorphic 
continuation of this expression at 0. The result is, see also Definition IC.l-H 



(iv) We want to point out that the Rho invariant is a true extension of the signature defect. 
More explicitly, there are Rho invariants which cannot be calculated using the formula of 
Proposition 11.4.71 (iii). As an example, consider a compact oriented surface S with one 
boundary component dT> = S . Then the fundamental class of S 1 is a commutator in 
7Ti(£), see for example the discussion in Section 12.3.11 This implies that a non-trivial 
U(l)-representations of tti(S 1 ) cannot extend to a representation of 7Ti(S). 

1.5 Rho Invariants and Local Index Theory 
1.5.1 Relation to Chern-Simons Invariants 

As seen in Proposition 11.4.71 the Rho invariant can be computed in a purely topological way 
if the representation a extends over a bounding manifold. However, we have already pointed 
out that this situation is often too restrictive. Therefore, intrinsic methods to compute Rho 
invariants are of great interest. One observation for applying topological tools is the relation of 
Rho invariants to Chern-Simons invariants. We refer to Appendix [A] for definitions and basic 
properties of Chern-Simons invariants, and make the relation more precise now. The following 
result goes back to [HJ Sec. 4], see also [60j Sec. 7]. 

Proposition 1.5.1. Assume that M is a closed, oriented Riemannian manifold of odd dimension 
m. Let At be a smooth path of connections on a fixed Hermitian vector bundle E —* M . Then 
the reduced ^-invariant satisfies 



where cs{Aq,A\) is the transgression form of the Chern character, see Definition \A.l.b\ 
We postpone the proof and mention some consequences. 




0, for a = mod Z, 
2ao — 1, for ao £ (0, 1) and a = clq mod Z. 
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Corollary 1.5.2. Let At be a smooth path of connections on E. 



The following variation formula holds 



£(B Al ) - £(#A ) = SF(B At ) tem + 2- 



/ L(TM,V 9 ) Acs(A),^i)- 



Jm 



If Aq and Ai are flat, and M is 3 -dimensional, then 



p Al (M)= PAo (M)+4CS(A ,A 1 ) modZ. 



Here, CS(Aq, A\) is the Chern-Simons invariant associated to the Chern character, see 
Definition \A.2.3\ and (|A.7|) . 

(iii) Assume that At is a path of flat connections and that either Aq and A\ reduce to STJ(fc)- 
connections or (dimM = 3 mod 4). Then 



Remark 1.5.3. 

(i) Corollary 11.5,21 (ii) shows that on a 3-manifold the reduction mod Z of the Rho invari- 
ant is up to a constant the Chern-Simons invariant of the corresponding fiat connection. 
Therefore, the reduced Rho invariant is the integral over local invariants of the connections. 
Now, the unreduced version is essentially this "local" contribution plus a spectral flow term 
which encodes "global" topological information. 

(ii) Under the hypothesis of part (iii) the reduction mod Z of p At (M) is constant. In other 
words, the Chern-Simons invariant is constant on connected components of the moduli 
space of flat connections. Therefore, unreduced Rho invariants associated to one-parameter 
families of flat connections have only integer jumps, which occur precisely at the points 
where the rank of the twisted cohomology groups changes. Independently, Farber-Levine 
|39j and Kirk-Klassen |58|, [59] have developed powerful methods to compute this spectral 
flow term in purely cohomological terms. 

We will now give a proof of Proposition 11.5.11 based on the signature theorem for manifolds 
with boundary in Theorem ll.4.51 We shall also sketch a different proof using Getzler's approach 
to local index theory in Section 11.5.21 below. 

Proof of Proposition 1 1 . 57J[ Consider the cylinder N := [0,1] x M, endowed with the product 
metric gjy = du 2 + ir*g. Here, we are using u to denote the coordinate on [0, 1], and it : N — > M 
is the natural projection. We endow ir*E with the connection 



n(BZ) ~ V(BZ) =2SF(B%) te[0A] - dimterfl£ + dimker B%. 



In particular, 



p Al (M) = p Ao (M) modZ. 



A t :=duA-^+7T*A Mu) , 



where (p : [0, 1] — > [0, 1] is a smooth function such that for some e > 0, 




(1.50) 
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A 
11 



u 



[0, 1] x M 



A t 




1 
Figure 1.3: Cylinder N and the cutoff function tp 



see Figure 11.31 For fixed t, the connection A t is in temporal gauge on a collar of dN . Therefore, 

we can apply Theorem 11.4.51 for each t to the signature operator DT. and conclude that 

At 



i{B At )-i(B Ao ) = 2— L(TN,V 9 ")Ach(n*E,A t ) mod Z. 

JN 

Since gjy is the product metric on N it is straightforward to check that 

L(TN,V 9N ) = ir*L(TM,V 9 ). 
Then, if j N j M denotes integration along the fiber, see Proposition 12. 1 . 121 below, we observe that 

J L(TN,V 9N ) Ach(ir*E,A t ) = [ L(TM,V 9 ) A [ ch(ir*E,A t ) 

JN JM JN/M 



M 



L(TM,V°)Acs(A Mu) ). 



Here, we have used Lemma lA.2.1l in the second line to replace J N / M ch(jr*E, At) with the trans- 
gression form of the Chern character computed with respect to the path u \—* A tip i u \ . If we choose 
a different path, the result will differ by an exact form on M, see Proposition IA.2.^1 for a proof. 
This allows us to remove the function ip and use the path u \— > At u . Then 

cs{A Mu) ) = cs{A , A t ) mod d^ cv (M). 

Since M is closed, this shows that 

£{B M ) - C(B Aq ) = 2^ / L(TM, V 9 ) A cs(^ , M) mod Z, 

JM 



which implies Proposition 11.5.11 



□ 
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Proof of Corollary M.5.SX Part (i) is an immediate consequence of Proposition 11,5.11 and Propo- 
sition [L3J3J Next, we note that 

i(B Al ) - £(£ Ao ) = V (B%) ~ V(B7 Q ) + dimker(B^) - dimker(^). (1.51) 

Using part (i) and reducing mod Z one finds that 

rj(BZ) ~ r](B% ) = 2^ [ L(TM,V 9 ) A cs(A , A x ) mod Z. 

Jm 

Now, if we assume that m = 3, the L-form equals 1, and we obtain part (ii). Concerning part 
(iii), we now consider the connection A := dt A A + At on the cylinder [0, 1] X M. Since we are 
assuming that At is a path of flat connections, we have 

F^ = dt A f t A t , and exp (dt A f t A t ) = 1 + dt A 

This implies 

/ L(TM,V 9 )Acs(A ,A 1 )= [ 7T*L(TM,V 9 )AtT E [eM^FA)] 
Jm J[o,i]xM 

= [ L(TM,V 9 ) A j^tiE [At- A }. 

If Aq and are SU(fc)-connections, then tr^[j4i — ^o] = 0, so that the integrand vanishes. 
On the other hand, if (m = 3 mod 4), the integrand has no degree m part so that the integral 
vanishes again. In both cases, part (iii) follows from part (i) and (jl.5ip . □ 

Variation of the Metric. As already pointed out in Remark 11.5.31 an important tool for 
studying the Rho invariant is studying its variation under deformations of the flat connection. 
However, the moduli space of flat connections is often discrete or at least disconnected. Therefore, 
it is not always possible to find a path of flat connections which joins given endpoints. However, 
in many cases one can deform the geometry of the underlying manifold in such a way that twisted 
Eta invariants become computable. The main concern of this thesis are Rho invariants of fiber 
bundles, and as already explained in the introduction there are powerful methods to deform the 
geometry to a much simpler situation. One underlying result is the following, which is an analog 
of Proposition [L5TT] see [HI Sec. 2]. 

Proposition 1.5.4. Assume that gt is a smooth path of Riemannian metrics on a closed, odd 
dimensional manifold M, and denote by V s * the associated one-parameter family of Levi-Civita 
connections. Moreover, let A be a flat connection on a Hermitian vector bundle E — > M of rank 
k. Then 



n(B%,g 1 )-r,(B c /,go) = k. [ TL(y*>,V* 

Jm 



where TL(V 90 , V 91 ) is the transgression form of the L-class ofTM, see Remark A. 1.7 



Proof. As before, let iV := [0, 1] x M be the cylinder, endowed with the bundle tt*E and the 
connection A := dt A A + n*A. In contrast to the proof of Pr op osition 1 1 . 5 . IT the connection A is 



flat, since A is independent of t. Let a : tti(N) — > U(fe) denote the holonomy representation of 
A. Recall that Sign a (iV) is defined using the homomorphism 

H*(N, M, E a ) —* H*(N,E a ). 
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However, in the case at hand, this map is trivial as M is a deformation retract of N, and a is 
compatible with the natural retraction. Therefore, Sign Cf (A r ) = 0. 

Now let <p be a cutoff function as in (jl.50p . and endow ./V with the metric 

9n :=dt 2 + ifg^ty 

Let V 9JV be the Levi-Civita connection associated to g^. Since g^ is in product form near the 
boundary and Sign^(iV) = 0, Theorem 11.4.51 yields 

V(B%,g 1 )-Ti(B%,g ) = k- [ L(TN,V'»). 

J N 

Moreover, is in temporal gauge on a collar of the boundary, so that we can deduce from 
Proposition IA.2.41 and Remark IA.2.51 that 

/ L(TN,V 9N )= [ TL(V 90 ,V 91 ). □ 

Remark 1.5.5. In the next chapter we will also encounter a one-parameter family of connections 
(V*)tg[o i] on TM which is not associated to a family of Riemannian metrics. Nevertheless, we 
can study the associated family of generalized odd signature operators 

D t := c ev o V* : O cv (M) -> Q ev {M), 

where c ev is Clifford multiplication as defined in (jl.49[) . Certainly, the operators Dt will in general 
not be formally self-adjoint, even if all V* are compatible with the metric. Without going into 
detail, we note that a certain restriction on the torsion tensor of V* guarantees that we get 
formally self-adjoint operators. Then we can use the variation formula of Proposition 11.3.141 

Cpi) - £(A)) = SF(A) t6[ o,i] + f i[C(Dt)dt. 

Jo 

However, since (-Dt)te[o,il is not a family of geometric Dirac operators, the local variation can 
not be identified using Theorem 11.4.51 Yet, if we are interested in Rho invariants, it follows 
from Corollary II .3. 121 that for any flat U(fc)-connection A, the local variations of (-D® fc )te[o,i] and 
(A4,t)te[o,i] agree. In particular, 

p(D A>1 ) = p(D Afi ) + SF(D A>t ) te[0S] - k • SF(A)«=[o,i]- (1-52) 
1.5.2 The Variation Formula and Local Index Theory 

In the remainder of this chapter we sketch a proof of Proposition 11.5.11 based on local index 
theory techniques. Mainly, this is because the underlying ideas will be helpful in the discussion 
of Rho invariants of fiber bundles in Chapter [3l Aside from that, a proof of the variation formula 
in Proposition 11.5. Q which does not rely on the index theorem for manifolds with boundary, 
underlines the intrinsic nature of Rho invariants. 

The setup. Assume that M is a closed, oriented Riemannian manifold of odd dimension m, and 
let A u be a smooth path of connections on a fixed Hermitian vector bundle E — > M. We want 
to have an explicit formula for the variation ^[£(-E>A u )] of the reduced ^-invariant, where 

B Au = r(d Au + d\ u ) : n*(M,E) -» n*(M,E). 
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d [i(B Au )] = -^=a m {B Au ) 



Proposition ID .2.1)1 shows that 

where a m {B Au ) is the constant term in the asymptotic expansion of 

V^Tr(^e-^), ast^O. 
For brevity we will also use the common notation 

a m (B Au )= LIM VtTr(^ e~ tB M ) . (1.53) 



-A u ). 



In the case at hand, it is immediate that 

= TC[ - 

du V du 

Now, to get a formula for a m {B Au ), we can fix u. To keep the notation short, we thus extract 
the following setup with which we will work 

Definition 1.5.6. Let A be a connection on E, and let A G O 1 {M, End(E')) . Define 

D A := d A + d A : Q'{M,E) -» Q'{M, E), 

and denote by 

k t {x, x) e C°° (M, End(AT*M <g> £)) 
the restriction to the diagonal of the kernel 

kt(x,y) := (yic{A)e- tD ^){x,y). 

With this notation our goal is now to compute 

LIM tr A . T *M®£ [rk t {x,xj\. 

According to ()1.28p we can decompose 

End(AT*M ® E) = C\{T*M) ® s End C i (A*T*M ® £), 

where 

Endci (ATM ® £?) = C1(T*M) ® End(£). 

The local index theory proof of Proposition 1 1 . 5 . 1~1 will follow from the following odd dimensional 
version of [HI Thm. 4.1], see also Remark 11.2.151 

Theorem 1.5.7. Let M be a Riemannian manifold of odd dimension m, and let kt(x,x) be as 
in Definition \1.5.(A There is an asymptotic expansion 

oo 

m ^ — > n+1 



k t (x, x) ~ {Ant) a 2 k n {x), as t — > 0, 

n=0 

such that 

k n {x) e C°° (M, Cln+i (T*M) End a (ATM g> £7 
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With respect to the symbol map cr : Cl(T*M) — ► A'T*M , one has 

E^(M = de^(_^) A (^e X p(- f) ), 

n=0 11/ 

where R 9 is the Riemann curvature tensor, and F is the twisting curvature, defined in a local 
orthonormal frame {e^} for TM by 

F := F v a, 9 - lg(R 9 (ei, ej )e k , e l )e i A e j ® cV G ft 2 (M,End a (A*T*M <g> £?)). 

Here, V A ' g is the connection on A'T*M (g) induced by the Levi-Civita connection and the 
connection A on E. 

Before we sketch how Theorem 11.5.71 can be proved along parallel lines as in |X3|, Ch. 4], we 
deduce the following consequence which gives an alternative proof of Proposition 11.5.11 

Proposition 1.5.8. Assume that M is a closed, oriented Riemannian manifold of odd dimension 
m. Let A u be a smooth path of connections on a fixed Hermitian vector bundle E — > M . Then 
the reduced ^-invariant associated to the family Ba u = t((1a u + <$ A J satisfies 

£[^B Av )]=2 s ^ [ L(TM, V») A ^e[£A u A exp^J], 
where Fa u is the curvature or A u . 

Proof. For fixed u we use the notation of Definition 11.5.61 an d let A := A u and A := 4-A u . Then 
Proposition ID.2.31 shows that with the kernel kt(x,x) 



_d_ 

du I 



MB A J] = — 7= LIM / tr A . T *M®£ Wh(x,x)] vol M ■ (1.54) 
V 71 " hi 

It follows from Theorem 1 1 . 5 . 71 that 

LIM / tTA-T*M®E [rk t (x,x)] vol M = (47r)~ m/2 / tr a*t*m®e |jA; m _i] voIm • 
Jm Jm 

As in Proposition 11.2.191 we can decompose 

ti k* t *m®e = tr C i ®tr C i ® tr B . 

Now, the definition of tr^i is in such a way that for a G C1(T*M) 

JO, ifo€ Cl m _i (T*M), 
^CiM = | 2m/2j . fa = r _ 

This implies that for all k G C°° (M, End(T*M <g> £)) 

/ tr A . T *M®E [tk] vol M = 2 m/2 / r ^(trci <8> tr s ) [©■(«)] , 
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M 



M 



where the factor i % arises from the fact that <t(t) = i 2 voIm- Then, we can use Theorem 
11.5.71 again to infer that 

(47r)~ m/2 / tr A . T *Mcg.£; [T& m _i] vol M = 
Jm 

V^&iri)-^ [ det 1 / 2 ( ■ ^l 2 a/0 , ) A (taci ® tr E ) [i A exp(-F)] . 
J At \smh(R9/2)J 

Now, we decompose F = R s + Fa, where R s is the twisting curvature of A'T*M as in Lemma 
11.2.211 and Fa G S1 2 (M, End(.E)) is the curvature of A. Then one computes 

(2^)-^ / m det^ (-^y) A (SS tr.) [i A exp(-F)] 

1(TM, V» ) A (tr^i 8) tr B ) [£A A exp(^F)] 

A{TM,V 9 ) Atr^i[exp(^i? s )] A tr £ [±A A exp (^F A )] 

= -2 m / 2 / L(TM, V 9 ) A tr B [^i A exp (£F A )] , 

where we have used Proposition 11.2.221 in the last line. Using (jl.54p . the proof of Proposition 
[TES1 is finished. □ 

Getzler's Rescaling. We now want to motivate why Theorem 11.5.71 can be proved in the same 
way as the local index theorem [131 Thm. 4.1]. Since it is also basic for the considerations in the 
next chapters, we first want to extract one of the main ideas of Getzler's approach in |45| . This 
is to consider an appropriate rescaling of the Riemannian metric. 

Let M be a closed manifold, and let g be a Riemannian metric. For t > consider the rescaled 
metric gt := t~ l g. We define a rescaled Clifford multiplication by 

c t : {T*M,g t ) -» (A'T*M,g), c*(£) := V~t{ e(£) - i(0) , (1-55) 

where i(£) denotes inner multiplication by £ with respect to the fixed metric g on A*T*M. One 
easily checks that 

ct(£) 2 = ~t ■ \H\ 2 g = -\Z\ 2 gi , and ct(0* = ~ct(0 w.r.t. g. (1.56) 

This means that q defines a Clifford structure for (T*M,gt) on the bundle (A'T*M, g). Since 
the Levi-Civita connection V s is invariant under rescaling with a constant parameter, it defines 
a Clifford connection for every t, 

We thus get a family of de Rham operators Dt, defined in a local orthonormal frame {ej} for 
(TM,g) by 

A := c^Vf. = Vt{d + d*) : «'(M) -> fi'(M). (1.57) 
Here, is the adjoint differential with respect to the fixed metric g. 
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Remark. It might be confusing that the de Rham differential d is also rescaled, although it is 
defined without using a metric. This is due to the fact that we are fixing g as a reference metric 
on A'T*M while varying the metric on T*M. 

We wish to make this more precise, and take gt as a metric on A*T*M rather than the fixed 
metric g. Consider 

c t : {T*M,g t ) -» (A'T*M,g t ), c t (0 := e(£) - i t (£), (1-58) 

where now, it(£) is inner multiplication with respect to gt- Note that it(£) is related to inner 
multiplication with respect to g via it(£) = t ■ i(£). Prom this, one deduces that 

ct(0 2 = ~t ■ \H\ 2 g = -I^IL and c t (0* = ~c t (0 w.r.t. g t . (1.59) 

Hence, cj defines a Clifford structure for (T*M,gt) on the bundle (A*T*M, gt). The relation 
between q and ct is as follows. 

Lemma 1.5.9. There is an isometry of vector bundles given by 

5 t : (ATM, g t ) -> (ATM, 5 ) , «J t (a) := (V*) |a| a, 
where a is homogenous of degree \a\. Moreover, the Clifford structures ct andct are related by 

c t = S^ 1 oc t o S t . 

The proof is straightforward and is left to the reader. We also note that if d gt denotes the 
adjoint differential with respect to gt, then 

Vi(d + d t ) = 6 t o(d + d t gt )o6t 1 . 

This explains in more detail why the de Rham differential in (|1,57|) is rescaled. 

Now, one of the ideas underlying Getzler's approach in [45] can be expressed in the simple 
identity 

e~ w2 =e- sD ?\ s=1 , (1.60) 

where D is the de Rham operator with respect to g, and Dt is the rescaled de Rham operator 
(|1.57J) . The deep insight behind (|1.60p is that the asymptotic expansion as t — > of the kernel of 
e~ tD can be related to the Euclidean heat kernel since — very roughly — the metric gt converges 
locally to a Euclidean metric as t — > 0. 

Remarks on the Proof of Theorem 11.5.71 We shall make the above idea only a bit more 
precise, and refer to |X3|, Sec. 4.3] for more details. Let x G M, and let V := T X M. We choose a 
ball U C V of radius less than the injectivity radius of M, so that exp x . : U — ► M parametrizes 
a normal neighbourhood of x in M . Using parallel transport along geodesic rays with respect to 
the flat connection A, we can identify the bundle E\u with the trivial bundle U x E x . Hence, for 
y £ U we can consider 

h(t, y) := e- tD A ( exp x (y), x) G End(A*U* ® E x ), (1.61) 

and 

k(t,y) := (Vic(A)e- w ^( ex Px(.y)> x ) G End(A*y* ® E x ). (1.62) 
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Using the symbol map <x : C1(V*) — * A'V* , we get sections 

a(h),a(k) G C°°(R + x U, A'V* End C i(A*U* ®E X )). 

Now Getzler's rescaling method can be described as follows: We fix U as the coordinate space, but 
replace the metric on M by ^ := t g. This implies that the new system of normal coordinates 
is given by 

exp x oy/t : U — * M, y \— > exp(Viy). 

On Endci(A*y* <g> E x ), we fix the reference metric given by g and the metric on E, but we use 
the rescaled metric on C1(V*). According to Lemma 11.5.91 this means that the symbol map has 
to be replaced by 

a t := S^ 1 ocr : C1(V*) -» A'V*. 
One checks that if £ € V* C C1(V*) and a G C1(V*), then 

^(e • a) = ^ A a t (a) - V~t i(f)ff*(o), (1.63) 

where i(^) is interior multiplication with respect to the fixed metric g. 

Definition 1.5.10. Let s G M + be an auxiliary parameter as in (|1.60p . Then the rescaled heat 
kernel is defined as 

h(s,t,y) :=t m/2 a t (h(st,Viy)) G A'V* <g> End C i(A'F* <g> E x ). 

As remarked in |13l p. 155] the extra factor t m l 2 enters because h(t, y) is a density in the y 
variable. Now Getzler's local index theorem can be reformulated as follows, see |13t Thm. 4.21]. 

Theorem 1.5.11. The limit lim^o h(s,t,y) exists. For y = and s = 1, 

JhnA(l,t,0) = (47r)- m / 2 detV2 ( ) Aexp(-i^), 

t^o \smh(Rx/2) J 

where R 9 X is the Riemann curvature tensor at x and F is the twisting curvature, defined in 
Theorem 1.5.1 . 

Remark. In |13j . Theorem 11.5.111 is proved under the assumption that m is even. However, 
a close examination of all intermediate steps shows that this restriction is not necessary. In 
particular, |X3|, Prop. 4.12] continues to hold for odd m as well. The argument is similar to (|1.32p 
in the proof of Lemma I1.2.2QL 

Using (jl.62p we now define as in Definition 11.5.101 

k(s,t,y) :=t m/2 a t (k(st,Viy)) G A'V* ® End C i(A*V* ® E x ). 

For y G U let A y G A Y V* ® End(^) denote the pullback of A to U at the point y. Then (fl~63l) 
shows that 

k(s,t,y) = A^i y A h(s,t,y) -ti (A^- ty )h(s,t,y), 
and Theorem 11.5.111 implies 
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Corollary 1.5.12. The limit lim^o k(s,t,y) exists. For y = and s = 1, 

lin jt (M,0) = (4,)-/ 2det l/ 2 A [A x A exp(-Fc)). 

On the other hand — as in the even dimensional case — the rescaled kernel satisfies 

m—l 

limfc(M,0) = (4tt)-t ^ cr[k n {x)), 

^ n=0 

where the k n are the coefficients appearing in the asymptotic expansion in Theorem 11.5.71 This 
together with Corollary 11.5.121 finishes the outline of the proof of Theorem 11.5.71 



The Signature Operator and the Rho Invariant 



Chapter 2 



Rho Invariants of Fiber Bundles, 
Basic Considerations 

In this chapter we start to work on the main topic of this thesis. Our concern is to investigate 
how the structure of an oriented fiber bundle of closed manifolds can be used to analyze Rho 
invariants of its total space. 

For this reason, we will first give a detailed summary of some geometric preliminaries as they 
appear in the theory of Riemannian submersions and in Bismut's local index theory for families. 
Since we are dealing with the odd signature operator, our emphasis is to understand the structure 
of the space of differential forms. In particular, we obtain descriptions of the exterior differential, 
the adjoint differential and the Levi-Civita connection, which account for the special situation 
arising in the context of the total space of a fiber bundle. 

After having established how the odd signature operator can be expressed in terms of a 
submersion metric, we describe the idea of an adiabatic metric on a fiber bundle. This is the 
main tool on which our discussion of Rho invariants of fiber bundles relies. Very roughly, the 
idea is to rescale the metric on the base manifold in order to deform the geometry of the fiber 
bundle to an "almost product" situation. Using the variation formula, we shall see that the Eta 
invariant of the odd signature operator has a well-defined limit under this process, which is called 
the adiabatic limit. As the Rho invariant is independent of the underlying metric, we can then 
replace the Eta invariants in its definition by adiabatic limits. 

With this idea in mind, we will analyze the first class of examples, namely principal circle 
bundles over closed surfaces. Thanks to the low dimensions of fiber and base as well as the 
enhanced symmetry provided by the principal bundle structure, one can compute Rho invariants 
without having to use the more advanced theory of Chapter [3l Nevertheless, adiabatic metrics 
will already play a prominent role in the discussion. 
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2. Rho Invariants of Fiber Bundles, Basic Considerations 



2.1 Fibered Calculus 

2.1.1 Connections on Fiber Bundles. 

Let F M — > -B be an oriented fiber bundle, where all manifolds are assumed to be closed, 
connected and oriented. Let T V M := ker7r* be the vertical subbundle of TM. Then T V M is 
involutive, i.e., if [., .] denotes the Lie bracket on C°°(M,TM), we have 

[U, V] £ T V M, U, V £ C°°(M, T V M). 

We now assume that M is endowed with a connection, i.e., a vertical projection 

P v : TM -» r"Af. 

This induces a splitting 

TM = T h Af T V M, T h M := ker P v , 

and tt* : T h M -> n*TB is an isomorphism. In the following we usually identify T h M and ir*TB 
via this isomorphism. Given a vector field X £ C°°(B,TB) we can use the connection to lift 
X horizontally to a vector field X h £ C°°(M, T^M). We will frequently use the following easy 
result, see P2J Lem. 10.7]. 

Lemma 2.1.1. Let V £ C^M^M) 6e a vertical vector field on M, and let X £ C°°(B,TB) 
be a vector field on B. Then 

[X h ,V] £ C co (M,T v M). 

The horizontal distribution T h M is in general not involutive. The following quantity measures 
the failure of being so. 

Definition 2.1.2. The curvature form of the connection P v is given by 

n £ C oc (M,A 2 T h M* (g)T v M), fl{X,Y) := -P'°([X,Y}), 
where X,Y £ C°°(M,T h M). 

Riemannian Connections on Fiber Bundles. We now assume that the fiber bundle is 
equipped with a submersion metric. This means that with respect to the splitting TM = ir*TB(B 
T V M induced by the connection, we take a metric of the form 

g = Tr*g B ®9v, (2.1) 

where g v is a Riemannian metric on T V M, and gs is a metric on B. We will frequently write 
9 = 9b © 9vi the pullback and the identification TM = ir*TB © T V M being understood. 

Remark. Note that our point of view is somewhat reversed to the situation encountered in 
differential geometry. Recall, see e.g. |81|, pp. 212-214], that a Riemannian submersion is defined 
as a submersion tt : (M,g) — > (B,gs) such that the push-forward 7T* : (kevir^) 1 - — ► Ti? is an 
isometry. Then one deduces that M is a fiber bundle over B, endowed with a natural connection 
given by the orthogonal projection onto ker 7T*. Moreover, via the isomorphism (ker ir*) 1 - = tt*TB 
the metric g is of the form gB@9v in contrast to this point of view, we start with a fiber bundle, 
choose a connection and then endow the vertical and the horizontal bundles with metrics. This 
is because we often want to fix only a vertical metric. 
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Given a vertical metric g v , the following result provides a natural connection V v on T V M, 
see [EH Prop. 10.2]. 

Proposition 2.1.3. Lei <fo 6e a metric on T V M, and let P° be a vertical projection. Then there 
is a natural connection V v on T V M defined by 

\7 V :=P V oV 9 o P v , 

where V 9 is the Levi-Civita connection associated to a metric of the form (|2.ip . The connection 
V v is independent of the choice of the metric gs on B. It is compatible with g v and torsion free 
when restricted to T V M, i.e., 

V^V-V^U =[U,V], U,V G C°°(M,T V M). 

Remark 2.1.4. The connection can be thought of as a family of Levi-Civita connections 
parametrized by B, when we consider every fiber F C M endowed with the metric induced by 
g v \F- This might give a good intuition why V" is canonically associated to g v and independent 
of gs- 

Definition 2.1.5. Let g v be a vertical Riemannian metric. Then we define the Weingarten map 

W G C°° (M, T h M* ® F,nd(T v M)) , W X (V) :=V V X V - P V ([X,V]), 

where V G C°°(M,T V M) and X G C°°(M,T h M). The mean curvature of with respect to 
the vertical projection P v is defined as 

k v = k v (P v ,g v ) G C°°(M,T h M*), k v (X) := tv v (W x ), 

where X G C°°(M,T h M) and tr„ : End(T v M) -> C is the fiberwise vertical trace. 

Remark. 

(i) If {ei} is a local orthonormal frame for T V M, we have 

tr v (W x ) = Y,9v{V x ei ~ [X^^a) = - ^ g v ([X, a], a) . (2.2) 

i i 

This is because V is a metric connection so that 

gv(V x ei,ei) = Xg v (ei,ei) - g v (ei,V v x ei) = -g v (Vx e ii e i)- 

(ii) In the literature, one finds different conventions of how to define the Weingarten map. 
First of all in Riemannian geometry, one usually defines it as the negative of what we have 
defined. Moreover, one often normalizes the mean curvature by a factor of (dimi 71 )^ 1 . We 
chose to follow the conventions of [131 Sec. 10.1]. 

Associated to the metric gs on B, there is the Levi-Civita connection V s . Apart from the 
Levi-Civita connection V 9 on TM we can thus form the direct sum connection 

V® := tt*V b © V v (2.3) 

with respect to the splitting TM = tt*TB © T V M. Note that if X h is a horizontal lift and if 
V is vertical, then X7yX h = 0. Clearly, the connection V® preserves the metric g = gs ® g v - 
However, it is not necessarily torsion free. Hence, it does usually not coincide with the Levi- 
Civita connection of M. Following [14^ Sec. I] we introduce the following natural tensors which 
measure the difference of V® and V 9 . 
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Definition 2.1.6. Let V® be defined as in (|2.3|) and let V 9 be the Levi-Civita connection 
associated to the metric (I2.ip . Define 

S := V 9 — V® G C°° (M, End(TM)) , 

and let 9 be its metric contraction 

9(X)(Y,Z) := g(S{X)Y,Z), X,Y,Z G C°°(M,TM). 

Since both connections V® and V 9 preserve the metric, the tensor 9 is antisymmetric in K 
and Z. Therefore, it is a section of T*M(g> A 2 T*M. Also note that the above tensors are related 
to the O'Neill tensors of the Riemannian submersion, see |814 pp. 212-214]. The following result 
describes all non-trivial components of 6, see [161 Sec. 4 (a)]. 

Proposition 2.1.7. The tensor 9 is independent of the chosen metric gs on B. Moreover, if 
X , Y are horizontal vector fields, and U, V are vertical vector fields, then 

9(X)(V,Y) = 0(V)(X,Y) = y(n(X,Y),V), 9(U)(V, X) = g^V, X) , 

where 0, is the curvature of the fiber bundle, see Definition \2. 1 .21 

We also note the following formulas for 9 and the mean curvature k v . 

Lemma 2.1.8. Let g v be a vertical Riemannian metric. Then for U,V vertical and X horizontal 

9(U)(V,X) = -±J? x (g v )(U,V), 

where Jz?x denotes the Lie derivative in the X direction. If k v G C°°(M,T h M*) is the mean 
curvature of g v , then 

k v (X) = itr v [& x {9vj\ =-J2 (ei)(ei,X), 

i 

where {e{\ is an arbitrary local orthonormal frame for T V M . 

Proof. Let U, V be vertical and X horizontal. Then by definition of the Lie derivative 

Sfx(9v){U, V) = Xg v (U, V) - g v {[X, U], V) - g v (U, [X, V}) 

= g v [V v x U-[X,U],V)+g v (U,V x V-[X,V}), 

where we have used that V 1 ' is a metric connection. This shows that 

tr„ [Sfx(9v)] =2^2g v (V v x e i -[X,e i ],e i ) = 2tr v (W x ) = 2 k v (X). 

i 

Now choose a metric gs on B and endow M with the submersion metric g = gs © g v - By 
definition of V v , we can replace g v and in (12. 4h with g and V 9 , respectively. Since V 9 is 
torsion free, we find 

&x(j9v)(U, V) = g(V 9 x U - [X, U],V)+ g(U, V 9 X V - [X, V}) 
= g(V 9 u X,V)+g{U,V 9 v X) 

= g(X, -V 9 V V - V 9 V U) = -2g(X, VfjV) + g(X, [U, V}) . 
Now, [U, V] is vertical, so that we find using Proposition 12.1.71 that 

Sf x (g v )(U,V) = -2g(X,V 9 v V) = -29(U)(V,X). □ 
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Convention. At this point it is convenient to introduce a convention regarding local compu- 
tations. We will always denote by {e^} a local, oriented frame for T V M and by {f a } a local, 
oriented frame for TB. The horizontal lifts to a frame for T h M will be denoted with the same 
letters. Upper indices denote the dual frames and the summation convention will be understood. 
Indices a, b, c, . . . always refer to horizontal directions and k, . . . to vertical ones. If we have 
chosen metrics g v and gs, we will always choose local orthonormal frames. Whenever we do not 
want to distinguish horizontal and vertical directions, we use the notation {Ej} for the frame 
{/i> /2> • • • j ei, e2, • . •} with uppercase indices I,J,K,.... Moreover, if V is a connection on a 
vector bundle over M, we will use the abbreviations V a , Vj, V/ for V/ a , V ei , Ve 7 . 

As an example regarding this convention, we write the tensor 9 of Definition 12.1.61 as 

9 = \9ijkE 1 ®E j AE k . 

Then Proposition ^. l.Tl shows that if we distinguish vertical and horizontal direction, the functions 
9ijk satisfy the relations 

9aib = 9 a \)i = 9i a b = ^di^abi &i) j 

9ija = ~9iaj = Ojia = 9 ( Vf ej , fa) , (2.5) 
@ajk @ijk @abc 0- 

Another Natural Connection. The connection V w associated to a vertical Riemannian met- 
ric is not the only natural connection on T V M. For X € C°°(M,T h M) consider the vertical 
projection of the Lie derivative Jfx, he., 

J2f£ : T V M -» T V M, &%{V) := P V [X, V}. 

Note that Lemma 12.1.11 yields that if A is a horizontal lift, then [X, V] is automatically vertical. 
For general X G C°°(M,T h M), V G C°°(M,T V M) and 99 G C°°(M) we have 

S%(<pV) = P°{<p[X t V] + (X<p)V) = <pS%{V) + (X V )V 

and, since X is horizontal, 

S» X (V) = P v {<p[X,V) - {V<p)X) = <pJ? x (V). 

Therefore, we can define a connection on T V M as follows: 

Definition 2.1.9. Let V be the natural connection associated to a vertical metric g v . We define 
the connection V 11 on T V M by 

V^:=V^, U £C°°(M,T V M), and V£:=J£f£, A G C QC (M,T h M). 

If gs is a metric on B with Levi-Civita connection V s , we also define a connection on TM = 
tx*TB © TM via 

V® :=tt*V b © V u . 

Clearly, the definition of for horizontal X is independent of any choice of metric. However, 
for vertical U we cannot use the Lie derivative to define Vf/ which is why the connection Vfj 
enters the definition. 
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Lemma 2.1.10. 

(i) ForX G C°°(M,T h M) 

V x (g v )=J? x (g v ), 

i.e., \7 V X does in general not preserve the metric g v . Similarly V®, does in general not 
preserve the metric g = gs ® g v - 

(ii) The torsion of V® coincides with the curvature of the fiber bundle, 

T(V®) = fieC°° (M, A 2 T h M* tg> T V M) . 

Proof. Part (i) is clear by definition. For part (ii) we use local orthonormal frames {/ a } and {e^} 
for TB and T V M according to the convention on p. [53j Then one computes 

Vf ej - Vfa = V\e 3 - Vje, = P v (Vf e 3 - Vf e t ) = P v [e u e 3 ] = [a, e 3 ], 
V®e, - Vf f a = = P v [f a , e,} = [f a , e % \, and 

V®/ fe - Vffa = tt* (Vf f b - Vf / a ) = n* [f a , f b ] = [f a , f b ] h = [f a , f b ] + n(f a , f h ). 

Note that in the first and third row we have used that V s respectively V B are torsion free, and 
in the second row that [f a , et] is vertical as f a is a horizontal lift, see Lemma 12.1.11 □ 

2.1.2 Differential Forms on a Fiber Bundle. 

Let F w M — > B be an oriented fiber bundle as above. The natural exact sequence 

T V M ^ TM -» tt*TB 

translates to exterior bundles as 

ir*A p T*B ^ A P T*M -» A P (T V M)*. 
In terms of differential forms, the pullback of forms gives a natural inclusion 

tt* : Q P (B) -» Q P {M). 

Definition 2.1.11. Let uj £ Vt'{M), and let i(.) denote inner multiplication with a vector field. 
Then u is called 

(i) horizontal if i(V)u = for all V G C°°(M,T V M), 

(ii) basic if uj = n*a for some a G £1°(B), and 

(iii) vertical if i(X)u = for all X G C°°(M,T h M). 

We denote by f2*(M) the algebra of vertical differential forms, and by J1*(M) the algebra of 
horizontal differential forms. 
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Remark. 

(i) Note that the definition of vertical forms requires the choice of a vertical projection P v : 
TM — > T V M, whereas horizontal and basic forms are defined independently of such a 
choice. Moreover, P v gives an identification 

$ : C°°(M,Ai(T v M)*) -► n«(M), ^(u)(X 1} . . . ,X q ) := u{P v X u . . . , P v X q ). 

We will usually suppress this isomorphism from the notation and identify a section of 
(T V M)* with a vertical differential form. 

(ii) A horizontal form uj can always be written (non-uniquely) as a sum 

oj = <Pi(**<Xi), & G C°°(M), a t G fi"(B). 

i 

Thus, on a somewhat formal level, 

ftji(M) = vr*0*(S) ® C7°°(M), 
where the tensor product is over 7r*C°°(-B). 

(iii) More generally, we can decompose every differential form u on M as 

u = J2 a i A A, «iG nj(Af), A g nj(M), 

i 

and so 

ft fc (M) ^ 7r*n p (B) ® s n«(M) =: n M {M). (2.6) 

p+q=k p+q=k 

Here, ® s is a graded tensor product over tt*C oc (B). We will often write (8) instead of (g) a , 
keeping in mind that there is a grading involved. 

(iv) So far we have only implicitly remarked on our orientation convention. We use the basis 
first orientation which can be described as follows: In (|2.6j) we consider the case k = dimM, 
p = dimi? and q = dimF. Let vols(g , s) G £l p (B) and voLj^) G Vt q u {M) be oriented volume 
forms associated to metrics qb and g v . Then we orient M according to the prescription 

vol M (g) = vr*(vol B (gB)) A vol F (g v ). (2.7) 

Integration Along the Fiber. If the fiber bundle is endowed with a connection and a vertical 
metric, there is a natural right-inverse for the map it* : £l p (B>) — > QP(M). We recall the following 
well-known facts, see e.g. [22j Sec. 1.6]. 

Proposition 2.1.12. There is a natural homomorphism ofC°°(B) modules, 

[ : Q 9 ' dimF (M) -► ST(B), 

J M/B 
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called "integration along the fiber" , which is uniquely defined by the property that 

f aA( f uj) = [ ir*aAuj, aen dimB - k (B), uj G Q k ' dimF (M). 

J B ^ J M/B ' JM 



'M/B 

Moreover, for a and uj as above, 



dg I uj = du 1 ^ and a A uj = 7r*a Aw. 

J M/B Jm/B Jm/B Jm/B 

Definition 2.1.13. Let volir(^) G Q, dimF (M) be the vertical volume form associated to a vertical 
metric, and let 



v F (9v) ■= [ vol F (g v ) G C°°{B) 
Jm/b 



I M/B 

be the function which associates to a point y G B the volume of the fiber over y. Then we define 
the basic projection on horizontal forms as 

U B : ni(M) - Q'(B), U b (uj) := — ^ f cu A vol F (g v ). 

vf{9v) Jm/b 

Here, the normalization factor enters since we want ns(vr*a) = a for every a G We 
also want to point out that if we allow conformal changes of the vertical metric, we can easily 
achieve that VF(g v ) = 1- This is the content of the following simple result. 

Lemma 2.1.14. Let n := dimF, and let g v be a vertical metric. Define 

u:=±log(Tr*v F (g v )) GC°°(M). 
Then the metric g v := e~ 2u g v has unit volume along the fibers, i.e., vp(g v ) = 1. 

Proof. Let {ej} be a local, oriented orthonormal frame for (T v M,g v ). Let u be defined as above, 
and let eTj := exp(u)ej. Then \e{\ is a local, oriented orthonormal frame with respect to the 
metric g v , and 

vol F (g v ) = e 1 A...Ae n = (e~ nu )e 1 A ... A e" = (n*v F (g v )y 1 vol F (g v ). 

This yields that v F (g v ) = 1. □ 

One might expect, that there is a canonical description of the kernel of n#. This is indeed 
true. However, the corresponding result is not completely straightforward. We give a proof in 
Chapter [3l see Proposition 13.1.81 For the time being we need a better understanding of the 
calculus for differential forms on fiber bundles. 



2.1.3 The Exterior Differential of a Fiber Bundle. 

Let F > M — > B be an oriented fiber bundle of closed manifolds as before. Let E — > M be a 
Hermitian vector bundle which admits a flat connection A. We denote by £1%{M, E) the space of 
vertical E- valued g-forms, i.e., the space of sections of A q T v M* ® E. The canonical connection 
V" in Proposition 12.1.31 together with A induces a natural connection 

V A ' V : n* v (M, E) -» Q 1 (M) (g) VL" V {M,E). 



2.1. Fibered Calculus 



57 



Moreover, we get a vertical differential 

d A , v : ni(M,E) - fll +1 (M,E), d A ,v = e* A vf' u , 

where {e^} is any local orthonormal frame for T V M. As in (|2.6p . we can split the space of 
i?-valued /c-forms on M as 

n k (M,E) = n p ' q (M,E). 

p+q=k 

The vertical differential then extends to n , (M, E) by requiring that 

a?A,*;(a <3>uj) = {-l) p a <g> d A>v u, a (g) uj G tt p ' q (M, E). 

On the other hand, the connection ^4 defines a total exterior differential on fi*(.M, E). It 
inherits a bigrading 

d A = dij, where dy : fl p ' q {M, E) -> JF+^+^M, £) fbrallp,g. 
i+i=l 

We now want to describe this in terms of the data introduced in Section T2.1.H Let be the 
connection on T V M as in Definition 12.1.91 It induces a connection on vertical differential forms, 
which we denote by the same letter. Similarly, we obtain a connection V® on A'T*M, and using 
A, we define V A '® on ATM (g> E. 

Remark. There is a subtlety concerning the action on vertical differential forms of the connection 
V^ h , if X h is the horizontal lift of a vector field X on B. Since on T V M, the action of V^- h 
is given by the Lie derivative, one might expect that the same is true for its action on forms. 
However, it is in general not true that J£ x h<jJ i s automatically vertical for a vertical differential 
form uj, compare with Lemma 12.1.11 For example, if u) € f2*(M), then the Cartan formula yields 

Sf xh (u)(Y h ) = (i(X h )o duj)(Y h ) = -u>{[X h ,Y h \) = u[n(X,Y)). 

This is in general non-zero, so that J£ X hUJ ls m general not a vertical form. Thus, agrees in 
general only with the vertical projection ^ xh of the Lie derivative. 

As always let {fa} be a local frame for TB, and write O = \f a A f b (8> £l a b for the curvature 
of the fiber bundle. 

Proposition 2.1.15. The total exterior differential d A on VL'{M,E) splits as 

d A = d A)V + d A ,h + i(^), 

where for uj £ U*(M, E) 

d A , h u = f a AV>, and = \f a A f b A i(fi aft )u;. 

Here, i(fi a b) denotes interior multiplication with £l a b G C°°(M,T V M). 

For convenience we sketch a proof, although the result is well known, see |13t Prop. 10.1] or 
[T9l Prop. 3.4]. Before we do so, let us point out that there is no cLi^ contribution to d A , which 
is due to the fact that the vertical distribution is integrable, see [7U p. 58]. 
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Proof of Proposition \2.1.15\ We assume for simplicity that A is the trivial connection on the 
trivial line bundle. Recall, e.g. from [13, Prop. 1.22], that if V is a torsion free connection on 
TM, then d can be expressed in terms of V as the composition 

ST(M) ^ O x (M) tg> 0*(M) ^ Q 9+1 (M). (2.8) 

Here, the second arrow means contraction with exterior multiplication. Let g be a metric of the 
form gB® 9v It follows from Lemma 12.1.101 that we can define a torsion freaS connection V on 
TM by 

V x ■- V® - ±n{X, .), XeC°°(M,TM). 

Let {fa} an d {e{\ be local orthonormal frames for TB and T V M respectively. Since d satisfies 
the Leibniz rule it suffices to compute de % and df a . From (|2.8p and the definition of V® we get 

de* = e j A + f a A V a e i 

= e>' A Vje' + / A ( - e l (V a e fc )e fe - e*(V a / 6 )/ fe ) 
= dj + /° A ( - e'([/ a , e fc ])e fc - e *(-±fU).f b ) 

= + r A V®^ + ^(a^r A 

This is the required formula for de 1 . On the other hand, since Vj acts trivially on basic forms, 
and £l(fb, fcj has no horizontal component, one easily finds that 

df a = f b A v 6 r = f a v®r . □ 

Since A is flat we have d\ = 0. This implies the following. 

Corollary 2.1.16. Let {., .} denote the anti- commutator of two operators in the ungraded sense. 
Then 

d\ v = i(Q) 2 = 0, d% h + {d A , v , = 0, 

{dA,v,dA,h} = {dA,h,Kty} = 0. 

More on the Mean Curvature. From Proposition 12.1.151 we can also deduce the following 
formula which relates the mean curvature with the differential of the vertical volume form, see 
\13\ Lem. 10.4]. In the theory of foliations, this is known as Rummler's formula, see e.g. |95t p. 
38]. 

Proposition 2.1.17. Let vo\p(g v ) be the volume form associated to a vertical metric. Let k v S 
f2 1,0 (M) be the mean curvature form. Then 

d M vol F (g v ) = k v A vol F (g v ) + vol F (g v ). 

Proof. Since volp^) has maximal vertical degree, Proposition 12 . 1 . 151 implies that 

d M vol F (g v ) = d h vol F (g v ) + i(O) vol F (g v ). 

1 Clearly, we could also use the Levi-Civita connection associated to the metric g. However, its explicit formula 
is more complicated (see also Remark 12 . 1 . 20 1 below) . 
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If {fa} and {ej} are local frames for TB and T V M, we compute 

d h vol F (g v ) = ! a A K{vol F (g v )) = f a A V v a (eP) A i( ej ) ( vol F ( 5u )) 
= -/ a A e^([/ a ,e fc ])e fc A i( ej ){vol F (g v )) 
= -f a /\eJ([f a ,e k })5'; Avol F (g v ) 

= -^2gv{[fa,e j ],e j )f a /\vol F (g v ). 

i 

Now, (12.2j) identifies the last line with k v A voLy^). □ 

Corollary 2.1.18. Let vol F (g v ) be the volume form associated to a vertical metric g Vl and let v F 
be the volume of the fiber as in Definition \2. 1. 13l Then the basic projection of the mean curvature 
form is given by 

u B (k v ) = d B \o g (v F ) e n\B). 

Proof. We differentiate v F and use Proposition 12.1.171 to find that 

d B v F = d B / vol F (g v ) = / d M vol F (g v ) = / k v A vol F (g v ) = v F U B (k v ). □ 
Jm/b Jm/b Jm/b 

Corollary 12.1.181 shows that the basic projection of the mean curvature form gives a trivial 
element in the cohomology of the base. Moreover, it vanishes if the metric g v has constant 
volume along the fiber. As we have seen in Lemma 12.1.141 this can be achieved by a conformal 
deformation of the vertical metric. In Section [3. II we will transfer a result of [36] from the theory 
of foliations to the situation at hand and show that one can always deform the vertical projection 
and the vertical metric of the fiber bundle in such a way that not only the basic projection but 
the mean curvature form itself vanishes. 

2.1.4 The Levi-Civita Connection on Forms and the Adjoint Differential 

To study the de Rham operator on a fiber bundle F M B, we also need to understand the 
adjoint differential d/ A , where A is a flat connection on a Hermitian vector bundle E — » M. For 
this we will use the local formula 

d t A = -i(E I )vf> 9 , 

where {Ej} is a local orthonormal frame for TM, and V A < 9 is the Levi-Civita connection on forms 
twisted by A. We want to use this formula to split in terms of its bidegrees with respect to the 
decomposition (|2.6p . For this we need to relate the Levi-Civita connection V A ' 9 on forms with 
the connection V" 4 '®. Recall that in Definition 11.2.171 we have introduced a transposed Clifford 
as 

c : T*M -> End(AT*M), c(£) = e(£) + i(£). 

Lemma 2.1.19. Let E — > M be a Hermitian bundle which admits a flat connection A. Then, 
on A'T*M <S> E, the difference of V A ' 9 and V" 4 '® is given by 

V A ' 9 = V A '® + ±(c(0)-c(0)), 



where 6 is the tensor defined in Definition \2.1.6l 
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Proof. Let {Ej} be a local orthonormal frame of TM with dual coframe {E 1 }. Then by definition 
of S and 6, 

(v A, g _ V A,® ) = {v A, g _ V A,® ){eJ) a {{Ej) = _ E J{ S ( Ei)Ek } e{E K ) {{Ej) 
= -6 IKJ e(E K )i(E J ). 

On the other hand, 

i(c(0 7 ) -c(0,)) = ±#w(c(£ J )c(i^) - c(£ J )c(i^)) 

= -|0u*-( e(£ J ) - i(£ J ) e(£ x )) 

= -±0 /K j e(£ x ) i(£ J ) + \0 IJK e(E K ) i(E J ) = -0 IKJ e(E K ) i(E J ), 

where in the last line we have first renamed J and K in the first summand and then used 
antisymmetry of 9jjk in J and K for the second summand, see (|2.5p , □ 

Remark 2.1.20. One could use the above result to give a different proof of Proposition 12.1.151 
by writing out locally 

d A = E J A Vf' 9 = E 1 A Vf «® - #/kj£ 7 AB K A i(£ J ) 

Splitting this into horizontal and vertical contributions, and using (12, 5D . one verifies that 

d A = <k.„ + / a A (V^>® - fcj „ e k A i(e»')) + i(fi). 

Comparing this with Proposition 12 . 1 . 151 we see that in particular, 

K = V:-6 k]a e k Ai(ei). (2.9) 

A more invariant description of the term occurring here is as follows: Define a tensor field 
B e C°°(M,T h M* ® End(A*T v M*)) by requiring that 

g v (a,B(X)/3) =JZ%(g v ){a,(3), X e C°°(M,T h M), a,/3e^(M). 

Then Lemma 12.1.81 (or a direct computation) easily implies that 

B(X) = X a 9 kja e k M(e j ). (2.10) 

We now have the following analog of Proposition 12.1.151 for the adjoint differential. 

Proposition 2.1.21. Let E — > M be a Hermitian vector bundle which admits a flat connection 
A. Then the twisted adjoint differential splits as 

d A = d A ,v + d\ h + i(fi)*, 
where the terms are given in local orthonormal frames {e^} and {fa} by 

d Av = - \(e l ) o vf ,e : n p ' q -> n p > q -\ 

d A , h = - Kf a ) ° K' e + B(f a ) + k v (f a )) : - n?- 1 *, 

= -ii(/ tt )i(/ 6 )e(fi a6 ) : - f^" 2 ^ 1 . 

Here, B{f a ) is defined as in (|2.10p . is i/ie mean curvature form, and e(£l a b) denotes exterior 
multiplication with the dual of £l a b G C°°(M,T V M). 
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Remark 2.1.22. The definition of the connection and the relation (|2.9p between V" and V v 
shows that we can write alternatively 

d\ v = - i( e *) o Vf '® : 0^ -» n"''- 1 , 

A. = - i(D ° (v^' e + 2s(/ a ) + k v (f a )) : - n*- 1 *. 

Proof of Proposition \2.1.21\ For convenience we drop again the reference to the flat connection. 
According to Lemma 12.1.191 and the local formula for d l we have 

d* = - i(£ J )V® + K^jj* e(£ J ) 

Splitting this into horizontal and vertical parts and checking bidegrees one finds 

4 = -i(e>')V® +i(e J > ia6 e(r)i(/ 6 ) + i(/ a )0 o6i e(/ 6 ) i(e^) = -i(e»')V®. 

Here, we have used the relation 6 a bj = —9j a b, see (|2.5p . Similarly, 

4 = "i(/ a )V® +i(e^)^ a e(e fc )i(r) = -i(/ a ) (V® - iJta i(e*) e(e fc )) 

= " i(/ a ) (V ffi + 6 kja { e(e fe ) i(e>") - ^ fc )) = - i(f) (vf' ffi + B(/ a ) + **(/«)) , 

where we have used symmetry of 6jk a in j and A;, the definition of B(f a ), and Lemma 12.1.81 
Lastly, one has 

i(fi)* = i(r)0 ai6 e(e^)i(/ 6 ) = -£i(/°)i(/ 6 )e(n«*). □ 

Partial de Rham Operators. Having established the description of the adjoint differential in 
analogy to Proposition 12.1. 15l we can now split the twisted de Rham operator on M. 

Definition 2.1.23. We use the abbreviations 

Da,v ■= d A , v + d l A v , D Ath := d A) h + d Ath , and T := i(fi) + 

The operators D Av and D A ^ are called the vertical respectively horizontal twisted de Rham 
operator on M . 

Remark 2.1.24. 

(i) Tautologically, the de Rham operator on M splits as 

D A = D Av + D Ah + T : Q'(M, E) - ST(M, E). (2.11) 

(ii) The vertical de Rham operator is a first order differential operator acting fiberwise, i.e., 
[D AtV ,ir*(p] = for all ip £ C°°(B). This means roughly, that it can be thought of as a 
smooth family of first order elliptic differential operators on AT* F ® E\p parametrized by 
B, see Definition ll.3.91 We refer to Section f3. II for some more details. Clearly, an analogous 
statement cannot be formulated for the horizontal de Rham operator D A ^, unless the 
horizontal distribution is integrable. 
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(iii) We want to add some remarks about the effect the splitting (|2.1ip has on the spectrum of 
Da- Let us assume that A is the trivial connection. The appearance of the mean curvature 
form in the formula for cf h shows that in general, Dh will not restrict to an operator on 
basic forms, see Definition 12,1.111 Instead, if Db denotes the de Rham operator on B, 

D h (TT*a) =ir*(D B a) -i(k v )ir*a, aen'{B), (2.12) 

where i(A;„) denotes interior multiplication with the mean curvature form. However — as 
already pointed out — we will see in Section 13.11 that upon changing the vertical metric and 
the horizontal distribution, we can achieve that k v vanishes. In this case ()2. 12j) shows that 
eigenforms of Dg lift to eigenforms of Dh- Since D v vanishes on basic forms, this produces 
eigenforms of D v + Dh- In particular, spec(Z?B) C spec(-D„ + Dh). However, the full de 
Rham operator on M is given by (I2.1ip . and T will in general not act trivially on ir*£l'(B). 
This should give a hint at why — even in the case that k v vanishes — the relation between 
the spectrum of Dm and the spectra of Dh and D v is non-trivial. We refer to [50J Ch.'s 
3&4] for a detailed study of related questions. 

Some Commutator Relations. The explicit description of the adjoint differential has the 
following consequence, see also [U Prop. 3.1] for a generalization. 

Proposition 2.1.25. Let {f a } be local orthonormal frame for TB, and define a bundle endo- 
morphism 

K := -i(/ a ) o (2B(f a ) + k v (f a )) : A'T*M - ATM. (2.13) 

Then 

d>A,vdti,h + ^A,h^A,v = d-A,vK + KdA,v 
Proof. If {e{\ is a local orthonormal frame for T V M, one checks that 

vyod A , v = d A , v ovy. 

Since vf '®/ a = 0, this implies 

d A ,v o ( i(/°) o V^®) + ( i(/ a ) O V£'®) o d A , v = 0. 
Now Remark yields that 

d A ,h = ~ KH ° (V^ e + 2B(f a ) + k v (f a )) . 
Then, with K as in (|2.13p . one easily verifies that indeed 

dA,v<^A,h + d.A,hd A ,v = dA,vK + KdA,v □ 

Corollary 2.1.26. The anti- commutator {Da,v, Daa} is a first order differential operator acting 
fiberwise. 

Proof. According to Corollary 12.1.161 and the corresponding statement for the formal adjoints, 
we have 

{d A ,h,dA,v} = and {d Ath , d A)V } = 0. 

This implies 

{D A , v ,D A ,h} = {dA,v, <4, J + {d% v , d A , h } = {d A ,v, K} + {K\ d A:V }, 
which is C°°(B) linear and thus a first order differential operator acting fiberwise. □ 
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2.2 Rho Invariants and Adiabatic Metrics 
2.2.1 The Odd Signature Operator 

As before let F M — > B be an oriented fiber bundle of closed manifolds, and let E — ► M be 
a Hermitian vector bundle endowed with a unitary flat connection A. We endow T W M with a 
metric gv, and B with a Riemannian metric qb, and consider the associated submersion metric 
9 ■= 9B@9v 

If dim M is odd the odd signature operator on M twisted by A is given in terms of the partial 
de Rham operators introduced in Definition 12.1.231 as 

B% = t m D a>v + T M D A , h + t m T : Q ev (M, E) -» ft ev (M, E), (2.14) 

where rjv/ is the chirality operator on the total space M of the fiber bundle. It is useful to identify 
n cv (M, E) in terms of the splitting TM = n*TB © T V M. From (|23|) we see that 

fl ev (M,E)= n*n p (B)®n%(M,E). 

p+q=0{2) 

Using this identification, we define 

$ : n cv (M,E) -> 7r*0*(B) <g> n' v (M,E), $(a ® w) = a e <g> w e + r M (o° ® w°), 

where a e /° and u; e / refer to the even/odd degree parts. Since it is straightforward, we skip the 
proof of the following result. 

Lemma 2.2.1. Assume that M is odd dimensional. 

(i) If the fiber F is even dimensional, then $ gives rise to an isometry 

$ : n cv (M, e) ^ TT*n cv (B) © o;(m, e), 

and the odd signature operator is equivalent to 

$ o B% o $-! = D A>V + r M D A)h + T 

(ii) //.F is orfc? dimensional, then 

$ : 1T V (M, E) ■=* ir*Q'(B) <g> ^ V (M, £), 

and 

ioBior 1 ^ Tjvf D Av + D Ajh + r M T. 

The Vertical Chirality Operator. For a more explicit formula for the odd signature one 
needs to understand how the chirality operator splits with respect to (j2.6|) . In the general setting 
at hand we will not give a detailed account but add some remarks which will be used in the 
examples below. 
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Definition 2.2.2. Let M be endowed with a vertical metric g v , and let n := dimF. Then 

the vertical chirality operator t v : Vl%(M) — > ri" -<? (M) is defined with respect to an oriented, 
orthonormal frame {e^} for T V M by 

t„ = itVlc^e 1 ) • . . . • Ct,(e n ). 

Here, c„ : T V M* -> End (ATM*) is the vertical Clifford multiplication, 

c,(£) = e(£)-i(0, CeOi(M). 

The vertical Clifford multiplication extends naturally to vertical differential forms, and up to 
the normalization factor, t v is Clifford multiplication with the vertical volume form. In particular, 
it is independent of the chosen frame. We also recall the convention (12. 7\ that if g = gs ®g v > we 
orient M using 

vo1m(s) = 7t* (vols Ob)) Avol F (g v ). 
Lemma 2.2.3. Let tb be the chirality operator on Q m (B), and let (ir*a) A uj G O p,<? (M). 

(i) Assume that F is even dimensional. Then 

tm{k*ol A u) = -k*{tbo) A t v uj. 

(ii) If F is odd dimensional, then 



tm{t^*ol Auj) = ( — 1) 



V 



tt*(tboi) At v uj, if B is even dimensional, 

—i ■ 7t*(tbO!) A t v lo, if B is odd dimensional. 



The proof is a bit tedious but straightforward and shall be skipped. 

Remark. In Proposition 12.1.211 we have described the adjoint differential d\ using the local 
formula d\ = —[(E 1 ) o \/f' g . However, as in (|1.7p . we also have the description 

d t A = (-ir +1 T M od A oTM, 

where m = dimM. Using this together with Lemma [2 . 2 . 3 1 and Proposition 12.1. 151 one could give 
a different proof of Proposition I2.1.2T1 Clearly, the main point is then to compute TMdA,h,T~M, 
which amounts to proof that 

r v [V v x ,T v ]=2B(X) + k v (X), X eC 00 (M,T h M). (2.15) 

Conversely, (|2.15p can be verified using Proposition 12.1.211 and (|2.9p . 



2.2.2 Adiabatic Metrics on Fiber Bundles 

In a similar way as in Section 11.5.21 we now want to rescale the metric on the fiber bundle 
F M — > B. Yet, the important difference is that we only rescale the metric on the base 
manifold. In order avoid square roots of e, we are using e 2 rather than e to rescale the metric. 
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Definition 2.2.4. Let gs be a metric on B and g v be a vertical metric. For e > we define the 
adiabatic metric 

9e-=ji9B®9v (2.16) 

Associated to each g e , we have a Levi-Civita connection V 9e . Note that unlike in the case 
of a single manifold, the family V 9e is not independent of e since we only scale the base metric. 
However, the direct sum connection V® is independent of e since both, X7 B and are, see 
Proposition 12.1.31 Similarly, the tensor 9 as in Definition 12.1.61 is independent of e. 

Adiabatic Families of Odd Signature Operators. Now let E — > M be a flat unitary bundle 
with connection A, and let \7 A < 9s and V" 4 '® be the induced connections on A'T*M E. We can 
use Lemma 12.1.191 to write 

v a, 9e = v A,e + l ( Ce( 0) _ 2e (p)) . (2.17) 
Here, Clifford multiplication is defined with respect to the fixed metric g = gs © g v on A'T*M, 

c E (n = sc(f a ), cfeCe*) = c{e% c £ (n=ec(f a ), c £ (e l ) = c(e l ), 
compare with (11.55H . 

Lemma 2.2.5. For each e > 0, the connection V" 4 ' 36 on A'T* M ® E is compatible with the fixed 
metric g = gs © 9v Moreover, it is a Clifford connection with respect to c e , i.e., 

[v A *,c £ (0] =c £ (v^e), ee^(M). 

Sketch of proof. Lemma 12.2.51 is basically [13 , Prop. 10.10]. The main observation there is that 
V" 4 '® is compatible with g and satisfies 

[V^®,c £ (0]=c £ (V®0, ^(M). 

On the other hand, according to (|2.17p . we need to consider 

c £ (0(X)) - c £ (0(X)) G C°° [M, End(A*T*M ®E)), X G C°°(M, TM). 

Since c E and c E are defined with respect to the fixed metric g, and since 6(X) is a 2-form, one 
finds that c E (9(X)) and c E (9(X)) are self-adjoint with respect to g. This implies that \7 A ' 9e is 
compatible with the metric. Lemma ll.2.181 (i) shows that for £ G Q*(M) 

[C £ (0)-C E (0),C £ (O] = [ce(e),C E (0] 

As in |131 Prop. 10.10] one then finds that 

[V A >® + lc E (0),c E (O]=c E (V 9 °e > , 
which proves that V^ 4,96 is indeed a Clifford connection. □ 
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Remark 2.2.6. 

(i) Again, it might be confusing that all connections \7 A ' 9s are compatible with the fixed metric 
g on A'T*M. This is due to the fact that we have defined V 4,95 in such a way, that it 
already incorporates the isometry of Lemma [l,5.9l which in the case at hand takes the form 

5 6 : (n m (M,E),g £ ) -> (p*(M,E),g), 5 E (Tt*aAu) := e M 7t*a A u. 

(ii) We also want to point out that the chirality operator tm on (Q*(M, E),g) does not change 
with e. Indeed, it is immediate that voljw(<?e) = e ~ dimB voljvKflO from which it follows that 

C £ ( vol M (ffe)) = C ( V0l M (#)) 

Definition 2.2.7. Let g £ be an adiabatic metric on M, and assume that m = dimM is odd. We 
define the adiabatic family of odd signature operators as 

B% £ := t m D AiV + e ■ T M D AA + e 2 ■ r M T : O ev (M, E) -» Q ev (M, E). (2.18) 

The definition is in such a way that B A V £ is given by Clifford contraction of V" 4 ' 96 with 
respect to the Clifford multiplication tm ° c £ . Thus, all B A V £ are geometric Dirac operators 
on f2 ev (M, E) which are formally self-adjoint with respect to the L 2 -structure induced by the 
fixed reference metric g. The e factors occur since each horizontal Clifford variable is scaled with e. 

Adiabatic Limit of the Eta Invariant. The family of operators B A V converges pointwise to 
tmDa,v, which is not an elliptic operator. Therefore, the following result is remarkable, see also 
[111 Prop. 4.3]. 

Proposition 2.2.8. Let g £ be an adiabatic metric on the total space of a fiber bundle F M — > 
B, and assume that m = dimM is odd. Let A be a flat U(k) -connection, and let r](B A Y £ ) be the 
family of Eta invariants associated to the adiabatic family of odd signature operators B A V £ . Then 
the "adiabatic limit of the Eta invariant" exists in R. More precisely, 

limr J (B% E )= V (B A v ) + k- I TL(V^,V®), 

where TL(V g , V®) is the transgression form of the L-class with respect to the connection V 9 and 
V® on TM. 

Proof. Fix e G (0, 1). Then Proposition 11.5.41 shows that 

V (B% £ )= V (B A v ) + k. [ TL(V*,V^). (2.19) 

Moreover, we deduce from Proposition IA.2.41 that 

f TL(V 9 ,V 9e )= f TL(V 9 ,V®)+ f TL(V®,V 9e )- 
Jm Jm Jm 

As in Definition 12.1.61 consider 

S = V 9 - V® and S e = V 9s - V®. 
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It is straightforward to check that 

page = pv s and phge = £ 2ph^ 

where P v / h ; TM — > T v / h M is the vertical, respectively horizontal, projection of the fiber bundle. 
Hence, 

limV ff£ = V® + P°S, 
and the limit is uniform in e. Therefore, 



lim / TL(V®,V 9e ) = / TL(V e ,V® + P'"S). 



Now, a consequence of Proposition 12 . 1 . 71 is that for fixed X £ C°°(M,TM), the only non-trivial 
component of P V S(X) is 

F°S(X) : T h M -» T"M. 
In particular, P V S(X) and all its powers are trace- free which implies that 

TL(V e ,V® +P V S) = 0. 

Hence, we can take the limit in (I2.19P and get 

lini i rfBZJ =v(B e I) + k ■ f TL(V^,V®). □ 

Remark. So far Proposition 12.2.81 is not of particular value for explicit computations of rj(B^). 
First of all, we do not yet know anything about the adiabatic limit lim e ^o vi^Ae)- However, in 
Chapter[3]we will describe how powerful methods of local families index theory give an alternative 
expression of the adiabatic limit in more topological terms. Another aspect worth mentioning is 
that the Chern-Simons term J M TL(V 9 , V®) can be very difficult to compute, see e.g. |79] for 
very explicit computations in the case of circle bundles over surfaces. 

Concerning Rho invariants we already know at this point that the transgression term does 
not play a role. This is because the transgression term is the same for B A V and the untwisted 
odd signature operator B ev , since A is flat. Moreover, according to Proposition 11.4.71 the Rho 
invariant is independent of the metric, so that we have the freedom of choosing particular well- 
suited vertical and horizontal metrics. Summarizing these observations, we obtain the following 
result, which is the underlying idea for our discussion of Rho invariants of fiber bundles. 

Corollary 2.2.9. With respect to all adiabatic metrics g e on M we have 



p A (M) = Hmv(B% £ ) - k ■ limn(B, 



7) 



2.3 The U(l)-Rho Invariant for Principal S 1 -Bundles over Sur- 
faces 



In this section we will see how the idea of Corollary 12.2.91 is already helpful for explicit compu- 
tations, even without employing more abstract theory we will encounter in Chapter [3l We give 
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an elementary computation of Rho invariants for the simple but already non-trivial example of 
a principal 5 1 -bundle over a closed surface. We content ourselves with the U(l)-Rho invariant 
since all phenomena related to adiabatic limits appear. Some parts of our discussion are borrowed 
from |79j. The setup there is the Spin c Dirac operator which is, however, closely related to a 
twisted odd signature operator. 

Before we can start with the discussion of the odd signature operator on a principal S^-bundle 
over a Riemannian surface, we need an explicit description of flat U(l)-connections. 

2.3.1 The U(l)-Moduli Space 

Let S be a closed, oriented surface of genus g, and let S 1 «-> M E be an oriented principal 
circle bundle. Since H 2 (T,,Z) = Z, such a bundle is classified up to isomorphism by its degree 
IgZ. Given that, there is a very explicit construction, which we describe now. 

Topological Description. Let B C E be an embedded disc, and let So := E \ B. Clearly, 
H 2 (B, Z) = {0}, and the long exact cohomology sequence of the pair (Eo,<9Eo) implies that 
-ff 2 (Xo,Z) = {0} as well. Since principal S^-bundles are classified by their first Chern class, this 
shows that the restriction of S 1 <— > M —* X to B and So is trivializable. Fixing an identification 
<9B = — <9So = S 1 as oriented manifolds, we conclude that — up to isomorphism — the bundle 
7r : M — ► S is given by a glueing function of the form 

ip:d(Bx S 1 ) -> d(S x S 1 ), tp(z, A) = (z, z~ l X), (2.20) 

where z £ S 1 = <9B = — <9So- We want to use this description to determine the fundamental group 
of M. For elements a,b £ tti(S) we write [a, b] = b~ 1 a~ 1 ba, which according to our convention 
means to first follow the path a, then b and then the same again with the orientations reversed. 

Lemma 2.3.1. Let S 1 M — > S be an oriented principal circle bundle of degree I G Z. Then 
the fundamental group of M has the presentation 

g 

7ri(M) = (ai,bi, . . .,a g ,b g ,j\ JJ[ai,bi] = j l , 7 centralV 

i=l 

where a±, b%, . . . , a g , b g are lifts to M of the standard generators of 7TiS and 7 is the homotopy 
class of the S 1 -fiber. 

Proof. Let c be the homotopy class of <9So- Then the canonical generators of 7Ti(So) are the ones 
indicated in Figure [2TTT It is well known, see e.g. [40, Sec. III. 3. 5], that 

9 

7Ti(S ) = (ai, h, . . . ,a g , b g , c JJ[aj, bi] = c -1 ^. 

i=i 

Write 

7^(8(3 xS 1 )) = <c,7|[7,c] = l>, Tn{d(Z x S 1 )) = < c ,7|[ 7 ,c] = l>. 

Note that c is annihilated under the inclusion dO w B. Moreover, the map (|2.20j) induces a map 
on fundamental groups 

if, :7n(3(Bx S 1 )) -^7n(a(S x S 1 )), ^(7) = 7, </>*(c) = 7 ~'c~ 1 . 
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Van Kampen's Theorem now shows that 

/ , 9 _ 

7ri(M) = iax,bii ■ ■ ■ ,a g ,b g ,c,~f\ JJ[oj,6i] = c V* [^,7] = [6*, 7] = Lc" 1 = 7' 

i=l 

which by cancelling c coincides with the claimed presentation. □ 

Since H% = 7ri/[7Tij 7Ti], it follows immediately from the above Lemma that 

H 1 (M,Z)=H 1 (E,Z)®Z h (2.21) 

where we set = Z if I = 0. As the first homology group i?i(S, Z) is equal to Z 2fl , we deduce 
that 

Hom(iIi(E,Z),U(l)) =U(1) 29 . 

The long exact coefficient sequence shows that this 2<7-dimensional torus can be identified 
with ^T 1 (S,1R)/^ 1 (E,Z). From (|2.2ip one can now determine the moduli space of U(l)- 
representations, which is the topological version of moduli space of flat Hermitian line bundles, 
see Proposition IB.1.81 

Lemma 2.3.2. Let M — * E be an oriented principal circle bundle of degree I. Then the moduli 
space of flat Hermitian line bundles on M is given by 



M(M,XJ(1)) 



'u(l) 2 »xZi, ifZ^O, 
U(l)2f +1 , if Z = 0. 



Remark 2.3.3. Note that in the case I ^ it follows from Poincare duality Hi(M, Z) = 
H 2 (M,Z) and (pT2T|) that Tori? 2 (M,Z) = 7L h Hence there are flat line bundles which are topo- 
logically non-trivial. This corresponds to the above decomposition of M (M, U(l)) into I different 
components. We have included some more details on flat line bundles which are topologically 
non-trivial in Appendix lB.il see in particular Lemma |B. 1.101 
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Flat Line Bundles over M. We now need a description of M.(M, U(l)) in terms of fiat line 
bundles. We will see that every flat line bundle over the total space M arises as the pullback of 
a line bundle on the base E. Since M — > E is a principal S^-bundle, there exists an associated 
Hermitian line bundle L — > E which clearly has to play a particular role. Much of the discussion 
to follow is inspired by [78|, Sec. 3.3], although we include some more details and put more 
emphasis on the explicit description of the U(l)-moduli space. 

We will work with respect to a fixed connection on the principal S^-bundle. For this we first 
endow E with a Riemannian metric qy, of unit volume. As noted in Appendix IB. 31 this amounts 
to fixing a complex structure on E. We identify the Lie algebra of S 1 with iR. Let e be the 
vector field on M associated to the S 1 -action, 

e\p = Tt\t= P- eit i P^ M - 
A connection on the principal bundle ir : M — ► E is a 1-form iu G r2 1 (M, iR) such that 

ui(e) = 1 and R* it uJ = uj, 

where R e u denotes right-multiplication, compare with (jB.ip . Let € fi 2 (E, iR) be the curvature 
of ioj. Since the cohomology class of -j^F^ represents the rational first Chern class of the bundle 
ir : M — ► E we can choose u> in such a way that 

- = 4z** F " = l ' 7r * vol s • ( 2 - 22 ) 

Let L — > E be the line bundle associated to the principal bundle structure. The connection 
uj induces a natural connection A w on L. We write L w for the line bundle L endowed with this 
particular connection A u . As explained in Appendix lB.3l this is the same as fixing a holomorphic 
structure on L. The following simple observation relies only on the principal bundle structure 
and not on the particular structure group U(l) or the dimension of the base. 

Lemma 2.3.4. The pullback i^L^ — ► M is canonically trivial and the pullback connection tt*A u 
satisfies 

ir*A w = oIm + iuJ. 

Proof. Recall that the associated bundle — > E is defined by the pullback diagram 

M x C ► M 



M x C/ * E 

where (p,v) ~ (pz,z~ 1 v) for all z £ S . Since ir*L u is given by the same pullback diagram, we 
tautologically get MxC = 7r*L w . Under this identification, 

7r*C7°°(E,L w ) = {ip:M^£ \ <p(pz) = z'^ip)}. 

The pullback connection ir* A u acts on equivariant functions (p as 

(n*A w )x<p = X h ip = d A MX) - I>, 
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where X h / V denotes the horizontal/vertical projection of X with respect to the connection iuj. 
The latter is explicitly given by 

X; = i\ Q p- exp (M* P )) = 

If </? is an equivariant function, then ecp = —iip. Therefore, 

jq<p = -iu{X p )y(p). 

Extending by the Leibniz rule to all functions on M, we get 

n*Au = d,M + iu. □ 

Now let La — » S be an arbitrary Hermitian line bundle of degree k with a holomorphic 
structure given by a unitary connection A, see Appendix IB. 31 It follows from Proposition IB.3.51 
that upon transforming A with a complex gauge transformation f £ Q c we may — and will — 
assume in the following that 

2^4 = A; vol s . (2.23) 

In general, to achieve this, we really need to transform with a complexified gauge transformation 
and not just a unitary one, see Proposition IB.3.51 

Lemma 2.3.5. Assume that I ^ 0, and let q := k/l. Then the connection 

A q := ir* A — qiuo on tt*La 
is flat. Moreover, the holonomy of A q along the S 1 -fiber 7 is given by 

hoU 9 (7) = exp(2niq). 

Proof. By functoriality, we have F n *A = k*Fa- Thus, it follows from assumptions (|2.22p and 
(|2.23p that the curvature of A q satisfies 

Fa q = 7t*Fa — qiduj = —2iri(k — ql)n* vols = 0. 

To compute the holonomy, let p £ M be arbitrary and let 7(f) = p ■ exp(it) with t £ [0, 2ir] 
parametrize the fiber containing p. Clearly, ^1^*^4(7) = and uj^^ijit)) = 1. Therefore, 

hoU g (7) = exp ( - j -qiuj = exp (qi j cj 7 ( t) (7(t))dt^ = exp(27rig). □ 

The Moduli Space of Flat Line Bundles. After this preparation, we can now give the geo- 
metric description of A^(M, U(l)). Recall that Pic(E) denotes the Picard group of holomorphic 
line bundles over S, see Definition IB. 3. 41 

Proposition 2.3.6. Let I ^ and let M.\M, U(l)) be the moduli space of flat line bundles over 
M . Then to induces a natural surjection 

vr* : Pic(S) -» M (M, U(l)) , [L A ] >-> [tt*L a , A q ] , 

where A q is defined as in Lemma \2. 3.5\ There is a natural Z-action on Pic(S) given by (La, k) 1— > 
La ® L® k , and with respect to this, 

Pic(E)/Z^.M(M,U(l)). 
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Proof. Let La — * £ be a holomorphic line bundle. Assume that B is another unitary connection 
on L, satisfying condition (I2.23|) and inducing an equivalent holomorphic structure, i.e., 

B = A + u~ 1 du, for some u £ £? c . 

Condition (|2.23p means in particular that Fa = Fb, which implies that in fact u £ Q. From this 
we obtain that 

B q = A q + ir*(u~ 1 du), for some u £ Q. 

i.e., the flat connections B q and A q on tt*La are equivalent. This shows that the map in Propo- 
sition EIL6] is well-defined. 

To verify that it is surjective, let L — > M be a flat Hermitian line bundle with connection 
A. Let 7 denote the generator of the 5 1 -fiber in 717 (M). Then Lemma 12.3.11 shows that 7' is a 
commutator. It follows that for some k £ Z, 

hol A (j) = exp{2mk/l). (2.24) 

Now let La — > X be an arbitrary holomorphic line bundle of degree k. We infer from (|2.24p and 
Lemma 12 . 3 . 5 1 that it* La <8> L~ l , endowed with the connection A q <g) 1 — 1 A, is a flat line bundle 
on M with trivial holonomy along the fiber 7. This easily implies that it is equivalent to the 
pullback 7t*Cb of the trivial line bundle over E endowed with a flat connection B. Thus, as line 
bundles with connection, 

L = ir*(L A ®C B ), 

which proves surjectivity of the map in Proposition 12.3.61 

As we have seen in Lemma 12.3.41 the pullback 7r*L w with connection tt*A u — iuo is the trivial 
flat line bundle. Using this one observes that the map ir* is invariant under the natural Z-action 
on Pic(S). Assume now that it*La = tt*Lb for two holomorphic line bundles over E of degree 
k and m respectively. Since their holonomies along 7 agree, it follows that m — k = nl for some 
n £ Z. Thus, 

7r*(L B <8> = 7T * L T and 7r * B = n * A + n ' iuJ - 
We deduce that Lb = La ® L® n as holomorphic line bundles, which is what we needed to 
prove. □ 

Remark 2.3.7. Recall that the S^-bundle ir : M S gives rise to the Gysin sequence 
... -» i/ (S) ^> i? 2 (S) i7 2 (M) ^ ff^S) -» 0, 

see [221 Prop. 14.33]. Here, c = c(M) £ H 2 (T,) is the first Chern class (or Euler class) of 
the oriented S^-bundle. If we are assuming that I ^ 0, the map gives an 

isomorphism in de Rham cohomology. This implies that for cohomology with integer coefficients, 
the map ir* : -£f 2 (X,Z) — > H 2 (M, Z) appearing in the Gysin sequence surjects onto the torsion 
subgroup of H 2 (M, Z). It is related to the map n* of Proposition 12.3.61 by the following diagram 

Pic(S) ► if 2 (M,Z) 

Cl 

7T* 7T* 

M(M,V(1)) ► Tor (H 2 (M,Z)). 

V Cl 
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Note also that the first Chern class c\ is equivariant with respect to the Z-action on Pic(E), 

Cl (L A ®L® k ) = Cl (L A ) + k ■ c(M). 

Using Proposition IB. 3. 51 one can now interpret the above diagram as the geometric version of 
Lemma 12.3.21 in the case I ^ 0. 

The structure result Proposition 12.3.61 excludes the case that the circle bundle is of degree 
I = 0, i.e., isomorphic to E x S . However, a geometric description in this case is easy to find 
directly. As in Remark 11.4.81 (iii) , a flat line bundle L q over S 1 is the trivial line bundle endowed 
with the connection d — qz~ 1 dz for some q £ R. Here, we view S 1 as a subset of C, and z dz 
expresses the Maurer-Cartan form of S . Clearly, L q and L q i are unitarily equivalent if and only 
if q — q' £ 27rzZ. Without effort one verifies the following result. 

Lemma 2.3.8. If M = E x S 1 is the trivial circle bundle over E, then 

M(E,U(1)) xM(S\V{l)) ^M(M,V(1)). 
Here, the isomorphism is given by 

{[L A ],[L q ]) ' * [L A ML q ], 
where L A ^ L q is the fiber product defined in (11.151) , endowed with its natural connection. 

2.3.2 The Odd Signature Operator. 

We now want to identify the odd signature operator on the total space of a principal circle bundle 
over a closed, oriented surface. Certainly, the underlying principal bundle structure will play 
an important role, and many features generalize to arbitrary principal bundles with compact 
structure group. However, we will not give many comments about these generalizations. 

Fibered Calculus on M. To start, we need to identify some of the quantities defined in Section 
12.11 in the case at hand. Let iuj be a connection on the principal S^-bundle it : M — » E. Since 
the vector field e associated to the S^-action gives a trivialization of the vertical tangent bundle, 
we get a vertical projection 

P v : TM T V M, X ^ uj(X)e. 

With respect to this, the curvature Q in the sense of Definition 12.1.21 is related to the curvature 
of iuj by 

n(X h ,Y h ) = -uo([X h ,Y h ])e = duj{X h ,Y h )e = -iF u (X,Y)e, 

where X h and Y h are horizontal lifts of vector fields X, Y on E. In particular, when we fix a 
metric gs, of unit volume and require that u satisfies (12.22p . we have 

0.(X h , Y h ) = -2irl vol E (X, Y)e. (2.25) 

We now endow T V M with the vertical metric g v := u> (8> uj, and consider the submersion metric 
9 = 9Y, ®9v 



74 



2. Rho Invariants of Fiber Bundles, Basic Considerations 



Lemma 2.3.9. 

(i) With respect to the trivialization given by e, the canonical connection V v on T V M is the 
trivial connection, i.e., 

X7 v x e = 0, X G C°°(M, TM). 

(ii) If X £ C°°(E,TE), we have 

jSf xh (e) = [X h ,e] = 0, and & xh {g v ) = 0. 

In particular, the connection V" from Definition \2.1.9\ agrees with V, and the mean cur- 
vature k v as well as the tensor B in (|2.10p vanish. 

Proof. The connection V v is compatible with g v . Hence, 

= g v (V x e,e) + g v (e,V v x e), 

which yields V^e = 0. This proves (i). Since iu is a connection, we have R* it uJ = u. This implies 
that the metric g v = uj®uj is invariant under the flow associated to the vector field e. Since TT*gY, 
is constant along the fiber, we find that for all vector fields lonS 

= J? e (g)(X\ e) = g{[e, X h ], e) + g{X h , [e, e]) . 

As [e, e] = we conclude that g[[e,X h ],e) = 0. This implies that [e, X h ] = 0, because Lemma 
12.1.11 ensures that the vector field [e,X ft ] is vertical. In particular, since 

J? xh g v (e,e) =X h (g v (e,e)) - 2g v ([X h ,e],e), 

we deduce that the vertical Lie derivative of g v vanishes. Using its very definition, we see that 
the tensor B is indeed trivial. Moreover, we know from Lemma [2. 1.81 that the mean curvature is 
given by the trace of ^ xh (g v ). Thus, it is also is zero. Moreover, using part (i) we find that the 
derivations ^ X h and V^, h agree on e. Since both satisfy the Leibniz rule they are necessarily 
equal. Hence, by definition, the connection V* 1 agrees with V u . □ 

Rho Invariants for Trivial Circle Bundles. Before we continue with the general discussion, 
we assume that I = so that M = Ex S 1 . We endow M with the natural connection iuj = z~ 1 dz 
given by the Maurer-Cartan form on S . Choose a flat line bundle L — > M, i.e., 

L = L A Si, -> S x S 1 , 

where La and L q are flat line bundles over S respectively S\ see Lemma l2.3.81 We identify 

ft ev (£ x S\L) = fl'(^,L A )(g)C 00 (S 1 ). 

Using Lemma 12.2.11 and Lemma |2.2.3| we can write the odd signature operator as 

B A>q := B% q = tz ® B q + D A (8) 1, 

where Da is the twisted de Rham operator on E and B q is the odd signature operator on S 1 , 

B q = -%{££ e - iq) : C°°(5 1 ) C°°{S l ). 
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Hence, B^ q is of the form considered in Lemma [1 . 3 . 61 (iii) . According to the Hirzebruch Signature 
Theorem, the index of D\~ vanishes for all flat connections AonE and so 

V (B Aq ) = md(D+) ■ r,{B q ) = 0. (2.26) 

Therefore, all Rho invariants for the trivial circle bundle Ex S 1 vanish. 

The Structure of B^,q in the General Case. We now assume that I ^ 0. Let La — ► S be a 
line bundle of degree k endowed with a Hermitian connection A which satisfies the condition of 
(12331) . 

j^F A = k ■ vol s . 

We endow the pullback L := tt*La — » M with the flat connection of Lemma 12. 3, 5} i.e., 

A q = ir* A — iqus, q := k/l. 
Since L is the pullback of La, we alter the identification (|2.6p slightly to 

0*(M,L) =TT*tt'(E,L A )®£ll(M). 
As in Lemma 12.1.151 we write the twisted de Rham operator as 

d.A q = dq ;V + d A ,h + 

where 

d q , v = d v -iqe(u), d A)h = e(r)vf 9 '® = (n*d A ) ® 1 + e(/ a ) ® V£. (2.27) 

As always e(.) denotes exterior multiplication and {/i,/2} is a local orthonormal frame for TS. 

To describe the odd signature operator, we split the space of L-valued differential forms of 
even degree as in Lemma |2.2.1[ 

n ev (M, L) = 7r*Q*(E, L A ) <g> C°°(M). 

Proposition 2.3.10. With respect to the above identification, the odd signature operator is given 
by 

Ba, q = te (g> B g>v + D A ,h + t m T, 

where the individual terms are 

B QjV = -i(J? e - iq), D A , h =D A ®1 + c(f a ) ® 

and 

tmT = 



o on © n 1 ' , 

-2irl on n 2 ' . 



Moreover, we have the (anti-) commutator relations 

[l®B qtV ,DA,h]=0 and {rs <8> B Q:V , D At h} = 0. (2.28) 
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Proof. Let a € ir*W(E,L A ) and if G C°°(M). Then, 

{r M D qjV ){a Atp) = {-l) p T M (a A (D q>v ip)) = (r 2 a) A (r v D q>v ip), 

where we have used Lemma [2.2.31 in the last equality. Now, checking the factors of i in Definition 
12.2.21 one finds that t v (lo) = —i. Thus, 

(r v D qtV )Lp = (T v d q , v )(p = T v (d v - iquj)ip = T v (u)(3? e - iq)ip = -i{££ e - iq)<p. 

According to Lemma 12.2.11 the horizontal part of B A ^ q coincides with the horizontal de Rham 
operator 

Da.h = d A , h + d\ h = e(f)V^ - i(/ a )(V^« + 2B(f a ) + k v (f a )). 
Here, we have used Proposition I2.1.2T1 and (12. 9p . Hence, we deduce from Lemma 12.3.91 that 

D A ,h = c(/ a )Vf' e = D A ®1 + c(/ a ) ® V*. 

For the last term appearing in the formula for B Aq note that 

T(a ® ip) = eif 1 ) e(/ 2 ) i(fi 12 ) - i(/ 2 ) e(ft 12 ), 

where (|2.25p shows that f2i 2 = —2irle. Therefore, T is non-zero only on Q 2,0 , and 

(r M T) (vol s Ap) = t m { ~ 2vr/ i(/ x ) i(/ 2 ) vols A<pu) 

= -27t/(t 2 (1) Aipr v (u>)) = —2nl vols Aip. 

In this computation we have used Lemma 12.2.31 to express tm in terms of ts and t v . Also note 
that ts(1) = ivols and t v (oj) = —i. 

Lemma 12.3.91 (ii) implies that the bundle endomorphism K as defined in (|2,13p vanishes. 
Thus, we deduce from Proposition 12 . 1 . 251 that 

d q,vd A ,h + d A,h d q,v = 0, and D qjV D A>h + D Ah D qtV = 0. (2.29) 

Also D A and c(f a ) anti-commute with rg, since X is even dimensional. This yields the relations 
in (j2j28j) . □ 

The Spectrum of B q ^ v . The vertical odd signature operator B qtV is not elliptic, since its 
principal symbol vanishes in all directions orthogonal to the fiber. Thus, we do not know much 
about the spectrum of B q ^ v by employing the general theory. However, due to the S^-symmetry, 
we can determine its eigenvalues by hand. 

Remark. Before we state the next result, recall that L w —* £ denotes the line bundle associated 
to M endowed with the connection induced by w. As we have seen in Lemma 12.3.41 the 
pullback tt*L u — > M is isomorphic to the trivial line bundle. Under this identification, a function 
(p £ C°°(M) is the pullback of a section s v £ C°°(£,L W ) if and only if 

ip(p-z) = z~ 1 (p(p), peM, zeS 1 . (2.30) 

Moreover, the Lie derivative is related to the connection A u via 

s {x h v) = A„(X)s v . (2.31) 

We refer to the proof of Lemma 12.3.41 for more details. 
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Lemma 2.3.11. Assume that I ^ 0, and let La be a holomorphic line bundle over E of degree 
k. Moreover, let q := k/l, and let L = tt*La be the associated flat line bundle over M . Then 

ker (B q>v — A) ^ {0} if and only if A + q £ Z. 

Moreover, if A + q E Z, i/ien 

ker (£,,„ — A) = 7r*C°°(E, L B J, ^ere L Ba := L A ® Lj x+ i\ 

The operator Da.h restricted to Q*(E) ® ker (-B 9jt , — A) corresponds under the above isomorphism 
to 

D Bx : n*(z,L Bx )^n*(z,L Bx ), 

where B\ = A<^1 + 1<S> — (A + <7)Aj is i/ie natural connection on L Bx . 
Proof. Let y> 6 ker(-B 9) ,; — A). According to Proposition 12.3.101 this means that 

«Sf e (^ = i(<? + X)(p. 

For t 6 K and p £ M let <ft(p) := y(p ' eJ< )- Then, since e is the vector field generated by the 
iS^-action, 

This implies that g + AeZor(/? = 0. Rewriting the result in terms of z = e lt we see that 

<p(p-z) =z q+x -ip(p), z£S\ 

As in (|2.30p this means that we can identify ip with a section 

ip S ir*C°° (S, La L~ q ~ x ^j = 7r*C°°(S, L Bx ). 

Tracing the proof backwards shows that conversely every such element gives an eigenvector of 
B q)V . The assertion about Da,h easily follows from (|2.3ip and Proposition 12.3.101 □ 

Remark 2.3.12. Without going into details, we want to mention that we have actually deter- 
mined the full spectrum of B q ^ v . We note without proof that Bq )V is essentially self-adjoint in 
tt*W(£,La) <8> C°°(M) and that (12.280 implies that it commutes with the formally self-adjoint 
elliptic operator D^+Bq^. This suffices to guarantee that spec(5q jl) ) consists only of eigenvalues — 
though, with infinite multiplicities. Then Lemma 12.3.111 implies that 

spec(i?q i „) = {A | A + q G Z}. 

Moreover, as in the case of eigenvalues with finite multiplicity, we can decompose 

n*n*(X,L A )®C 00 (M) = fi'(£)<g> ker A) = fi"(E,L B J. 

Aespec(B 9 ,„) A6spec(_B 9i „) 

We also want to note that this decomposition is essentially the decomposition of the infinite di- 
mensional S^-module 7r*fi*(E, La) <8> C°°(M) into its irreducible components. A similar situation 
should occur for general Lie groups. 
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2.3.3 The Eta Invariant of the Truncated Odd Signature Operator. 

The fact that the commutators in (|2.28p in Proposition 12.3,101 are zero allows us to give an 
elementary computation of Eta invariants, see |79^ App. C] for a related treatment. However, 
the Eta invariant of the full signature operator is not directly tractable. Therefore, we introduce 
the following. 

Definition 2.3.13. Let La — > X be a line bundle of degree k, and let L := it*La be the 
corresponding flat line bundle over M. We call the operator 

B% q := rs ® Bg, v + D A>h on ir*fL°(T,, La) <£> C°°(M) 

the truncated odd signature operator twisted by L. 

Remark 2.3.14. The connection V® from (12. 3p together with A q induces a connection \7 A i>® 
on A'T*M (g) L. Then the truncated odd signature operator is given by Clifford contraction of 
V 4 "®. Therefore, it is almost as good as a geometric Dirac operator. However, \/ A i'® is not a 
Clifford connection since it is compatible with V® and not with the Levi-Civita connection V 9 . 
As remarked earlier an operator of this type is in general not formally self-adjoint. However, in 
the situation at hand, -B® is clearly formally self-adjoint, since Bq jV and Da^h are - 

Since B^ q is an formally self-adjoint elliptic differential operator on a closed manifold, its 
Eta function is well-defined and for Re(s) large, 

1 r°° _i 

Moreover, Theorem 1 1.3 .31 implies that the meromorphic extension of rj(B® ,s) has no pole in 
0. Our strategy is now to compute the Eta invariant of the truncated odd signature operator 
explicitly and determine its kernel, see Proposition 12 .3. 151 and Proposition 12.3. 161 Then in Section 
12.3.41 we will use these results to determine the Rho invariant of the full odd signature operator 
BA, q - For this we want to use the variation formula of Proposition 11.3.141 for Eta invariants so 
that we will need to understand the spectral flow between B® and Ba^- However, the difference 
BA, q — B^q might be "too large" compared to B^ q to get a good control of the spectrum near 
zero. As we will see the solution to this problem is to study an adiabatic metric. After this short 
digression on our strategy let us now investigate the truncated odd signature operator. 

Proposition 2.3.15. Let S 1 > M — > S be a principal circle bundle of degree I ^ 0. Let La — ► E 

be a line bundle over S of degree k, and let L := tt*La be the corresponding flat line bundle over 
M . Then, with q = k/l, 

r,(Bl q )=2lP 2 (q), 

where P2 is the second periodic Bernoulli function, i.e., if q— [q] = qo with q$ E [0, 1) and [q] £ 7L, 
then 

p 2(q) = ql - qo + §, 

see Detinition \C.l.l\ In particular, v(B^ q ) is independent of the metric g^, and the connection 
A involved in its definition. 
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Proof. Formula (|2.28[) in Proposition 12.3.101 shows that te ® B q<v anti-commutes with D A ,h- 
Hence, we can split 

Since D^^ anti-commutes with one finds as in the proof of Lemma 11.3.61 that 

Tr [D A<h e- tD2 ^- t(T ^ B ^ )2 ] = 0. 
Now let A G spec(i? ( j j „). Then according to Lemma l2.3.1H the operator 

{T S ®B q>v )e- W l»- t{T *® B ^ )2 on 0'(S)®ker(^-A) 
is unitarily equivalent to 

(r E e~ tD| A)Ae-* A2 : n'(E,L Bx ) -> ^(S,L B J, 

where -Ba = ^4 — (A + It follows from the McKean-Singer formula and the index theorem 

for the signature operator that 

Tr [r s e~'( Ds A) 2 ] = kid (D+J = 2(k - l(X + q)) = -21X. 

Hence, using the decomposition from Remark 12.3.121 we find 

Tr [B% q e W ( - t{B%^)] = £ Tr [r^ D ^ 2 ] Ae"* 

\£spec(B qyV ) 

=-21 y: * 

\£spec(B q , v ) 

Hence, we find that for Re(s) large, 



1 /"OO 

= — t~tt\ / -2Z T X 2 e- tx2 t^dt 

r(s±i) L ^ 

\ 2 ' \&pec{B q , v ) 

1 f 00 -l 

-2/ V {Xl 1 - 3 . / e^arT-dx 



Aespec(B 9l „) 

-2/ £ IAI 1 -, 



Aespec(S gi „) 

where we have substituted x = iA 2 . Also note that interchanging summation and integration can 
be justified by the large and small time estimates on X^Aespcc(_B 9 „) A 2 e~* A2 , see Proposition 11.2.41 
and Theorem 11.2.71 Now, since 

Bpec(B 9>w ) = {AGR I A + gGZ}, 
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we find that 

V(B% s) = -21 \n ~ Q\^ S , Ms) > 1- 

We have included a computation of the value at s = in Proposition IC .1.21 (ii). The result is the 
claimed formula 

r,(B% q )=2lP 2 (q). □ 
Proposition 2.3.16. The kernel of the truncated odd signature operator is given by 



ker(B® q ) = ker(l ® B q>v ) n ker(D A , h ) 



{0}, ifggZ, 
H'(E,L B ), ifgeZ. 



Here, Lb is the trivial line bundle endowed with the flat connection B = A — qA^ . Moreover, if 
g£Z, and if g denotes the genus ofT,, then 



Proof Since B^ q is formally self adjoint, we have 



C © C 2g © C, if B is the trivial connection, 
{0}©C 29 ~ 2 ffi{0}, otherwise. 



MB®,) = MB® g f = k « r (i ® + ^10- 

where we have used that te (8) anti-commutes with T>A,h- Since both, 1 (g) B g>v and Da,h-, are 
formally self-adjoint we get 

ker (1 (g> B 2 ^ + D^ h ) = ker(l ® B, )t> ) n kerpx.h)- 

Now Lemma l2.3.11l shows that 

ker(l®^)-{ <°>' if ^ Z ' (2.32) 

where Lb = La ® L^ q , endowed with the connection B = A®1 + 1® qA w . If qtfiTL the proof 
is finished, so that we assume from now on that q 6 Z. Since La is of degree and L^ of degree 
I, we find that La — LJ = L%. Thus, Lb is isomorphic to the trivial line bundle and B is flat. 
Moreover, Lemma 12.3.111 identifies the restriction of the operator L>A,h to ker(l (g) B„ v ) with the 
de Rham operator Db on 0*(E,L B ). Using this and (I2.32D we deduce from the Hodge-de-Rham 
isomorphism that 

Ml ® B w) n MAi,/») ^ ker(D B ) = £T"(E, L B ). 

Now if i? is isomorphic to the trivial connection, we have the well-known cohomology groups of 
a surface 

#•(£) ^C©C 29 ffiC, 

where 5 is the genus of S. In the case that I? is non-trivial, the index theorem for the twisted de 
Rham operator shows that ind(-D B ) is independent of B as long as B is flat. Hence, 

^(-l) p dimtf p (£,L B ) = md(D B ) = md(D) = X (£) = 2 - 2g. 
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Moreover, Poincare duality shows that 

dim#°(£,L B ) = dimF 2 (£,L B ). 
However, if B is a non-trivial flat connection, then 

H°(Z,L B ) = {0}. 

One way to see this is as follows!: Let (3 : tti(E) — > U(l) be the holonomy representation of -B. 
Then according to Proposition 11.1.51 and [53], Prop. 5.14], 

F°(£,L B ) = {z G C | /?(c)z = z for all c G 7Ti(S)}. 

Therefore, for H°(T,, Lb) is trivial unless /? = 1. Putting these observations together, we find 
that for non-trivial 1? we have indeed 

H'(Z,L B ) ^{0}9C 2 ^ 2 e{0}. □ 
2.3.4 Adiabatic Metrics and the Spectral Flow 

After having calculated the Eta invariant for the truncated signature operator B® , we turn our 

attention to the Rho invariant of the odd signature operator Ba,q- As before, let S 1 M — > S 
be a circle bundle of degree / 7^ over a closed surface S. We let 5s be a metric on £ of unit 
volume, and g v be the metric on T V M such that the vector field e has length 1. For e > we 
consider the adiabatic metric (12. 16ft . 

9e ■= ^z9t, ®9v, 

and let V 9e be the Levi-Civita connection associated to g £ . For each t G [0, 1] and e > we define 
a connection on TM by 

V £ >* := (1 -t)V® + tV 9£ , 

where V® is the direct sum connection of (j2.3p . which is independent of the scaling parameter e. 

Now let La -* H be a holomorphic line bundle of degree k, and let L := tt*La be the 
corresponding flat line bundle over M. Contracting the connection 

V £lt ®l + 1®4, on 7r*A*(T*S) vr*L A 

with the natural Clifford multiplication, we obtain a 2-parameter family of formally self-adjoint 
elliptic operators 

B% q := r s ® B qyV + eD A , h + te 2 r M T on 7r*ft'(£, L A ) C°°(M), 

which connects the truncated odd signature operator with the full odd signature operator asso- 
ciated to g £ . 

Proposition 2.3.17. There exists £q such that for all e < Eq the following holds. 
2 See also Corollary 14.3.61 below for a different proof of this fact. 
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(i) Ifq£Z, then for all t e [0, 1] 

ker( J Bi) = {0}, and SF (B'jQ^ = 0. 

(ii) If q € Z anc? is non-trivial, then for all t £ [0, 1] 

ker(^)-C 2 ^ 2 , and SF (JBft)^ = 0. 

(iii) For the trivial connection we have 

V / |c 2 3+ 2 , ift = 0. V ^^l ' 1 ! \-l, if/>0. 

Proof. To keep the notation simple we abbreviate 

B e / >q = r s ® 5 9i „ + eD^ + te 2 r M T =: B + eD + te 2 S. 
According to (|2.28p we have {B,D} = 0, and so 

(B £ /J 2 = B 2 + e 2 D 2 + e 4 t 2 S 2 + e 2 t{B, S} + e 3 i{A S}. (2.33) 
By definition the operators B, D and S 1 are formally self-adjoint. Thus, 

(e 1/2 B + e 3/2 tS) 2 > and {e 3/2 D + e 3/2 iS) 2 > 0. 

This implies 

e 2 t{B, S} > -eB 2 - e 3 t 2 S 2 and e 3 t{D, S} > -e 3 D 2 - eH 2 S 2 . 

Using this in (|2.33|) we can estimate that for e < 1/2 

(^) 2 >^( 5 2 + .D 2 -4et 2 S 2 ). 

Now S 2 + D 2 is an elliptic operator, and since B and D are both formally self-adjoint, it has 
non-negative spectrum. Hence, its non-zero eigenvalues are bounded from below by some A > 
0. Moreover, S is an operator of order so that S* 2 is a bounded operator. Letting eo < 
min{i, Kigali } we find that for all e < Eq and t ^ 

ker (B 2 + D 2 - Aet 2 S 2 ) = ker B n ker D n ker S, 

where we have used that ker(i? 2 + D 2 ) = ker B n kerD. 

We now switch back to the usual notation. Using Proposition 12. 3. 161 we can reformulate what 
we have observed so far: 

(i) If q $l Z and e < eo, then 

ker(i^) = {0}. 

(ii) If q £ Z and e < eo, then for all t ^ 

ker(Bf) = ker(r M T) n ff*(E, L B ), L B = L A ® L"*. 
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Thus, in the case q £ Z the proof is finished and we assume henceforth that q £ Z. From 
Proposition 12.3.101 we know that 



on ft * ft 1 ' , 
2ttI on Q 2 ' . 



tmT 

On the other hand, we have seen in Proposition 12.3. 161 that 
H*(E,Lb) r ~- 



C © C 2g © C, if B is the trivial connection, 
{0} © <C?3- 2 © {0}, otherwise. 



Therefore, since 1^0, 

ker(r M T)nH'(E,L B ) 



C © C 2g © {0}, if B is the trivial connection, 
{0} © C 2g - 2 © {0}, otherwise. 



This implies part (ii) and the first assertion of (iii). To finish the proof we still have to compute 
the spectral flow in the case that B is the trivial connection. Since the kernels of B e,t are of 
constant dimension for t ^ the only possible spectral flow contribution is at t = 0. As we have 
seen ker(i? £ '°) contains H 2 (T,) as a summand, whereas ker(5 e '*) for t ^ does not. Now H 2 (T,) 
is spanned by the cohomology class of vols and we can explicitly compute that 

5 £ '*(vol s ) = (tzB v + eD h + te 2 T M T) (vol s ) = -2vrk 2 tvol s . (2.34) 

According to the convention in Definition 11.3.131 of how to count eigenvalues at the endpoints we 
find that 

ifi< °' 

v ,te M [-1, if Z > 0. 

Remark. Note that (|2.34[) also shows that the odd signature operator associated to the metric 
g £ has a non-trivial eigenvalue —2irle 2 which is of order e 2 . Eigenvalues of this type play a special 
role in the general adiabatic limit formula of [30]. We will discuss this in more detail in Sections 
13.3.21 and 13.3.31 see in particular Proposition 13.4.31 

We now have collected all ingredients to compute the U(l)-Rho invariant for circle bundles 
over surfaces. 

Theorem 2.3.18. Let S 1 =— > M — >• £ be a principal circle bundle of degree I ^ 0. Let La — ► S be 

a line bundle over S of degree k, and let L := it* La be the corresponding flat line bundle over M . 
Write q := k/l and assume that the flat connection A q = n*A — iquj is not the trivial connection. 
Then 

p Aq (M)=2l{P 2 (q)-l)+ S gn(l). 
If M = S x S 1 is the trivial circle bundle, then all Rho invariants vanish. 

Proof. The Rho invariant associated to the odd signature operator is independent of the metric. 
In particular, 

p Aq (M) = r,(B^ q )-v(B £ ' 1 ), e>0. 
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Hence, the variation formula (|1.52p implies that for all e > 

p Aq (M) = V (Bf q ) - V (B^) + 2SF {Bf iq ) tem - 2SF {B*>% M 

- dim(ker B £ / q ) + dim(ker B £ ' 1 ) + dim(ker B e f q ) - dim(ker B £ '°). 

As we have seen in Proposition 12 , 3 . 15], the Eta invariant associated to the truncated odd signature 
operator does not change if the metric on the base is rescaled. Thus, 

r l (Bfj-r ] {B^)=2l{P 2 { q )-l). 

From Propositions 12.3.161 and 1 2.3.171 we see that if A q is non-trivial 

dim(ker B^\) = dim(kerl?^). 

On the other hand, in the untwisted case 

dim(ker B 6 ' 1 ) - dim(ker 5 e '°) = (2g + 1) - (2g + 2) = -1. 

Lastly, we have seen in Proposition 12.3. ITl that for e small enough 



0, if I < 0, 
-1, if/>0. 



Putting all pieces together we find that 

p Aq (M)=2l(P 2 (q)-l)+ S gn(l). 
The triviality of Rho invar iants for S x S 1 follows from (J225D- □ 
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Rho Invariants of Fiber Bundles, 
Abstract Theory 

This chapter forms the main theoretical part of the thesis. After having introduced the idea of 
adiabatic metrics on fiber bundles and seen their effect in the computation of the Rho invariant 
for principal circle bundles, we now want to describe how powerful tools of local index theory lead 
to a general formula for the adiabatic limit of Eta invariants. Since there exists a wide range of 
literature on this subject, the ideas presented here are not new. Nevertheless, we give a detailed 
account, including some proofs if feasible. 

The treatment starts with the bundle of vertical cohomology groups over the base of the fiber 
bundle. To relate it to the kernel of the vertical de Rham operator, we discuss a fibered version 
of the Hodge decomposition theorem. As a byproduct of this we can prove a result about how 
to achieve that the mean curvature of a fiber bundle vanishes. Continuing with the main line of 
argument, we give a detailed discussion of the natural flat connection that exists on the bundle 
of vertical cohomology groups. It is precisely this topological nature of the kernel of the vertical 
de Rham operator which will make the adiabatic limit formula accessible for computational 
purposes. In particular, we will need to discuss a version of the odd signature operator on the 
base twisted by the bundle of vertical cohomology groups. 

As the formulation of the general adiabatic limit formula relies on Bismut's local index theory 
for families, we continue with a brief survey of the main constructions and necessary results. In 
particular, we include a short discussion of superconnections and associated Dirac operators. 
Returning to the context of fiber bundles, we introduce the Bismut superconnection and recall 
how it appears in the local index theorem for families. 

With these notions at hand, we will give a heuristic derivation of the adiabatic limit formula 
for families of odd signature operators. Then, referring to the literature for rigorous proofs, we 
finally state the general adiabatic limit formula for the Eta invariant due to Dai. One of the terms 
appearing there has a topological interpretation in terms of the Leray-Serre spectral sequence, 
and we discuss this briefly. 

We finish this chapter using the adiabatic limit formula to derive again the formula for the 
Rho invariant of a principal S^-bundle over a closed surface. Although we have obtained the 
formula already in the last chapter, it is illuminating to observe how the abstract theory leads 
to a shorter a more conceptual proof. 
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3.1 The Bundle of Vertical Cohomology Groups 
3.1.1 The Vertical de Rham Operator 

In Remark 12.1.241 we have pointed out without further comments that there is a relationship 
between differential operators acting fiberwise and families of differential operators in the sense 
of Definition 11.3.91 We want to make this a bit more precise now. Let F w M A B be an 
oriented fiber bundle, where as before all manifolds are assumed to be closed, connected and 
oriented, and let E — > M be a Hermitian over M. 

Definition 3.1.1. Let D : Q*(M,E) -> J2*(M, E) be a differential operator. Then we call D a 
fiberwise differential operator, if 

[Z>,7rV]=0, for all <p G C°°{B). 

We call D fiberwise elliptic if in addition its principal symbol 

a(D)(x,0 :E X ^E X , x G M, 

is invertible for every non- vanishing £ G T^M* . 

Certainly, if T V M is endowed with a metric, and A is a flat connection on E, the vertical de 
Rham operator Da v as i n Definition 12.1.231 is a fiberwise elliptic operator in the sense of this 
definition. 

Local Trivializations and Families. To relate fiberwise differential operators with families 
of differential operators as in Definition 11.3.91 we describe a particular way to construct local 
trivializations of the fiber bundle, see [501 Lem. 1.3.3]. 

Lemma 3.1.2. Let g = gs ® g v be a submersion metric as in Section \2.1\ Let y G B and 
F := 7r _1 (y). Then for every sufficiently small geodesic neighbourhood U around y there exists 
an isomorphism of fiber bundles 

<S>:U xF -» 7r _1 (Z7), 
such that for all (u,x) G U x F and every vector v G T y U C Tr y ^ x \U x F , 

&(y,x)=x, 7r o 3>(u, x) = u, and <& if v = v h , 
where v h refers to the horizontal lift of v. 

Proof. Let b = dimi?, and let U C B be a geodesic ball centered in y. We identify U with an 
open ball in R 6 in such a way that y = 0. We can use the horizontal projection P h : TM — > T h M 
to lift the coordinate vector fields d a to horizontal vector fields d 1 ^ on tt~ 1 (U). Identifying a point 
u G U with the vector field u a d a we get a vector field u h = u a d^ on 7r _1 (L r ), and hence a flow 

$ t (u, .) : M M, itGC/. 

It follows from the construction that for small i, the flow < I ) t(n, .) maps the fiber F diffeomorphi- 
cally onto the fiber 7r -1 (iu). Moreover, for all x G F we have $>st(u,x) = 3>t(su, x), so that we 
can choose U small enough to define 

$ : U x F 7r _1 (i7), (n,x) ^ $i(it,s). 



The claimed properties all follow immediately from this definition. 
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Using a fiber bundle chart : U x F —* 7r (£7) of the form just described, we can transfer 
all geometric structures on 7r _1 (L r ) to U x F: First of all, it is straightforward to check that 

<$>*T V M = UxTF. 

Therefore, the pullback $>*(g v ) of the vertical metric is the same as a family of Riemannian metrics 
gp u on F. In the same way the restriction of to T V M induces a family V f '" of covariant 
derivatives on TF, and Proposition 12 . 1 . 31 shows that each \7 F ' U is the Levi-Civita connection on 
F with respect to the metric gF,u, compare with Remark l2.1.4l Similarly, we pull the horizontal 
distribution T h M back to U x F and use this to identify 

nj(7r- 1 (Z7)) = C°°(U,n'(F)), and tt p ' q (it" 1 (U)) U P (U, n q (F)) . (3.1) 

Note, however, that <&*T h M will in general not coincide with TU x F, unless the curvature f2 of 
the fiber bundle is trivial. 

Remark. We want to give a note about the definition of Q P (U, n q (F)) . A naive way — which is 
sufficient for our purposes — is to define elements of C°° (U, Q q (F)^ to be locally of the form 

fi{y,x)dx I , y eu, 

1*1=9 

with local coordinates Xi for F, multi indices I, and smooth functions fj(y,x) satisfying the 
appropriate transformation laws with respect to changes of the coordinate chart. Similarly one 
treats elements of Q P (U, £l q (F)^ . From a more invariant perspective, one could endow Q q (F) 
with its natural Frechet topology and consider smooth maps with respect to this. 

Under the identification of (|3.ip . a vertical differential operator D on 0*(M) can be written 
over U x F as 

D = ^2K j (u)®D j (u), 

j 

where each Kj{u) is a bundle endomorphism of A'T*U and each Dj(u) is a smooth 6-parameter 
family of differential operators on Q'(F) in the sense of Definition 11.3.91 

Vertical de Rham Operators. We use the above digression to give a description of the vertical 
de Rham operator. For this we first need to incorporate a bundle E over M, endowed with a flat 
connection A. Let 7rp : U x F — > F be the projection onto the second factor, and denote by E\p 
be the restriction of E to the fiber F. 

Lemma 3.1.3. There exists a natural lift of the bundle isomorphism 

$ : [/ x F -> 7r _1 (C/) 
to an isomorphism of flat Hermitian vector bundles 



$ B : tt* f (E\ f ) -► E\^ {u) . 
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Proof. Let u 6 U, and let F u be the fiber over u. Then <&(u, .) maps F diffeomorphically to F u . 
Using parallel transport with respect to A along the flow lines of 3>t(u, .) we can lift this to an 
isomorphism 

$e(u,0 : E\ F -> E\ Fu . 

Now, since A is a flat Hermitian connection, the bundles E\p and E\p u are naturally endowed with 
flat Hermitian connections induced by A. Since we are using parallel transport with respect to 
A, a locally constant, unitary frame for E\p will be mapped by §p to a locally constant, unitary 
frame for E\p u . This implies that §p is, in fact, an isomorphism of flat Hermitian bundles. □ 

In a similar way as in (|3.ip . we can use Lemma 13.1.31 to identify 

nP'%7r~ 1 (u),E\ n - 1{u) )^np{u,n"(F,E\F)), (3.2) 

where E\p is endowed with a fixed flat Hermitian connection Ap. We then let D AptU be the 
family of de Rham operators on fl'(F, E\p) associated to the metric qf iU and the flat connection 
A p. Then under the identification ([3.2]) we can write 

D AtV = (-iy®D AF>u on n p (U,n 9 (F,E\p)). (3.3) 

Proposition 3.1.4. The C°°(B) -module ker(D AiV ) H 0*(M, E) is isomorphic to the space of 
smooth sections of a vector bundle, which we denote by J4? A ' V (M) — ► B. Moreover, 

kev(D AjV )^n*(B,M2 )V (M)). 

Sketch of proof. It suffices to show that the assertion is true locally, i.e., that for sufficiently small 
open subsets U C M 

ker(D AiV ) nfL*^- 1 (U),E) 

is isomorphic to the space of differential forms over U with values in a vector bundle. For this 
let U C B be as in Lemma 13.1.21 such that 7r -1 (t7) = U x F, and write D A , V as in (]3.3p . Since 
Da, v acts as ±Id on Q'(U), it suffices to consider Da f , u acting on 

n' v (ir-\U),E) - C°°(U,n'(F,E\ F )). 

For fixed u, the Hodge-de-Rham theorem for D Af ,u implies that ker(Z) J 4 FjU ) is isomorphic to 
H'(F, E A \p), where E a \f is short for E\p endowed with the flat connection Ap. Since we know 
from Lemma 13.1.31 that Ap does not vary with u, we infer that dimkev(D AF ^ u ) is constant for 
u G U. Hence, we are precisely in the situation of Proposition ID . 1 .81 — respectively Remark lD.1.91 
Therefore, the family of projections 

P u : n'(F,E\ F ) ker (D Af)U ), u £ U, 

is a smooth family of finite rank smoothing operators. Using this, it is straightforward to check 
that the collection 

•#A,v(U) ■= |J ker {D Af>u ) - U 
ueu 

forms a smooth vector bundle over U, see [131 Lem. 9.9] for a detailed proof. Then the assertion 
of Proposition [3.1.41 easily follows. □ 
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3.1.2 Vertical Hodge Decomposition 

We now want to use Proposition 13.1.41 to prove the following fibered version of the de Hodge 
decomposition theorem. 

Theorem 3.1.5. Let E — > M be a Hermitian vector bundle over the total space of an oriented 
fiber bundle of closed manifolds F <^-> M — > B. Assume that E admits a flat connection A. With 
respect to every submersion metric, there is an L? ' -orthogonal splitting of smooth forms 

il'(M, E) = ker(D A , v ) © im(D A , v ) 

= ( ker d,A, v H ker d A v ) © im(d J i )U ) © im(d Av ). 

Moreover, the splitting is independent of the chosen metric gs on B. 

Proof. We start with a local consideration. With the same notation as in the proof of Proposition 
I3.1.4l we consider the family of de Rham operators Da f , u on £l*(F, E\p). We know from the proof 
of Proposition 13.1.41 that dim ker (Da f ,u) is constant for u G U, so that the family of projections 
P u onto the kernels depends smoothly on u. According to Proposition lD.1.81 (ii) the same is true 
for the family of Green's operators, 

G U :Q'(F,E\ F ) ^n'(F,E\ F ). 

Let lo u G C°° (U, £l*(F, E\p)) ■ For fixed u we can decompose 

lo u = P u oj u + D u o G u o (Id -P u )oj u , 

and both summands depend smoothly on u as P u and G u do so. Writing DA t v\^-^(v) f° r the 
restriction of Da,v to Q'(tt~ 1 (U),E\ 7T -i( U ^, one readily concludes that 

n m (ir-\U),E\„- 1(u) ) =ker (D A ,vU-^u)) ®™{D A ,vU-\u))- (3.4) 

Now let {<fi} be a partition of unity on B, subordinate to a finite covering B = \JjUi, 
such that (13. 4p holds for every Q'(jc (Ui),E\^-irij.\). For uj G Q,*(M,E) and every i we can 
decompose 

(TT*ipi)iv = ai + D A , v (3i, cti G ker (D AtV \ n -i^), $ G VL* (n^ 1 (Ui) , E\ n -i (jj.}) . 
Then, since Da, v is C°°(B) linear, 

co = ^2(iT*ipi)ai + ^2(Tr*ipi)DA,v(3i = ^(-k* (pi)ai + Da,v ( ^(ttVQA) , 

i i i i 

which is a decomposition of u in terms of ker(DAv) © lm (DAv)- Clearly, the decomposition is 
L 2 -orthogonal, since Da )V is formally self-adjoint. The equalities 

ker(DA, v ) = (kerd^ n kerd^) and im(DA, v ) = im{dA,v) © im -{d t A,v) 

follow as in the unparametrized case. Finally, the assertion that the vertical Hodge decomposition 
is independent of the metric gs on B is immediate from the fact that Da,v is independent of 
9B- □ 
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3.1.3 Vanishing Mean Curvature 

Before we continue the discussion of the bundle J^ V (M) — > B, we want to give an interesting 
application of the fibered Hodge decomposition theorem. The corresponding result for foliations 
is [36, Thm. 4.18]. However, in the case of fiber bundles, the proof can be simplified considerably, 
and the author of this thesis is not aware of a corresponding treatment in the literature. This 
subsection is not essential for the line of thoughts in the later sections. Yet, it might be helpful 
in more complicated examples. 

Theorem 3.1.6. Let g v be a metric on T V M of unit volume. Then there exists a vertical 
projection P v : TM — * T V M such that the associated mean curvature form k v (g v ,P v ) vanishes. 

Since we have seen in Lemma 12.1.141 that we can deform a vertical metric conformally to a 
metric of unit volume, Theorem 13.1.61 implies 

Corollary 3.1.7. Every oriented fiber bundle of closed manifolds admits a connection and a 
vertical metric such that the mean curvature form vanishes. 

Before we give the proof of Theorem 13.1.61 we extract the part where we will use the vertical 
Hodge decomposition of Theorem 13. 1.51 Recall that we have introduced the basic projection Ub 
in Definition 12.1.131 

Proposition 3.1.8. There is an L? -orthogonal splitting of smooth horizontal forms, 

n»(M) = 7r*n'(5) © ^(n'-^M)). 

Moreover, the kernel of the basic projection is given by 



Proof. First of all, as the 0th cohomology group of the fiber consists only of constant functions, 
one deduces from Proposition 13.1.41 that 



where vf is the function which associates to a point y E B the volume of the fiber over y, 
see Definition 12.1.131 This implies that keiTI^ JL tt*Q'(B). On the other hand, as in the 
unparametrized case, one finds that for to £ ,,1 (M), 



kei U B = d t v (n , ' 1 (M)). 



kerD„nnj(M) = n*n*(B). 



Since f2*(M) _L im(d v ), the vertical Hodge decomposition in Theorem 13.1.51 yields 

n' h (M) = ir*n*(B) © dl (ST'^M)). 
For the second assertion we note that for all a £ £l'(B) and oj G £l° h {M) 




M/B 




M/B 




= 0. 



Therefore 



fifo'^M)) Ckern s 



which finishes the proof. 



□ 
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Proof of Theorem \3. 1.61 Let g v be a vertical metric such that vf{9v) = 1- We choose an arbitrary 
vertical projection P v : TM — ► T V M, and let g be a submersion metric on M satisfying 

T^M" 1 = kerP" and g\ T v MxT v M = 9v 

According to Corollary |2.1.18l the assumption that VF(g v ) = 1 implies that the basic projection of 
the mean curvature k v vanishes. Form Proposition 13. 1 .81 we deduce that there exists r\ G f2 1 ' 1 (M) 
such that 

d\r] = k v e Q lfi {M). 

Define h G C°°(M, T*M T*M) by 

h(X,Y) := r](P h X,P v Y) + rj(P h Y,P v X), X, Y G C°°(M,TM). 

Here, P' 1 = Id — P 1 ' is the horizontal projection. Then h is a symmetric 2-tensor, and h(X, X) = 
for all X G C°°{M,TM). Thus, we can define a new metric on TM by letting 

9 := g + h. 

Note that the restriction of g to T V M still coincides with <7„. Let P v / h denote the vertical 
respectively horizontal projection associated to g. Then, if {e^} is any local orthonormal frame 
for T V M with respect to g v , we have 

P°(X) = P V (X) + V(X, e l )e u P h {X) = P h (X) - E V (X, e t )e t . 

i i 

Let k v denote the mean curvature form associated to g v and P v , and let {f a } be a local orthonor- 
mal frame for T h M with respect to the original metric g. Then, according to formula (|2.2[) for 
the mean curvature, 

kvifa) = - ^2gv{[P h fa,ei\,ei) = k v (f a ) +^2gv[[r)(fa,e j )e j ,e i \,e i ). 

i ij 

Now, using standard arguments involving the Lie bracket and the fact that V v is metric and 
torsion-free as a connection on T V M, one gets 

9v([r)(f a , ej)ej,ei],ei) = -e* [r)(fa, ej)]g v (ej, e») + r](f a ,e j )g v ([e j , e;], e,) 
= ~ei fr(/a, ei)] +v(fa,e j )g v (e j ,V v ei e i ). 
On the other hand, according to Proposition 12.1.211 

4»?(/«) = E^X/a,^) = E (e< [»/(/«« e*)] -^(V®/a,ei) - r?(/ a , V® ei )). 
Since V®/ a = and V®ej = Vg.ej we conclude that 

E^(^^ a ' e i) e i' ei ]' ei ) = -^Ua)- 

ij 

Employing the definition of rj we have thus achieved that 

ky = ky d'V^l = ^' 

This shows that the mean curvature associated to P v and g v vanishes. □ 
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Remark. The statement of Theorem 13.1.61 for foliations is not true without changes. The un- 
derlying reason is that Corollary 12. 1.181 does not generalize, i.e., the basic projection of the mean 
curvature does not necessarily give a trivial cohomology class. Note that the definition of coho- 
mology requires extra work for the possibly singular leaf space of a foliation. But even if one 
uses the basic cohomology as the correct substitute, Corollary 12. 1.181 does not carry over, and one 
finds topological obstructions to the vanishing of the mean curvature form. In the language of 
foliation theory, Corollary 13.1.71 asserts that the vertical distribution of a fiber bundles is a taut 
foliation. For a detailed discussion of the aspects mentioned here, in particular the difference 
between tense and taut foliations, we refer to [36J and references given therein. 

3.1.4 A Flat Connection on the Bundle of Vertical Cohomology Groups 

Let E — ► M be a Hermitian vector bundle over the total space of the fiber bundle F w M A B, 
and assume that E admits a flat connection A. As we have seen in Corollary 12.1.161 there is a 
vertical differential 

d A ,v ■■ n* v (M, e) - fi; +1 (M, e), d\ v = o. 

Hence, we can form the quotient keid AjV / imd^. If M is endowed with a vertical metric, it is 
an immediate consequence of the fibered Hodge decomposition theorem that 

kerd A>v /imd A>v = ker(D A)V ) n fi*(M, E), (3.5) 

which is the space of sections of the bundle J% A * V (M) — ► B of Proposition 13.1.41 This is not 
surprising, since if F C M is a fiber of ir : M — > B we can restrict d AjV as in Section 13.1.11 to an 
operator 

d A , v \ F : ST(F,E\ F ) -> W +1 (F,E\ F ). 

Then ker(d A ,v\F)/ i m (d A , v \F) is just the de Rham cohomology of F with values in the flat bundle 
E\fi so that ker d A)V / \md AiV is roughly the union of the cohomology groups of all fibers. These 
observations and Proposition 13. 1.41 imply 

Proposition 3.1.9. The space ker d A v / im d A v is isomorphic to the space of sections of a finite 
rank vector bundle H Av (M) — > B, which we call the "bundle of vertical cohomology groups". Its 
fiber over a point y £ B is isomorphic to the de Rham cohomology of Tt~ l (y) with values in the 
flat bundle E\^-xr y y 

Remark. 

(i) Although the bundles H Av {M) and (M) are isomorphic, we will usually not identify 
them, since the latter is only defined when we have chosen a vertical metric. This is why 
we have introduced the term "bundle of vertical cohomology groups" only here rather than 
already in Proposition 13.1.41 

(ii) As for the bundle JftfJ^M) we consider also differential forms on B with values in the 
bundle of vertical cohomology groups. Then it is immediate that 

a , ker ( d Av ■ nP'i(M,E) -> ttP'i +1 (M,E)) , 

n p (B, H\ AM)) \ ' ; ; ( . 3.6 

V ' A ' vV >! iia{d Av :^- l (M,E)^nP<i{M,E)) V ; 
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The Natural Flat Connection. Recall from Corollary EXTS that on Q'(M,E), 

d A,h + {dA,v,Kfy} = 0, and {d AiV ,d Aih } = {d Ajh ,i(Q,)} = 0, 

where f2 is the curvature of the fiber bundle. Now the fact that d A ,h anti-commutes with d A ,v 
implies that d A ,h descends to a well-defined map 

d A>h : QP(B,H% tV (M)) -> W +1 {B,HX V (M)). 

Moreover, if lo € QP ,q {M,E) satisfies d A)V ui = 0, then it follows from the relation 

d A h uj = —d A ^ v o i(f2)u 

that d 2 Ah uo is a d^-exact element of ker (d Av : ^+ 2 >«(M,£) U p+2 > q+1 (M, E)) . This implies 
that {d A ^) 2 = 0. In other words, we have found a natural flat connection on the bundle of 
vertical cohomology groups which is induced by d A: h- 

Definition 3.1.10. We denote by 

v h AiV . C ™{B,H\ V {M)) -> Q 1 (B , H A v (M)) 

the flat connection defined by d A: h- More precisely, for all X £ C°°(B,TB) and u G W U (M,E) 
with d A)V uo = we define 

VJ A '>] := [i(X h )d Ah u] eC°°(B,HX v {M)). 

Relation to the Leray-Serre Spectral Sequence. We want to point out that we have just 
constructed the term (-£?*'*, d\) of the spectral sequence associated to the complex (f2*(M, E), d A j . 
To explain this — and also for later use — we make a short digression on the Leray-Serre spectral 
sequence. 

Recall, e.g. from |67l Sec 2.2], that a complex endowed with a decreasing filtration gives rise 
to a spectral sequence. The appropriate filtration in the case at hand is the Serve filtration given 
by 

F k n* :=^fF'*(M,£). (3.7) 
Then, if b = dim£> and d = d A , we have 

{o} = F b+1 n* c F b n* c . . . c F°n* = w, d(F k n 9 ) c F k n\ 

Note that the latter follows from Proposition 12.1.151 since each of the terms appearing in d A , 

d A = d A;V + d A;h + i(^), 

preserves F k Q*. In the same way one verifies that the de Rham cohomology H'(M, E A ) inherits 
a filtration defined by 

F k H n := im [H n (F k iT ,d) — > H n (M, E A )) . (3.8) 
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One now constructs a spectral sequence as follows, see the proof of |6T|, Thm. 2.6]. For r G N 
define 

Z p ' q := F p Q p+q n cT 1 (F p+r Q p+q+1 ) , 

B p ' q := F p Q p+q n d(F p - r n p+q - 1 ) , , . 

v ; (3.9 

yVA pprtp+q 

E P,9 ±L E p ' q := -t-t^— ^ n p ' 9 (M,£). 

r— 1 r— 1 

Then the differential d naturally defines on each bigraded module E r ' a differential d r of bidegree 
(r, 1 — r) in such a way that 



q ~ 



ker (d r : E p ' q -> ^ +r ' 9+1_r ) 



mi 



The general theory of spectral sequences now implies the following, see again |6T|, Thm. 2.6]. 

Theorem 3.1.11. The spectral sequence (E'' m ,d r ) collapses for r = b+ 1 and converges to 
H*(M, Ea)- More precisely, for all r >b + 1 

zpp frp+q 
E P,q ~ 



JTp+lfJp+q ' 

where F P H* is the filtration of H'(M,E) given by (j3.8|) . 

Now we can interpret the bundle of vertical cohomology groups in terms of the Leray-Serre 
spectral sequence. Certailnly, the term E*'* in (|3,9p coincides with £l'''(M, E). Moreover, one 
easily verifies that the natural construction of the differential in the proof of [671 Thm. 2.6] 
coincides with d A ,v Thus, 

(£*'•, do) = (n*>'(M,E),d A , v ). 

In the discussion following (|3.6p we have constructed a natural differential d A h ° n the cohomology 
of (£/*'*, do); an d again, one can easily check that it coincides with the differential on E*'* 
abstractly constructed from (|3.9|) . Without giving more details we summarize that 

Lemma 3.1.12. The Leray-Serre spectral sequence satisfies 

E p > q ^{n p {B,H q A jM)),d A , h ) and E™ * H*(tf (B, H q Av {M)) . 

3.1.5 Twisting with the Bundle of Vertical Cohomology Groups 

We can also use the vertical Hodge decomposition of Theorem 13.1.51 to give a Hodge theoretic 
description of the flat connection V Ha ' v . We fix a vertical metric g v and use this to identify 
H A (M) with J^f Av (M) using the vertical Hodge-de-Rham isomorphism in (|3.5p . From Section 

12.1.31 we know that H'(M, E) is endowed with the natural connection V A,V , induced by the 
vertical Lie derivative and the connection A. Then we have the following, see also [191 Prop 
3.14]. 

Proposition 3.1.13. Under the vertical Hodge-de-Rham isomorphism the flat connection V Ha < v 
coincides with the connection defined by 

V^ v := P kei (D A , v ) ° Vj£, X e C°°(B,TB). 



3.1. The Bundle of Vertical Cohomology Groups 



95 



Proof. For convenience we drop the reference to the flat connection A. Denote by 

* : kerd v nfi'(M) -» C°°(B,H*(M)) 

the quotient map. Then, according to Definition 13.1.101 

V£"(¥(w)) =foi(I ft )o4(w), w G ker4nfi*(M), XeC°°(B,TB). 

Using Proposition ^. 1.91 and Theorem l3.1.5t we can explicitly describe the isomorphism J^f'(M) = 
H*{M) in terms of sections by the composition 

C°°(B,J$?'(M)) =keiD v nni(M) kerd v n fi*(M) ^ C°°(B,H'(M)). 

This implies that Vf"*(u/) G C°°(B,H'(M)) corresponds to 

^PkerD, o i(X ft ) o d h (P kcrDv u) G C°°(B,J1?'(M)). 

Finally, Proposition 12.1.151 shows that on f2* (M) 

i(I ft )o4 = ^, 

from which we obtain the claimed formula. □ 

Metrics on the Bundle of Vertical Cohomology Groups. The C°°(-E> )-module U'(M, E) 
is endowed with the pairing 

(u, V ) M/B := I {uj,rj)vo\ F {g v )£C°°(B), u, V G K(M,E), (3.10) 
Jm/b 

where the scalar product in the integrand is induced by g v together with the Hermitian metric 
on E. 

Definition 3.1.14. Let g v be a vertical metric. We define 

{u, V )je A>v := (lo,t,) m/b , u, V G C°°{B,^l v (M)), 
and, if t v is the vertical chirality operator, 

Qa,v(u,v) : = {u, r vV)j>t>A,v- 

We also use (■,-}jf Av and Qa,v to the corresponding objects induced by the vertical Hodge-de- 
Rham isomorphism on H\ V (M). 

Clearly, (., -)jf Av is a Hermitian metric on the vector bundle H Av {M) — * B, which through 
the vertical Hodge-de-Rham isomorphism depends on the vertical metric g v . In contrast, Qa,v is 
independent of g v since it is related to the vertical intersection form via 

Q A ,v{HM = ik I (« A / ? )' HIP) £ H AtV (M), (3.11) 
Jm/b 

where k depends only on the degrees of a and [3. Furthermore, one easily checks that Qa,v is an 
indefinite Hermitian form with signature 

Sign(Q AiV ) = rk {^ V (M)) - rk (M)). 

Here, J>f Av {M) denotes the ±1 eigenbundle of t v . This implies that Qa,v has signature unless 
the dimension of the fiber is divisible by 4 in which case Sign(Q A ,v) = Sign(F). 
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Proposition 3.1.15. The flat connection \7 Ha < v is compatible with the indefinite Hermitian 
metric Qav It is compatible with the Hermitian metric (■,-)jt Av if and only if for all X £ 
C°°(M, T h M) 

2P kcrDv o B{X) o P kevDv + k v (X) = 0, (3.12) 
where B(X) is the tensor as in (|2.10p . and k v is the mean curvature form. 

Proof. For the first part we use the description (|3.1ip for Qa,v Let a, (3 £ Q' V {M,E) be chosen 
in such a way that {a A (3) is of maximal vertical degree. Then 

(a A 13)= I d h {aA(3)= I (d A>h a A (3) + (-1)I Q I {a A d Ah (3). 

M/B JM/B JM/B 

Hence, if d AjV a = d A)V f3 = we have 

d B Q A ,v{l a l I®) = QA,v{\ d A,h<xl [f3]) + (-l) M Q A , v {[a], [d Ah 0\), 
so that, according to Definition 13. 1 . 1(11 

XQ A<v ([a],\P\) =Q AV (V" A ' V [a], [/?]) + Q A>V {H V?" XeC°°(B,TB). 

This shows that S7 Ha < v is indeed compatible with Q A ,v Now let g v be a vertical metric, and let 
u,rj e C°°(B,J?X >V (M)). Then 

d B / (uj,n) vol F (g v ) = / d h ((u, r/)) A vo\ F (g v ) + / (uj,n) d h vo\ F (g v ). 

JM/B JM/B JM/B 

It follows from Proposition 12 . 1 . lTl that 

d h vol F (g v ) = k v Avol F (g v ). 

Since the connection V^'" is compatible with the metric on Q'(M, E) we know that for all 
X £ C°°{B,TB) 

X h (u,ri) = {V A / h u : ri) + {u,V A / h r h ). 
From (|2.9[) and (|2.1l)|) we then deduce 

X h (uj, V ) = (V^> , 77) + (u , V^r?) + (B(X h )u> ,ri) + {u, B(X h ) V ). 

Now, B(X h ) is easily seen to be self-adjoint with respect to the metric (., .) on f2*(M, E). Putting 
all pieces together, we find that for the connection V X A ' V of Proposition 13.1.131 

+ (u,2B(X%)^ v + (u,k v (X h ) V )^ Av , 

which proves that V^ 4 '" is compatible with (., .) v if and only if (|3.12|) holds. Since the metrics 
as well as the connections V Ha - v and V^*" on H A V (M) and Jif Av (M) coincide under the vertical 
Hodge-de-Rham isomorphism, the proof of Proposition 13.1.151 is finished. □ 
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Remark. If W6 denote by p and. q the maximal ranks of subbundles of Et^ (Af) on which Qa,v 
is positive respectively negative definite, we can rephrase the first part of Proposition 13.1.151 
by saying that \7 Ha > v is a flat U(p, g^-connectionQ The choice of a vertical metric reduces the 
structure group of H' Av {M) to the subgroup U(p) x U(g). However, the connection does not 
necessarily reduce to a flat U(p) x U(g)-connection, the geometric obstruction being (|3.12p . As 
we have seen in Theorem 13.1.61 we can always arrange that the mean curvature form vanishes. 
For arbitrary fiber bundles, the tensor B(X) is, however, a non-trivial obstruction. It would be 
interesting to find a topological condition which guarantees that there exists a vertical metric 
such that (j3T2|) holds. 

Definition 3.1.16. Let Da, v and D^^ be the vertical and horizontal de Rham operators as in 
Definition 12 . 1 . 231 If dimM is odd, we define the odd signature operator on B with values in the 
bundle of vertical cohomology groups, 

D B V^.» : Q'(B,Jfl, v (M)) -» Q'(B, ^(M)) , 

by 

D B ® V**-" ■= PkevD A , v ° T M D Ah o P kelDA v . 

Here, tm is the chirality operator associated to a fixed submersion metric on M. 
Remark 3.1.17. 

(i) Certainly, D E ® V*^'" is a formally self-adjoint elliptic differential operator and thus has a 
well-defined Eta invariant. This will play an important role in Dai's general adiabatic limit 
formula for the Eta in Section 13.31 

(ii) We note that if dimB is odd, and (|3.12p is satisfied, then Db <8> X7 A ' v is actually isometric 
to two copies of the odd signature operator on B twisted by V^-". This is because we 
have not restricted to forms on the base of even degree, compare with Remark 11.4.41 (i). 

3.1.6 Eta Invariants of U(p, q)-Connections 

Before we continue with the general discussion, we briefly want to digress on the Eta invariant of 
the operator Db <S> V 1 ^-" introduced above. Without any effort, we can treat the more general 
case that E — * B is a complex vector bundle, endowed with an indefinite Hermitian metric Q and 
a connection V, not necessarily flat, but compatible with Q. We choose a splitting E = E + (&E~ 
into subbundles where Q is positive respectively negative definite, and define te to be ±id_E on 
E ± . Then we can define a Hermitian metric on E via 

h(e,f):=Q(e,Tf), e,feE, 

compare with Definition 13.1.141 Note that the splitting E = E + © E~ is orthogonal with respect 
to h. We now define an End(£')-valued 1-form on B 

u?^(X) :=t e [V x ,t e ] =t e oX7 x ot e -X7 x , X G C°°(B, TB). 

1 Recall that U(p, q) denotes the isometry group of the quadratic from 

v p+q 

3=1 J=p+1 
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Then we have the following simple result. 

Lemma 3.1.18. For all X € C°°(B,TB), the endomorphism uj^> te (X) is self-adjoint with 
respect to h. It interchanges the subbundles E + and E~ . Moreover, the connection 

V n : = V + iw V ' TB , 

is unitary with respect to h. 

Proof. Let e, f £ C°°(B,E). Since Vj is compatible with Q, one verifies — using in particular 
that t e = id.E and that Q o te = Q, 

h{^^(X)e,f) =Q{T E [Vx,T E ]e,TEf) =Q{V x (T E e),f) -Q{V x e,T E f) 
= -Q{r E e,V x f) +Q{e,V x (T E f)) = Q{e, [V x ,T E ]f) 
= h(e,u?> r *(X)f). 

Hence, oS^> TE {X) is self-adjoint with respect to h. Now, let P E ± := ^(id^i-r^) denote the 
projection onto E ± . Then one easily obtains that 

P E+ o V X o + P E - o V X o P E+ = -\u V > TE {X). 

On the one hand, this implies that oj^' Te (X) interchanges the subbundles E + and E~ . By 
definition of V u , we can deduce on the other hand, that V" preserves E + and E~ from which it 
easily follows that V" is unitary with respect to h. □ 

Remark. In the case that E = ,J^ V (M) is the bundle of vertical cohomology groups, Q = Q v 
is the vertical intersection form and V = \7 Ha < v is the natural flat connection, the 1-form u>^' TE 
is precisely the 1-form appearing in (|3.12p . compare also with (|2.15p . This gives a more abstract 
explanation of Proposition 13.1.151 

The Odd Signature Operator with values in E. To define the analog of Db <8> V^ 4 " in 

the case at hand, we choose a metric gs on B, and let tb the associated chirality operator on 
Q*(B,E). Let b := dim!?, and extend te to £l'(B,E) by requiring that 

T E {a®e) = (-l) p{b+l) a®T E e, aen p (B), eeC°°{B,E). (3.13) 

Checking signs one finds that tbte = tet~b- We then define 

r := tbte : n*(B,E) -> n b -(B,E), 

which takes the place of the total chirality operator tm, compare with Lemma 12.2.31 Note that 
more explicitly, if a (g> e € VP{B,E), then 

r(a ® e) = tb 

((-l)K6+l) a g> TEe ) = 

(TBOl) (g> TEC 

Then the analog of Db ® V^> u is given by 

D B ®V:= rely + d V T : 9*{B, E) -» ST(B, E), (3.14) 
where c?v is the exterior differential on B twisted by the connection Vonfi. We also define 

D B ® V" := Tdyu + dyuT, 
and denote by V M,=t: the restriction of V" to E^ . 
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Lemma 3.1.19. With respect to the splitting E = E + © E , the operator Db <£> V" is of the 
form 



dT' + o 

B 



where 

Db ' := tb(— l) fc+1 dy«,± + d^u,±Ts, b:=dimB. 

Moreover, if we define 

V := D B <g> V - D B ® V M , 

i/ien V is a self-adjoint operator on Q'(B,E) of order which interchanges Q'(B,E + ) and 
Q*(B, E~). In particular, Db <8> V and Db <8> V" are formally self-adjoint. 

Proof. It follows from Lemma 13.1.181 that te commutes with V n . Using the sign convention in 
(|3.13p it is immediate that 

T E dyu = {—l) +l dyuTE- 

Hence, 

Tdyu + dx/uT = ((-l) b+1 TBd\ru + d\ruT B )TE, 

which proves the first assertion. The other assertions are a simple consequence of the correspond- 
ing properties of lo V ' Te in Lemma 13.1.181 since by definition 

d V u =d v + Ie(w V ' TB ), 

where e(.) is exterior multiplication. □ 

Difference of Eta Invariants. Roughly, Lemma 13.1.191 asserts that D <g> V is the direct sum 
of two geometric Dirac operator plus a lower order perturbation which interchanges the twisting 
bundles. This leads to a simple relation between the Eta invariants of D (g) V and D ® V M . The 
following result is a reformulation of [16, Thm.'s 2.7 & 2.35]. We formulate it in terms of the 
^-invariant, see Definition 11.3.41 

Theorem 3.1.20. As before, let V = D B © V - D B <S> V". Then 

((D B V) - ({D B ® V") = SF (D B <g> V" + xV) xem . 

Remark. By comparison with the variation formula of Corollary ID. 2. 61 we see that Theorem 
I3.1,20l asserts that the contribution coming from the variation of the reduced ^-invariant vanishes, 
i.e., ^ 

In fact, this is precisely what Bismut and Cheeger prove, see |16l Lem. 2.11]. Recall from 
Proposition ID.2.51 that 

f t [((D x )]dx = -^a n (V,D 2 x ), 
where a n (V,D x ) is the constant term in the asymptotic expansion of 



\Tt Tr(Ve- tD *), as t -» 0. 
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In the case that dimi? is even, Theorem 11,2.71 shows that there are no half integer powers of 
t in the asymptotic expansion of Tr (Ve~ tDx ^, so that Theorem 13.1.201 is a consequence of the 
general theory for elliptic operators. However, the odd dimensional case requires considerably 
more work. In |16} Lem. 2.11], Bismut and Cheeger prove the corresponding result for operators 
of the form we are considering here. Their proof uses Getzler's local index theory techniques for 
twisted Dirac operators, adapted to odd dimensional base spaces, in a similar way as we have 
described in Section 11.5.21 



3.2 Elements of Bismut's Local Index Theory for Families 

To discuss Dai's adiabatic limit formula, we need to recall some aspects of Bismut's local index 
theory for families. We will be rather sketchy and refer to the original article [2] and the 
treatment in [131 Ch.'s 9 & 10] for more details. The survey article [15] is also recommended. 
For convenience and since we will not need a greater generality, we restrict to the case of the 
signature operator. 



3.2.1 The Index Theorem for Families 

The predecessor of local index theorem for families is the .fT-theoretic version by Atiyah and 
Singer [10], which we briefly recall. As announced we consider only the case of the signature 
operator. Let F <— > M — > B be an oriented fiber bundle of closed manifolds, where F is assumed 
to be even dimensional. We choose a vertical projection and a vertical metric g v . Let V v be 
the associated connection on T V M, and let be the vertical signature operator defined by the 
vertical chirality operator. As in Proposition 13. 1 .41 we can view kerD+ and coker.D+ as (spaces 
of sections of) finite dimensional vector bundles over B. 

Definition 3.2.1. The index bundle associated to is defined by 

IndL>+ := [ker£>+] - [cokerL>+] G K°(B). 

Note that as we are considering only families of signature operators we do not need the 
beautiful construction for the case of varying dimensions as in [10] . The Chern character defines 
a map in ET-theory, 

ch : K°(B) ®C -> H CV (B). 
Then cohomological version of the families index theorem as in [10} Thm. 5.1] is 

Theorem 3.2.2 (Atiyah-Singer). The Chern character of the index bundle associated to the 
signature operator is given by 



ch(IndL>+) = [ ( L(T V M,V V )} G H CV (B), 



L JM/B 

where L(T V M,'V V ) is the Hirzebruch L-form ofT v M defined via Chern-Weil theory as in ()A.4|) 
in terms ofV v . 
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3.2.2 Super-connections and Associated Dirac Operators 

Quillen [M] introduced superconnections to study Chern-Weil theory for the Chern character of 
a difference bundle. We briefly recall the basic definitions, and refer to |13|. Sec. 1.4] and [M] for 
details. Let B be a closed, oriented manifold, and let E — ► B be a complex vector bundle. 

Definition 3.2.3. A differential operator A on £l°(B, E) is called a generalized connection on E 
if it satisfies the Leibniz rule 

A(a A 0) = da A + (-l) H a A A/3, 
where a £ $l'(B) and G Q*(B,E). The curvature of A is defined as 

A 2 G n 9 (B,End(E)). 

If E is ^-graded and A is of odd parity with respect to the total grading on Q'(B,E), then A 
is called a superconnection. 

Remark. 

(i) If E = E + © E~ is ^-graded, the total grading of £l'(B, E) referred to above is defined by 

U(B, E)± := n cv (B, E±) + n odd (B, 

This should not be confused with the grading Q^(B,E), induced by the chirality operator 
TB- 

(ii) The fact that the curvature A 2 is indeed given by the action of an element in Q' (S, End(-E)) 
works as in the case of a usual connection, see [131 Prop. 1.38]. 

(iii) A generalized connection A is determined by its homogeneous components 

A = A[ ] + A[!j + A[ 2 ] + . . . , 

where A [p] 6 ffl(B, End(£)) for p ^ 1 and A mi is a connection on E. In the case that A is 
a superconnection, the connection part Ami preserves the splitting E = E + © E~ . 

Definition 3.2.4. Let E be Z2-graded, and let A be a superconnection on E. Then we define 
the Chern character form of A as 

ch s (E,A) := str E (7exp(-A 2 )). 

Here, 7 : Q*(B) — ► Q'(B) is a normalization function, defined for forms of homogeneous degree 

by 

7(a) := (-y=)' a 'a, where y/i = e*. (3.15) 

The discussion in Appendix [A] generalizes to the case of superconnections. In particular, 
ch s (E, A) is a closed differential from on B whose cohomology class is independent of the super- 
connection A. Since the supertrace vanishes on endomorphisms of odd parity, one can also check 
that ch s (E, A) 6 Q ev (B, E). We also note that if A = V is a connection in the usual sense, which 
decomposes with respect to the splitting E = E + © E~ into V = V + © V~, then 

ch s (£,V) = ch(£ + ,V+) -ch(£-,V~), (3.16) 

where the right hand side is as in Definition lA.1.31 Then the main idea of [84] can be summarized 
as 
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Theorem 3.2.5 (Quillen). Let E —* B be a ^-graded Hermitian bundle over B. Let [E + ] — [E ] 
be the induced element in K°(B), and let A be a superconnection on E. Then 

ch([E + ] - [E~]) = [ch s (E,A)] G H CV (B). 

Generalized Clifford Connections and Dirac Operators. Whenever E is endowed with 
the structure of a Clifford module, one can associate a Dirac operator to a generalized connection 
A. Let 

a 1 : A*T*B -» Cl(T*B) 

be the quantization map. If c : C\(T*B) — > End(-E) denotes Clifford multiplication, we get a 
natural Clifford contraction 

n*(B,E) ^ C°°(B,C1(T*B)®E) ^ C°°{B,E). 

Since A maps C°°(B,E) to £l'(B,E), we can define 

D A := co a' 1 o A : C°°(B,E) C°°{B,E). (3.17) 

Clearly, this defines an elliptic operator of first order. In order for Z)& to be formally self-adjoint, 
we certainly have to require that the connection part Amj of A is a Clifford connection in sense 
of Definition 11.2.111 Furthermore, some condition has to be imposed on the other homogeneous 
components of A, which we derive now, see also |13|. p. 117]. For p ^ 1 and a local orthonormal 
frame {f a } for TB we can write locally 

A Ip] = hf ai A.-- A/"" AT 0l ... ap) with T ai „ Mp eC°°(B,End(E)). 
The contribution to is then given by 

where c° J is short for Clifford multiplication with f a i. For e,e S C°°(B,E) one computes that 

(c ai . . . c^T ai ... ap e , e> = (-If (e , T* x ap c ap . . . c ai e> 

p(p+i) , 

= (-l)^<e,^ 1 ... ap c ai ...c^e). 

This motivates the following 

Definition 3.2.6. Let £ be a Hermitian vector bundle. A generalized connection A is called 
unitary if its connection part is a unitary connection and if for p ^ 1 

p(p+i) 
A* b] = (-1) 2 A[p] . 

Here, taking the adjoint is meant with respect to the endomorphism part only. A is is called a 
generalized Clifford connection, if in addition, its connection part Ami is a Clifford connection, 
and if for p ^ 1 and £ G fi^B) 

A b] c(£) = (-1)P C (0A W , 
where again the product is to be understood in the endomorphism part. 
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The essential part of the following result is a consequence of the discussion preceding Definition 
13.2.61 The other claims are immediate. 

Proposition 3.2.7. Let E — > B be a Hermitian vector bundle endowed with a Clifford structure, 
and let A be a generalized Clifford connection. Then is formally self-adjoint and Dj^ is a 
generalized Laplacian. The symbol of A is given by Clifford multiplication c : T*B E —* E. If 
in addition E is Z2 -graded and A is a superconnection, then is ^-graded. 

Remark. As we have pointed out in Remark ll.2.121 not every Dirac operator arises as a geometric 
Dirac operator associated to a Clifford connection. However, it is shown in |X3|, Prop. 3.42] that 
there is a 1-1 correspondence between Clifford superconnections and Z2-graded Dirac operators 
with symbol being the given Clifford structure. Going through the proof of loc.cit. one sees that 
the same statement is true for ungraded Dirac operators and generalized Clifford connections as 
defined above. Note, however, that in contrast to [13], we require Dirac operators to be formally 
self-adjoint. 

3.2.3 The Families Index Theorem for the Signature Operator 

Generalizing Quillen's construction to infinite dimensional bundles, Bismut [14J found a heat 
equation formula for the Chern character form of the index bundle. We describe the setup 
briefly, again restricting to the case of the untwisted signature operator. 

Bismut's Superconnection. Let F M — » B be an oriented fiber bundle of closed manifolds. 
We choose a vertical projection, and let f2*(M) be the C°°(i?)-module of vertical differential 
forms. We formally interpret this as the space of sections of an infinite dimensional bundle S 
over B, where the fiber S y over y G B is given by the space of differential forms over ir^ 1 (y). 
Since this picture has only motivational character, we do not give any details of how this bundle 
of Frechet spaces is defined rigorously. We can then view the space of all differential forms f2*(M) 
as 

fi"(M) Q'(B, £), 

compare with (12.6f) . Proposition 12.1.151 shows that the total exterior differential c?m on Q°(M) 
splits as 

d M = d v + d h + i(n), (3.18) 
where with respect to any choice of metric gs in a local orthonormal frame {fa} for TB 

4 = f AV® W) = hf a A/ 6 Ai(O o6 ). (3.19) 

Recall that when restricted to 0*(M), the connection V® is defined as V„, see Definition 12.1.91 
We view the latter as a natural connection on the infinite dimensional bundle 6 Then 
(I3.18P and (13.190 express du as a generalized connection on $ with connection part V^. It is 
a superconnection with respect to the even/odd grading on Q*(M). In this interpretation, the 
property d M = states that dj^ is a flat superconnection on the bundle of vertical differential 
forms, an observation which is due to |19j Sec. Ill (b)]. For this reason, dM together with its 
interpretation as a superconnection is sometimes called the Bismut-Lott superconnection. 
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Definition 3.2.8. Assume that F w M — > B is endowed with a vertical metric g v and a vertical 
projection. Let V v be the associated canonical connection, and let D v be the vertical de Rham 
operator. With respect to any choice of qb and a local orthonormal frame {fa} on B define 

V''« := / a A (V2 + i^(/ a )) : n* v (M) -> ^"'(M), (3.20) 

where /ct, is the mean curvature form. Then, the Bismut superconnection is defined as 

B := \D V + V^' n - §c(fi) : f2*(M) -> fi*(M), 

where c„ denotes the vertical Clifford multiplication on 0*(iVf), and locally 

The Bismut superconnection naturally extends to an operator Q'(M) — > 0*(ikf), if we replace 
V v with V© in (ET20]) . For this note that for a G fP(£) and u G ^*(M), 

/ a A V® ((7r*a) A w)) = TT*(d B a) A cu + (-l) p vr*a A f a A V>. 

This relation also shows that replacing V v with V® is the same as extending B from D,'(M) = 
C°°(B,(o) to Q'(M) = 0,'(B,(o) by requiring the Leibniz rule. Moreover, we find that the term 
f a A V® is independent of the chosen metric gs, since this is true for the connection V v , see 
Proposition 12.1.31 

Remark 3.2.9. We want to point out that the definition of B can be motivated by an infinite 
dimensional version of Lemma 13.1.181 If we choose a vertical metric g v on T V M, we can view the 
pairing (., -)m/b m <|3.10|) as a metric on the bundle S '. As in Proposition 13.1.151 the connection 
part = f a A V„ of cIm is compatible with the vertical intersection pairing, but not necessarily 
with (., -)m/b- If we proceed as in Lemma [3.1.181 — using in particular (|2.9|) and (|2.15p — we see 
that the unitary connection associated to is given by 

r a v v a + \r a r v [vi t v ) = r a {v» a + b{u) + iuq) 

= fA(v:+iM/j). 

This is precisely the connection part V^ ,u of the Bismut superconnection. In order to get the 
unitary superconnection associated to d,M we proceed as in Definition 13.2.61 and replace the other 
homogeneous components d v and i(f2) of cIm with 

l(d v + dl) = \d v and |(i(n)-i(n)*) = -| Cu (n), 

which explain the remaining terms in the definition of B. 

Since Remark 13.2.91 is the underlying motivation for large parts of the treatment in this 
section, we extract the following result, adding some observations which are immediate. 

Proposition 3.2.10. The Bismut superconnection is the generalized unitary connection associ- 
ated to the flat superconnection du- It is a superconnection with respect to the even/odd grading 
on Q'(M). If the fiber is even dimensional, it is also a superconnection with respect to the grading 
induced by the vertical chirality operator t v . 
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Remark 3.2.11. In the context of the signature operator we are interested in the grading given 
by the vertical chirality operator. However, we get a superconnection with respect to this grading 
only if the fiber is even dimensional. In the case that the fiber is odd dimensional, one can turn 
B into a superconnection by adding an auxiliary Grassmann variable, see \18\ See's II (b) & (f)]. 
This is based on Quillen's ideas in the finite dimensional case as in [84} Sec. 5]. 

The Chern Character of the Bismut Superconnection. As in Definition 13.2.31 the curva- 
ture of the Bismut superconnection is defined as the differential operator 

b 2 : n'(M) -> n"(M). 

In analogy with the finite dimensional situation in Section 13.1.61 we cannot expect that the 
Bismut superconnection is flat. 

Proposition 3.2.12. The curvature o/B is a fiberwise elliptic operator. It is of second order 
with leading term given by the vertical Laplacian 

D 2 V : Q'(M,E) -> fi*(M, E). 

Proof. According to Definition 13.1-H we have to check first that B 2 is C°°{B) linear. For all 

y>ec°°(fl), 

PB,ttV] =e(ir*d B <p), 

and thus, 

[B 2 , tt>] = B o e(Tr*d B <p) + e{7r*d B <p) o B. 

Now, the operators D v , c v (£l) and f a Ak v (f a ) all anti-commute with exterior multiplication with 
a horizontal 1-form. Hence, 

[B 2 ,tt>] =f a AV®(7r*d B ^)=7r*4^ = 0, 

so that B 2 is indeed a fiberwise differential operator. Now, B 2 contains D 2 as term of second order 
but a priori there might be other contributions coming from (V^' - ") 2 and the anti-commutator of 
D v and V^' n . To see that this is not the case we note that V^ ,u agrees with dh up to a term of 
order 0. Moreover, we know from Corollary 12.1.161 that 

d\ = -{d v ,i(tt)} and {D v , d h } = {dl, d h }, 

where both terms are of order < 1, see Proposition 12 . 1 . 251 for the second term. This implies that 
(V^'") 2 and {D v , V^'"} are also of order < 1. □ 

Since fiberwise elliptic operators are intimately related to families of elliptic operators, the 
following version of Theorem ID . 1 . 71 should be plausible. We do not give a proof, referring to [13\ 
Thm.'s 9.48 & 9.51] for more details. 

Theorem 3.2.13. The operator e~ M ' 2 : Cl'(M) — > f2*(M) is a well-defined, fiberwise smoothing 
operators with coefficients in Q'(B). 

Using the fiberwise supertrace, this result allows us to study the Chern character of the 
superconnection B. To keep the motivational part of this section reasonably short we skip the 
discussion of the odd dimensional case and assume henceforth that the fiber is even dimensional. 
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Definition 3.2.14. Let F ^ M A B have even dimensional fiber F, and let g v be a vertical 
metric. We define the Chern character of the Bismut superconnection as 

ch s (<?,B) := Str„ (je" 1 ') G ST(B), 

where 7 is the normalization function as in f)3. 15|) . 

Transgression and the Rescaled Superconnection. One of Bismut's main observations in 
|14j is that ch s (<^,B) is the right candidate for the Chern character form for the index bundle as 
in Definition 13.2. 11 This becomes apparent when rescaling the vertical metric, see [141 Sec. Ill 
(c)]- 

For t G (0, 00) we rescale the vertical metric with a factor of t 1 . As in (| 1 .55 j) this means that 
Clifford multiplication with a vertical 1-form £ has to be replaced with 

<V(0 = Vi(e(£)-i(0), 

where inner multiplication is with respect to the fixed metric g v . Also, if {e^} is a local orthonor- 
mal frame for T V M with respect to g v , then {y/tei\ is orthonormal with respect to the rescaled 
metric. Since V" and k v are independent of t, this motivates the following 

Definition 3.2.15. For t G (0, 00) define the rescaled Bismut superconnection by 

B t :=^D v + V*' u -^ i c v (Q). 

Now, the infinite dimensional version of the transgression formula for the Chern character is 
the following, see [T3j Thm. 9.17]. 

Theorem 3.2.16. For all t G (0, 00), the differential form ch s (#, B^) is closed and satisfies the 
transgression formula 

|ch s ( < r ! B t )=- 7 d B Str, (^V B ?). 

Since this transgression form will be of importance in the next section, we make the following 
abbreviation. 

Definition 3.2.17. The transgression form associated to the rescaled Bismut superconnection 
is given by 

a(M t ):=^StrJ^e-^)^^(B). 

Bismut's Local Index Theorem for Families. With the above ingredients, we can now 
summarize Bismut's main results |144 Thm.'s 3.4, 4.12 & 4.16] in the case of the signature 
operator, see also [Ufl Thm.'s 10.21, 10.23 & 10.32]. 

Theorem 3.2.18 (Bismut). Let F M — > B be endowed with a vertical metric g v and a 
vertical projection, and assume that F is even dimensional. Then the rescaled superconnection 
Bf satisfies 

[ch s (<f,B t )] = ch(IndD+) G H ev (B). (3.21) 
Moreover, with respect to the C°°-topology on tt*(B) and for t — > 

limch s (^,B t ) = / L(T V M,V V ) and a(M t ) = 0(l), (3.22) 

J M/B 
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where L(T V M,X7 V ) is the Hirzebruch L-form of T V M with respect to the connection V v . In 
particular, 



ch s (<f,B t )=/ L(T V M,V V ) -d [ a(M s )ds. (3.23) 
Jm/b Jo 



Remark. 



(i) An immediate consequence of Bismut's local index theorem for families is Atiyah and 
Singer's earlier result as stated in Theorem 13.2.21 This is because (13.211) and (|3.23|) im- 
ply that 



h(Ind£>+) = [ f L(T V M,V V 
L Jm/b 



e H CV (B). 



(ii) We also want to remark that (13.211) is a generalization of the McKean-Singer formula in 
Theorem 11.2.61 In the case that B is a point, the term ch(IndL>+) coincides with the 
numerical index. On the other hand, e _B * = e~ tDv , since the higher degree terms in the 
Bismut superconnection vanish. Hence, if B is a point, the equation in (|3.2ip is equivalent 
to the usual McKean-Singer formula. 

To understand why (|3,2ip is related to the limit t — > oo also in higher dimensions, we sum- 
marize some results from [I3j Sec. 9.3]. Let -Pker(D„) De the projection $ — > ker D v , and define 

v .«,n . = Q v s%u Q p kcr{Dvy (3.24) 

According to Lemma [3 . 1 . 1 8 1 and Proposition 13.2.101 the connection V*^"" is a unitary connection 
on the bundle J^(M) —* B, compatible with the grading given by t v . We can thus define the 
associated Chern character form ch s (jtffJ(M), V^'") as in (|3.16p . Then there is the following 
result, see pH Thm.'s 9.19 & 9.23]. 

Theorem 3.2.19 (Berline-Getzler-Vergne). With respect to the C 00 '-topology on £l*(B) and for 

t — > CXD 

lim ch s (<f,B t ) = ch s (jf;(M),V*' M ), and a(B t ) = 0(t~ 3 / 2 ). 

In particular, 

/CO 
a(M s )ds. (3.25) 

It is immediate from 

Definition [32H the definition of V'^'" and (j37[6j) that 

[ch, (J^(M),V^' U )] =ch(Ind J D+). 

so that (|3.25p is an extension to differential forms of (|3.2ip , and explains why the latter is related 
to taking the limit t — > oo. 

Remark. We want to point out that Theorem 13.2.191 holds for more general superconnections 
but relies on the fact that the dimensions of the kernels of its homogeneous component of degree 
do not jump. In contrast, Theorem 13.2.181 continues to hold without any assumption on the 
kernels but only for the Bismut superconnection associated to a family of Dirac operators. 
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3.3 A General Formula for Rho Invariants 
3.3.1 Transgression and Adiabatic Limits 

We now want to relate the discussion in the last section to adiabatic limits of Eta invariants and 
give a motivation for Dai's general adiabatic limit formula. A large part of this subsection will 
be heuristic without rigorous arguments. We hope that nevertheless, our discussion helps to give 
some intuition underlying the sophisticated theory. 

Statement of the Reduced Adiabatic Limit Formula. Let F M —> B be an oriented 
fiber bundle of closed manifolds, where M is odd dimensional. Since this section has only mo- 
tivational character, we assume for simplicity that F is even dimensional and that B is odd 
dimensional. We endow the fiber bundle with a vertical projection and a submersion metric 
9 = 9b © 9v Let a(M t ) be the transgression form associated to the rescaled Bismut supercon- 
nection, see Definition 13.2.171 Theorem 13.2.181 and Theorem 13.2.191 show that a(B^) = 0(1) as 
t — » and a(Mt) = 0(i~ 3 / 2 ) as t —* oo. This implies that we can make the following definition, 
which goes back to [16] . 

Definition 3.3.1. If F is even dimensional and B is odd dimensional, we define the Bismut- 
Cheeger Eta form 

poo 

r}:= / a(M t )dt. 
Jo 

Now let g £ be the adiabatic metric (|2.16p on M, and consider the associated adiabatic family 
of de Rham operators, 

D M ,e = D v + e-D h + e 2 -T :W{M)^ fi'(M). 

Moreover, recall that in Definition 13.1.161 we have introduced the odd signature operator on B 
with values in the bundle of vertical cohomology groups, 

D B ® : fl 9 (B,JC(M)) -» W{B,JC(M)). 
Then we have the following version of [30|. Thm.'s 0.1 & 4.4]. 

Theorem 3.3.2 (Dai). Assume that b := dimi? is odd and that dim.F is even. Then the adiabatic 
limit of the reduced (^-invariant is given by 

lim£(T M .D M , £ ) =f(D B ®V-*) +2^ / L(TB,V B ) Ar] mod Z. 

J B 

This formula has a long history which started with Witten's famous holonomy formula in 
|97j . The first mathematically rigorous treatments were given by Bismut and Freed in [18] as 
well as Cheeger in [26], both for the case that B = S . Bismut and Freed emphasize the relation 
to Bismut 's local index theory, whereas Cheeger gives an independent proof based on Duhamel's 
formula and finite propagation speed methods. Later in [16J, Bismut and Cheeger generalized 
the adiabatic limit formula to higher dimensional base spaces under the assumption that the 
vertical Dirac operator is invertible. Note that in this case the twisted Eta invariant on the base 
does not appear. Dai's remarkable generalization in [30J allows the vertical Dirac operators to 
have non-trivial kernels — which, however, need to form a vector bundle over B. This is why his 
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result applies in particular to the odd signature operator. We will state Dai's result in its full 
generality below, see Theorem 13.3. 101 

The Total Dirac Operator. For the rest of this subsection we want to give a heuristic derivation 
of Theorem 13.3. 2i Recall that we have seen in Theorem 13 . 2 . 1 61 that the form a(Bj) plays the role 
of the transgression form associated to the Chern character of the superconnection B^. The rough 
idea is now that the adiabatic limit formula of Theorem 13.3.21 is an infinite dimensional analog of 
the variation formula for the Eta invariant as in Proposition 11.5-H respectively Corollary 11.5.21 
This idea does not apply directly to the adiabatic family of odd signature operators, and as 
a tool we have to introduce another natural Dirac operator acting on Q*(M). Let c : T*M — ► 
End (A*T*M) denote the natural Clifford structure, and define a connection on A'T*M via 

V 5 := V e + ±c(0), 

where 8 is the tensor as in Definition 12.1.61 One easily checks that V s is a Clifford connection 
as in Definition 11.2.111 see e.g. \13\ Prop. 10.10]. 

Definition 3.3.3. The total Dirac operator Dg on M is the geometric Dirac operator associated 
to V 5 , 

D s = coV s : fi'(M) -> fi"(M). 

Remark. We recall from Lemma 12.1.191 that on A'T*M, the difference of the Levi-Civita con- 
nection V 9 and the connection V® is given by 

V' = V® + !(c(0)-c(0)), 

where c is the transposed Clifford structure. Therefore, the total Dirac operator Ds does in 
general not coincide with the de Rham operator Dm- 

Relation to the Bismut Superconnection. As in Section [3.2.31 we interpret 0*(M) as the 
space of differential forms on B with values in the infinite dimensional vector bundle $ — ► B of 
vertical differential forms. Then the total Dirac operator is a differential operator 

D s : Q'(B, S~) Q'(B,£). 

Using the local description (|2.5|) for the tensor 9, one then checks that with respect to a local 
orthonormal frame {f a } for TB, 

D S = D V + c a Vf - lc a c b c v (fl ab ), (3.26) 

where V^'" is defined as in (|3.20p . The fact that the terms appearing in this formula are remi- 
niscent of the terms appearing in the definition of the Bismut superconnection seems to be one 
of the main ideas which lead Bismut to the definition of B, compare with |15[ Thm. 2.24] and 
[141 Sec. V]. We want to make this relation more precise now. 

In the interpretation of Proposition 13.2.101 the Bismut superconnection is a superconnection 
on A*T*B (g) £ '. Comparing with Definition 13.2.61 one finds that it is a Clifford connection with 
respect to the Clifford structure induced by c : T*B — > A'T*B. Now formally using (|3.17p . we 
can associate a Dirac operator to this, which is locally given by 

±D v + c a Vi> u -\c a c b c v (n ab ). 
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Up to factors of 5, this is coincides with (|3.26p . Hence, the total Dirac operator is essentially 
the Dirac operator on Q?{B,£) associated to the Bismut superconnection. To state the relation 
more precisely, consider a metric of the form gs © \g v , where t G (0, 00), and let D$,t be the 
associated total Dirac operator. As in the discussion preceding Definition 13.2.151 one infers that 

D s>t = VtD v + c a Vi' u - ^ c a c b c v (Q ab ). 
Then we have as in [13, Thm. 10.19] 

Proposition 3.3.4. Consider the Dirac operator on £l'(B,£) associated to the rescaled Bismut 
superconnection B| on A'T*B (g) $ , i.e., 

D Mt := c o a 1 o M t : ST(B, S) -> ST(B, S) 

Then, under the identification 0*(M) = Q'(B, we have D® u = Dg,t- 

Remark. 

(i) The factor 4 occurs because we have defined the Bismut superconnection in a slightly 
different way compared to [13] • This is because we wanted Proposition 13.2.101 to hold 
without any constants appearing in B, see also |19} Rem. 3.10]. 

(ii) We also want to stress that Proposition 13.3.41 — in the same way as Proposition 13.2.101 
earlier — is more a formal interpretation than a mathematical statement. Nevertheless, this 
helps in understanding some of the ideas underlying the technicalities of local families index 
theory. 

Variation of the Eta Invariant of the Total Dirac Operator. After having introduced the 
total Dirac operator and its interpretation in term of the rescaled Bismut superconnection our 
aim is now to give a heuristic explanation of Theorem 13.3.21 in the case that the adiabatic family 
of de Rham operators is replaced with a corresponding family of total Dirac operators. 

We first note that since Ds,t is a path of formally self-adjoint elliptic operators of first order 
on 17* (M), the general variation formula for the ^-invariant in Proposition ID.2.31 shows that 

£(T M A?,to) - ^mDsm) = f 1 4= LIM yfc Tr \ TM ^ e - uD h] dt mod Z, (3.27) 

Jto V 71 " 1 ' J 

where LIM u ^o means taking the constant term in the asymptotic expansion as u — > 0. Given 
the interpretation of Proposition 13.3.41 we now formally apply Proposition 11.5.81 to the case at 
hand and get 



' LLMv^Tr 

7T U— >0 



dD s .t -uD 



-2^ I L(TB,X7 B ) ATr„ L^L (^f e^)] (3.28) 
[ L(TB,V B ) Aia(B 4t ). 

JB 
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Remark. Note that in contrast to Proposition 11.5.81 we are not only in the situation that the 
twisting bundle S is infinite dimensional, but are also dealing with a path of superconnections 
rather than usual connections. This requires special considerations already in the case of a finite 
dimensional twisting bundle, see [461 Sec. 2]. 

Despite this apparent lack of mathematical rigor, we assume for the rest of this motivational 
part that the formula in (|3.28[) is valid. 

The Limit as t — ► oo. Note that for the total Dirac operator, the component c a vf is the 
analog of the horizontal de Rham operator in Definition 12.1.231 In analogy to Definition 
13.1.161 we thus define an operator 

D B «V*' tt :n , (B ) <(M))^fl , (B i ^W), 

D B ® V'^' u := P ker Dv o t m (c a Vf >") o P ker Dv , 

compare with (I3.24p . Then the remarkable result [301 Thm. 1.6] guarantees the following 

Theorem 3.3.5 (Dai). Abbreviate Ds )0 o '■= Db <8> V^' n . Then, for N large enough, there exist 
positive constants C\ and C2 such for all s > as t — > 00 



Tr' (r M D s ,te- sU ^) - Tr (D S)0O e- 5 ^.» 



~ Vis N 



Here, Tr' indicates taking the trace over those eigenvalues of D$,t which are bounded away from 
as t — > 00. 

It is shown in [301 Thm. 1.5] that there are only finitely many eigenvalues of D$,t which 
converge to zero as t — > 00. We also note that the formulation in [30] is slightly different from 
what is stated here. This is due to the fact that we are using a different scaling and a different 
parameter, see Remark 13.3.81 (iii) below. For the time being, we only use that — very roughly — 
Theorem 13.3.51 means that 

lim £ (r M D S)t ) =£{D B ®V^< U ) mod Z. 

t— >oo * ' 

Together with (|3.27p and (|3.28p we arrive at the following heuristic formula 

£(t M D S ) = i{D B ® V^'") + 2^r J L(TB,V B ) A J 4a(M it )dt mod Z. (3.30) 

The Adiabatic Limit Formula for Ds- To understand how an adiabatic limit comes into 
play, we consider a metric of the form 

9e,t = jz9B © j9v 

Let Ds, £ ,t be the associated total Dirac operator. Since multiplying g £it by does not change 
the ^-invariant, we have 

t{D 8 ,e,t) =Z{>/ZDs, e ,t). 

We note that explicitly, 

sfeDs^t = s/7tD v + v^ 3 c a Vf < u - ^= c a c b c v {Vt ab ). 
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As we have seen in Section II. 5\ the proof of Proposition 11,5.81 uses Getzler's rescaling by y/u. 
Since (|3.28l) is a formal transition to the case at hand, it is reasonable to expect that the same 
rescaling is involved there. Without going into detail, we note that using the rescaling V ue 3 
instead, one formally obtains 

-^LIMv^lV [r M ^§^ e - uD s.e.*l =2^ / L(TB,V B ) A4ea{M 4et ). 
VVT u-,0 l at j j b 

Inserting this in (|3.30p and substituting s = 4et, we arrive at 

t[T M D s , £ ) =i[D B ®V^ u ) +2^ [ L{TB,X7 B ) A [ a(M s )ds mod Z, (3.31) 

JB J4e 

where we have used that the term £(D B <g> V*^" u ) is independent of e. This is because Db®^^ v ' u 
is an operator over B and rescaling the full metric does not change the ^-invariant. Now letting 
e — > yields the analog of Theorem 13.3.21 for the total Dirac operator Dg t£ . 

Remark. We want to point out again, that our considerations leading to (|3.31|) are heuristic 
and have no rigorous mathematical foundation. In fact, we do not even expect (|3.27p . (|3.30p and 
(|3.3ip to be correct without any changes. However, it would be interesting to find estimates on 
the correction term in (|3.3ip along the line of thoughts we have presented to give an alternative 
proof of Theorem 13.3.21 for the total Dirac operator. 

Relation between Ds, £ and Dm,e- What is still missing in our heuristic explanation of 
Theorem 13.3.21 is why we can replace Ds, e with Dm& and Db <8> V"^ v ' u with Db <8> V v . First of 
all, the relation between the latter two operators fits exactly into the framework of Section [3.1.61 
In particular, Theorem 13. 1.201 yields that 

£(D B ® V^'") = £(D B ® V^) mod Z. 

Formally, the relation between D$ )£ an d Dm,e is an infinite dimensional analog of the same 
situation, where the odd signature operator tmDm,c plays the role of D b <8> V, whereas tmDs, £ 
is an analog of the operator Db® V", compare with Lemma 13 . 1 . 1 9 1 and Proposition 13.2. 101 Then 
the heuristic analog of Theorem 13.1.201 is that we can make the required substitution in Theorem 
13.3.21 For a technically precise explanation, see [301 P- 304] and [17, p. 374]. 



3.3.2 Dai's Adiabatic Limit Formula 

After this heuristic digression, we now want to state Dai's general adiabatic limit formula for 
the Eta invariant of the odd signature operator in its full generality. From now on we will also 
include the case that dimi? is even and dimF is odd. Hence, we first need the analog of the 
Bismut-Cheeger Eta form in Definition 13.3.11 for the case of odd dimensional fibers, see |16^ Def. 
4.93 & Rem. 4.100]. 

Definition 3.3.6. Assume that dimi 7 is odd and dimB is even, and let Bj be the rescaled 
Bismut superconnection as in Definition 13.2.151 Then we define 

1 /*oo 

?:=-7=/ lTr^[r v ^e- v f]dte^(B), 
v 71 " Jo 

where 7 is the normalization function as in (13. 15H . and Tr^ v indicates taking the even form part 
of Tr v . 
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Remark. 

(i) The vertical chirality operator enters in Definition 13.3.61 since in contrast to [16] we are 
dealing with the operator tmDm rather than the spin Dirac operator. Nevertheless, Tr„ or v 
should not be viewed as a supertrace, since in the case that dimF is odd, r v commutes 
with vertical Clifford multiplication. 

(ii) The fact that the integral defining rj is indeed convergent relies on the odd dimensional 
analogs of the small and large time behaviour of a{S>t) i n Theorem 13.2.181 and Theorem 
13.2.191 i.e., 

TV- [ r ^e- B ?] = 0(1) as t 0, Ttf [r^e^] = 0(t" 3 / 2 ) as i ^ oo. 

It is difficult to find an explicit proof in the literature, since the treatment is usually in 
the superconnection formalism which does not apply to the operator in question. However, 
as pointed out in Remark 13.2.111 one can overcome this difficulty by introducing an extra 
Grassmann variable to turn Bj into a superconnection of the required form, see again [181 
See's II (b) & (f)], and also [251 Sec. 5.2.2] for additional remarks and references. The 
reader who feels uncomfortable with this can equally well consider 

?j{s):=— 7 Tr c /[r^e- B ?]m, Re (s) large, 
V 71 " J 

and define the Eta form as the constant term in the Laurent series around s = of the 
meromorphic continuation. Then the whole discussion to follow goes through with only 
minor changes — the sole problem being a more awkward notation. 

(iii) In contrast to the case that F is even dimensional, the Bismut-Cheeger Eta form is now a 
differential form on B of even degree. One easily checks that the degree term is given by 

1 r°° 

r) [0] = —= / u- 1 ' 2 Tr v [r v D v e' uD "] ds, 
^v 71 " Jo 

where we have substituted 4u = t. Hence, if B° v = t v D v \qc V ^ m ^ is the family of vertical 
odd signature operators, we see that 

V[0]=v(BT)eC^(B), (3.32) 

which is the function that associates to each point y £ B the Eta invariant of the fiber 
7r _1 (y). Note that we have used (|1.38j) which is possible since B^ Y is a family of geo- 
metric Dirac operators so that the Eta function can be defined without making use of a 
meromorphic extension. 

Preliminary Adiabatic Limit Formula. The starting point for the rigorous treatment of the 
adiabatic limit formula is [301 Prop. 1.4], which in the case of the odd signature operator reads 

Proposition 3.3.7 (Dai). Let D £ be the family of de Rham operator associated to the adiabatic 
metric (|2.16p . Then there exists a small positive number a such that 

lim7](T M D £ ) = 2^] +1 I L(TB,V B ) Arj + lim 4= f u' 1 / 2 Tr \T M D £ e~ uD ^] du, 

provided either one of the limits exists. 
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Remark 3.3.8. 

(i) Dai deduces Proposition ^, 3. 71 from the main result in [16] which — translated to the situation 
at hand — gives an explicit formula for 

limTr[r MJ D £ e- uD '], 

together with remainder estimates, which are uniform in e for compact u-intervals, see 
(4.40)]. We want to point out, that Bismut's and Cheeger's proof is rather involved, one 
difficulty being the presence of the term Tr \TM£Df l e~ uDe ] , which behaves "singular" with 
respect to Getzler's rescaling, see [161 Rem. 3.4]. This part should simplify if one could 
find a proof along the lines of the heuristic discussion in Section 13.3.11 

(ii) Note that for the odd signature operator, we already know from Proposition 12.2.81 that the 
limit on the left hand side in Proposition 13.3.71 exists. By comparison with Theorem 13.3.21 
we see that the second term on the right hand side will produce the twisted Eta invariant 
of the base as well as the integer contribution which we omitted so far. 

(iii) To relate this term to the discussion in Section 13.3-H we substitute s = e 2 u, which corre- 
sponds to rescaling the metric g £ to £ 2 g £ - Then 

/ u- 1 / 2 Tr[T M D £ e~ uD *]du= s~ 1 ' 2 [r M (\D £ )e~ s ^ D ^]ds. 
■I ° J •' " 

We now note that if we rename \[t = e" 1 , then \T) £ becomes 

VtD {Vlyi = ViD v + D h + -far. 

where the individual terms are defined as in Definition 12. 1.231 This means that the operator 
-D e plays essentially the role of the operator Ds,t m the discussion of Section [3.3.11 and 
that taking the limit e — > on the right hand side in Proposition 13.3.71 is related to the 
limit t —* oo in our heuristic explanation of Theorem 13.3.21 We also note without giving 
the details that this also explains why Theorem 13.3.51 as we have stated it is indeed a 
reformulation of [30[ Thm. 1.6]. 

Behaviour of Small Eigenvalues. The limit on the right hand side of the formula in Propo- 
sition 13.3.71 is closely related to eigenvalues of tmD £ which approach zero as e — > 0. This is 
roughly because of their presence, there is no uniform bound of the form Ce~ cu for the term 
Tr [T M D £ e- uD c] as e -> for large u, compare with Lemma lD.2.11 The following result provides 
the essential analysis of the spectrum of D £ as e — * 0, see [30 \ Thm. 1.5]. 

Theorem 3.3.9 (Dai). For e > the eigenvalues oJtmDe depend analytically on e. There exist 
analytic functions {A* |i G Z} such that spec(rM-D £ ) = Uiez K: f or a ^ £ > 0. Moreover, the 
functions A| have the following properties. 

(i) There exists a positive constant Xq such that either for some Eq 

|A*|>A >0, fore<e , 
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or A* has a complete asymptotic expansion 

k>l 



as e 



0, 



where fj\ G spec (-Db <8> V^), see Definition ] 3. 1.1 (A The latter gives a bijective correspon- 
dence 

|A £ G spec(r A/ L> £ ) A £ = 0(e) as e -> o| spec (£> s (g> V*^). 



(ii) issame t/iai A* = 0(e) as e 
estimate of the form 



(iii) For every K > 0, 



At 



« G 



0, and t/iai //^ 7^ 0. Taen i/iere is a uniform remainder 
\C{e)\ < const. 



/ile + e 2 0(e)(^) 2 , 



A! 



0(e) as e — > 0, and < < 00. 



Remark. As one might expect, the proof of Theorem l3.3.9l in |30j relies on standard perturbation 
theory as in [56], and this part is in fact not very difficult. However, to prove that the eigenvalues 
have a complete asymptotic expansion, Dai makes use of Melrose's theory of degenerate elliptic 
problems as used in [66] . We refer to [301 Sec. 2] for more details and references. 



The General Adiabatic Limit Formula. For r G N define 



A(e r ) := {A e G spec(r M -D £ ) | A £ = 0(e r ), as e -> 0}. 



(3.33) 



Note that part (iii) of Theorem 13.3.91 shows that $A(e r ) < 00 for all r > 2. Then Dai's main 
results can be stated in the following way, see [301 Cor. 1.6 & Prop. 1.8]. The formal but 
illuminating outline of the proof in |30[ p. 275] is also recommended. 



Theorem 3.3.10 (Dai). With the notation of Proposition \3~3~7 
1 



lim 

£^0 -v/7T 



u-^Tr [T M D E e- uD ']du 



rj(D B ® V*^) + lim ^ sgn(A, 



A £ eA(e 2 ) 



In particular, 



lim ti(tmD £ ) 

£— >0 



r 6+1 1 



L(TB,V B )Al] 



B 



+ n(D B <g> V^) + lim V sgn(A e ). 

e^0 * — ' 



A e eA(e 2 ) 

This separates the computation of the adiabatic limit of the Eta invariant on the total space 
of the fiber bundle into three terms, which are all of a very different nature. Intuitively, the first 
term contains global information about the fiber, but is local on B. The second term is global 
on the base and contains cohomological information about the fiber. The third term is global on 
both, the base and the fiber. It fits into the heuristic discussion of Section [3.3.11 as an analog of 
the spectral flow term in Corollary 11.5.21 Following again [30 1, we will see in the next subsection 
that for the odd signature operator, this term is expressible in completely topological terms. 
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3.3.3 Small Eigenvalues and the Leray Spectral Sequence 

Let A e be the Laplace operator associated to an adiabatic metric g £ on an oriented fiber bundle 
F <— > M —* B of closed manifolds. In [66], Mazzeo and Melrose analyze the space of harmonic 
forms Jif'(M) = ker(A £ ) as e -> 0, and show that it has a basis which extends smoothly to 
e = 0. Using a Taylor series analysis to determine which forms lie in this limiting space, they 
find a Hodge theoretic version of the Leray-Serre spectral sequence. We review the result briefly, 
and refer to [66] as well as [41] and [301 Sec. 4.2] for details. As in the latter reference, we re- 
strict to the odd dimensional case and use the formulation in terms of the odd signature operator. 

The Hodge Theoretic Spectral Sequence. Assume that dimM is odd. For A(e r ) as in 
(|3.33p we define 

G Me r ) := ^2 ker (t m D £ - \ £ ). 

A e eA(e<-) 

We view this as a family of subspaces of £l'(M), parametrized by e E (0, oo). Note that Theorem 
13.3.91 implies that for r > 2 each Gj^ur) is finite dimensional. Now the analysis of [66] adapted to 
the case at hand yields the following, see |30^ Thm. 0.2 & Prop. 4.2]. 

Theorem 3.3.11 (Mazzeo- Melrose, Dai). For r > 2 the family Gu e r\ depends smoothly on e 
down to e = 0, i.e., there exists a smooth family of orthonormal bases for G^^, parametrized 
by e G (0, oo), that extends smoothly to e = 0. One can then define 

G r : = limG^r), d r : = lime~ r d £ : G r — > G r , (3.34) 

where d e = d v +edh+e 2 i(f2). This defines a spectral sequence that is isomorphic to the Leray-Serre 
spectral sequence, i.e., 

(G r ,d r )^(E*'*,d r ), r>2. 

Remark. 

(i) Note that the spectral sequence (G r , d r ) is not defined as a spectral sequence associated to 
a filtered complex as in (|3.9p . Nevertheless, as subspaces of Q'(M) = p QP' q {M), the 
spaces G r are naturally bigraded. 

(ii) Since we are working on 0*(M) with the fixed reference metric g we are using the modified 
de Rham differential d e , compare with Remark 12.2.61 

(iii) It is immediate that each d £ maps Gu E r\ to itself, since d £ commutes with tmD s . However, 
note that for an element tu £ of a basis of Gu E r\ as in Theorem 13.3. 11| one has 

(t m D £ )uj £ = \ £ uj £ = 0(e r ), as e -> 0. 

Since tmD £ = Tud £ + d £ TM, this implies that d £ to £ = 0{e r ) as well. This should serve as a 
motivation for the factor e~ r in (I3.34|) . 

The case r — 1. Because of the extra difficulty which arises from the fact that Ga(e) 18 n °t 
finite dimensional the case r = 1 is excluded from Theorem l3.3.111 Nevertheless, for motivational 
purposes, we now want to make a formal digression on this case, since it might give an idea of 
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the mechanism lying behind Theorem 13.3.111 For a rigorous treatment, we refer to |66t Sec.'s 3 
k 4]. 

Let A £ be a family of eigenvalues of tmD e , which is of order e as e — > 0. Since for e £ 
(0,oo), the family tmD £ depends analytically on e, standard perturbation theory ensures that 
A £ depends analytically on e and that there exists an analytic family of eigenforms lo £ £ f2*(M) 
with eigenvalue A e . We now assume without justification that A £ and lo £ extend analytically to 
[0, oo) so that we can write 

A £ = ^k^ k i and ui £ = ^^cjfce fc , as e — > 0. 

k>l k>0 

From Definition 12.2.71 we know that 

t M D £ = r M D v + sr M D h + e 2 T M T : W(M) -> ft*(M). 
Then comparing e-powers in the identity {tmD £ )uj £ = \ £ u £ one finds that 

D v u = 0, t m (D v uji + £>hWo) = Almo- 
in particular, loq € ker(Z?„) = Q'(B, J^'{M)^ and thus also d v u>o = 0. Then the second equation 
yields 

P kcr(i\,)-L (tm(A,wi + D h u )) = 0. (3.35) 

On the other hand, when we compare e-powers in the identity (tm(1 £ uj £ , cI £ tmuj £ ) l2 = 0, we can 
deduce that 

(tm<1 v UJi + TMd h Uo , d v T M iOi + d h TMUo) L 2 = 0. 

Using this and (13.351) one infers that 
Hence, 

lim e~ 1 d £ uj £ = lim e -1 (d„u;o + e{d v u)\ + dhOJo) + e 2 (. . .)) = d v uj\ + dhOJo 

This shows at least formally that the construction of Theorem 13.3.111 extends to the case r = 1 
and gives 

G x = n*(B, Jt£{M)) , di = P ker{Dv) o 4- 
Now Proposition 13.1.131 shows that via the Hodge-de-Rham isomorphism, 

(Cn,di) = (Q p (B,H'(M)),dh), 

with the differential d/, on Q, p (B, H*{M)^ associated to the flat connection V Hv , see Definition 
13.1.101 According to Lemma [3.1.121 this means that (Gi,d\) is isomorphic to the Si -term of the 
Leray-Serre spectral sequence of the fiber bundle. 

Remark. In principle, one could now continue and give a formal derivation of Theorem 13.3.111 
along the lines just presented. However, already in the case r = 2, the Hodge theoretical expres- 
sion of the differential becomes very unpleasant. Therefore, we end the digression and refer to 
[661 130] l4Tj for more details. 
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We also want to point out that Theorem 13.3,111 will not be explicitly used later on. Yet, we 
have included the above discussion to motivate why it is reasonable to expect that the term 

lim ^2 sgn(A e ) 

£ ^ A £ eA(e 2 ) 

appearing in Dai's general adiabatic limit formula has a topological interpretation in terms of 
the Leray-Serre spectral sequence. We shall make this more precise now. 

Multiplicative Structure on the Leray-Serre Spectral Sequence. From now on we also 
incorporate a flat twisting bundle E over M with connection A. The entire treatment of Section 
13.31 carries over verbatim; we have omitted it so far only for notational convenience. However, 
in the discussion to follow, there are some small distinctions to be made. We use the notation 
(E^'r , dA, r ) for the spectral sequence associated to the flat bundle, and reserve the notation 
(E*'',d r ) from (13. 9ft for the spectral sequence associated to the trivial connection. 
Recall that there is a multiplicative structure of the form 

which is canonically induced by the wedge-product and the metric h : E (8) E — > C on the bundle 
E, see |22l PP- 174-177], [67l Thm. 5.2] or [33l Thm. 9.24]. For brevity, we introduce the 
notation 

p+g=k 

Then the differential and the multiplicative structure satisfy the relation 

dr(u-Tj) = d A , r (u;)-ri + (-l) k u-dA,r(ri), ueE\ r , rj € E l Ar . (3.36) 

Denote m = dimM and b = dimB. Since we are assuming that the fiber bundle is oriented, 
the bundle H™~ b (M) — > B is trivializable, where each vertical volume form gives a canonical 
trivialization. We then have 

E™ = E b 2 ' m ~ b = H b (B, H™~ b (M)) ^ C, , 

where a natural basis £2 £ E™ is induced by any volume form on M. Since M is closed H m (M) = 
C, which implies that E™ for all r > 2. Moreover, as the isomporphism H m (M) = C is also 
canonically induced by any volume form on M, we obtain natural bases £ r for all E™ with r > 2. 
Using the multiplicative structure on E^' r , we can thus define a natural pairing 

Qa,t : E% r x E%~ k C, (3.37) 

by requiring that 

Qa,t(uj, r])£ r = uj-ri, for all (u, 77) G E\ >r x E%~ k . 

Remark. Due to the presence of the pairing E x E — > C in its definition, the pairing (|3.37p is 
complex anti-linear in the first variable. For even dimensional manifolds, the above pairing has 
been analyzed already by [27] in the context of the signature of fiber bundles. 
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As in \30\ Sec. 4.3] we now define the analog for the odd dimensional case, 

P A>r : E\ r x E™~ k ~ l - C, PA,Mri) := Q A ,r{^ d ArV)- (3.38) 

Lemma 3.3.12. Let uj G £^ >r and r\ G T/ien 

P^r?) = (_i)(fc+D(— fc)p Ar(r?)W ). 

In "particular, ifk = then Pa,t is Hermitian ifm = 4n — 1 and skew Hermitian ifm = 4n — 3. 

Proof. Since Ey 7, = C for each r > 2 it follows that d r \ E m-i = 0. Then (|3.36|) implies that 

QA,r{u,dA,rV)Cr = U ■ dA,rV = (~ (^,r w ) " ^ 

= (-i) (fc+1)(m - fc) gZ^MZ^Ier. 

This implies the first assertion. Setting k = m J , the exponent becomes (^g-^) 2 , which yields 
the second assertion. □ 

Dai's Correction Term. Using the pairing Pa,t introduced in (|3.38p . we now come to the 
topological interpretation of the third term in the general adiabatic limit formula of Theorem 
13.3.101 

Definition 3.3.13. For each r > 2 we define 

a A , r ■= Sign (P A , r ■■ E^ r x E^r ^C), with k := **=±, 

where as before the signature of a skew form is defined as the number of positive imaginary 
eigenvalues minus the number of negative imaginary ones. Moreover, we write 

(J A ■= y^Q-A,r- 

r>2 

Note that the sum defining a a is finite since the spectral sequence collapses after finitely 
many steps so that for large r the number o~a,t is always 0. This is due to the presence of the 
differential dA,r in the definition of Qa,t- Now we can state |30t Thm. 4.4]. 

Theorem 3.3.14 (Dai). Let E be a flat Hermitian bundle with connection A over the odd 
dimensional total space of an oriented fiber bundle F M — > B of closed manifolds. For any 
adiabatic metric on M , let Ka{£ 2 ) be defined in analogy to (|3.33[) with respect to the operator 
T M F) a,e ■ Then 

e^O — * 

A £ 6A A ( £ 2) 

Consequently, the following adiabatic limit formula holds 

lim v{B e Ae) = [ L(TB, V B ) /\r} A + \r,(D B ® V^») + a A . 

Jb 

Here, ff A G £l'(B) is defined in analogy to the untwisted case in Definition \3. 3.1\ respectively 
Definition ^. 3. 61 
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Note that we have divided the adiabatic limit formula in Theorem 13.3.101 by a factor of 2 to 
get the corresponding formula for the odd signature operator, see Remark 11.4.41 

An Adiabatic Limit Formula for the Rho Invariant. An immediate consequence of Theo- 
rem 13.3.141 is the result we were aiming at in this section. In analogy to Definition 11.4.61 we first 
make the following 

Definition 3.3.15. Let E be a flat bundle of rank k with connection A over the odd dimensional 
total space of an oriented fiber bundle of closed manifolds. For every submersion metric, we define 
the Bismut- Cheeger Rho form as 



tially two copies of a usual odd signature operator, see Remark [3.1.17l (ii). Now an immediate — yet 
interesting — consequence of Theorem 13.3.141 and Corollary 12.2.91 is 

Theorem 3.3.16. Let E be a flat Hermitian bundle with connection A over the odd dimensional 
total space of an oriented fiber bundle F M — » B of closed manifolds. Then with respect to 
every submersion metric 



where a a and a refer to Dai's correction term as in Definition VJ.'J.l^, 

3.4 Circle Bundles Revisited 

We now want to use Theorem 13.3.161 to compute the U(l)-Rho invariant for principal circle 
bundles over Riemann surfaces thus giving a different proof of Theorem 12.3.181 Related results 
are due to Zhang [98] and Dai-Zhang [32J. In the first reference, the case of the untwisted spin 
Dirac operator for circle bundles over general even dimensional spin manifolds is studied, see 
also |5H Sec. 3 a)]. Dai and Zhang use the main result of [S5] and a computation of the Eta 
invariant for the untwisted odd signature operator to determine the Kreck-Stolz invariant for 
circle bundles. We want to point out that the strategy in [32] for the untwisted odd signature 
operator is to apply the signature theorem for manifolds with boundary to the disk bundle 
associated to the given circle bundle. Related discussions can be found in \\.\\ 163] . However, 
this approach does not carry over to non-trivial flat twisting bundles, since one would need an 
extension to a flat bundle over the disk bundle, see also Remark 11.4.81 (iv). In this respect our 
strategy is of a purely intrinsic nature. 

The Bismut-Cheeger Rho Form. As in Section 12.31 let £ be a closed, oriented Riemann 
surface of unit volume, and let S 1 ■—>■ M — > £ a principal S^-bundle over S of degree / I £ Z. 
Choose a connection im E Q 1 (M,iR) on M, and use this and the metric on £ to equip M with 



PA :=VA-k-?jett m {B) 



and the Rho invariant of the bundle of vertical cohomology groups as 
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a submersion metric. Let L A -* S be a holomorphic line bundle of degree k, the holomorphic 
structure being induced by a unitary connection A. As before, we assume that 

j-F w = I ■ vols, and j^F A = kvol s . 

We endow L := ir*L A — ¥ M with the flat connection of Lemma 12.3.51 i.e., 

A q = tt*A — iqu, q := k/l. 

Proposition 3.4.1. The Bismut-Cheeger Rho form associated of the flat line bundle L = tt*L a 
is given by 

p Aq = 2P 1 (q) +l{P 2 (q) - |) vol E G O cv (S). 
Here, P\ and P 2 are the first and second periodic Bernoulli functions of Definition I C. IT71 
Proof. First, we infer from (|3.32p that 

{PA q ) [0] = v(B q , v ) - v(Bq,v), 
where Bg )V is the vertical odd signature operator 

B q>v = -i(jSf e - k) ■ C°°(M, L) -» C°°(M, L), 
see Proposition 12 .3. 101 Hence, we can use Remark 11.4.81 (iii) to deduce that 

(p Aq ) [Q] =2P 1 (q)- 

To identify the 2-form part of the Rho form, we recall from Definition 13.2.151 that the rescaled 
Bismut superconnection is given by 

First, we need to identify the terms appearing here. In the same way as in Proposition 12.3.101 
one finds that the vertical de Rham operator associated to the connection A q is given by 

D q>v = -ir v (J? e - iq) : n* v (M,L) - 0;(M,L). 

Moreover, Lemma 12.3.91 shows that the mean curvature of the fiber bundle vanishes, and that 
the connections V" and V" coincide. This implies that the connection part of B coincides with 
the horizontal part of the exterior differential, 

= d Aq , h : W V (M,L) - 1,, (M, L). 

Lastly, one easily checks — again as in Proposition 12.3.101 — that 

C,(«) = 27ri/vol s At v : n' v (M,L) -> fi 2 '*(M,L). (3.39) 

We now claim that in the case at hand 

M 2 t = \tDl v + \c v (^l)D^. (3.40) 
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Proof of (|3,40p . From (|2.29[) and Corollary 12.1.161 we have the anti-commutator relations 

{v^ u ,D qiV } = {v^ u , Cv (n)}=o. 

Moreover, the explicit formulae above easily yield 

c v (Q)Dq )V = D q ^ v c v (Q) = 2ttIvoI-£ A(J2? e — iq). 
Since V*"'" agrees with dA q ,h we infer from Corollary |2.1.16l that 

(v^ u ) 2 = -{d q , v ,m)}, 

and one verifies that in the case at hand, 

{dq jV ,i(Q)} = -2tt/vo1 e A(if e - iq) = -c v (£l)D q , v . 
Lastly as S is 2-dimensional, we have c v (Q) 2 = 0. Putting all pieces together, we obtain 
Bf = \tD\ v - \c v {tt)D q , u - {d q>v ,i{n)} = \tD\ v + \c v {tt)D q , u . 



□ 



Having established the formula in (|3.4Up , we continue with the proof of Proposition 13.4.11 
Since D qv and c v (Q)D q ^ v commute, one can use ()3.40p and Duhamel's formula to show that 

Tr v [r v ^e-^] = Tr v [^r v (D q , v + ^)e~^ (l - ±c v (Q)D q , v ) 
According to Definition 13.3.61 one thus finds that the 2-form part of rji is given by 



(,VA q )[ 



1 1 

I vols 



Tr„ 



tDi 



dt 



o 



-V 2 Tr v [Dl v e- uD l»] + \u^l 2 Tr v [e^-]) du. 



(3.41) 



Note that in the second equality we have used (|3.39j) to replace t v c v {£1) with 27nZvols, and then 
made the substitution t = \u. We now introduce a complex parameter s with Re(s) > and 
define 



(r]A q )[2](s) 



I vols 

4T(i±r 



-U 2 



Tr„ [Dl v e- uD ^] + ^ Tr v [e~ uD ^] du, 



see Remark l3.4.2l (i) below. Now for Re(s) large enough, we can split up the integral and compute 
using the Mellin transform that 



r(f) h 



u^Tr v [Dl v e- uD lv]du= ^ A 

Aespec(D 2 „) 



3-1 

2 



and 



r(f) 



i -i 

u^Tr v \e~ uD lAdu= V 

1 *-f„„ . r ( s -, 



Aespec(£)2 ) 



s — 3 \ 

u~e du 



A£spec(D 2 ) 



rffl 



E A* 

Aespec(D2 „) 



a-l 
2 
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Now we can use the computation of the spectrum of the vertical odd signature operator in 
Lemma 12.3.111 Note, however, that here we are using T v D q>v which corresponds to two copies of 
the operator considered there. We find, again for Re(s) large enough, that 

£ A"^= £ |Ar- = 2 J>-^ = 2C,(s-l), 

Aespec(D2 v ) Aespec(r„D 9i „) neZ 

n^q 

where ( q is the Zeta function in Lemma lC.1.21 Hence, 

(VA q )[2](s) = " 1)- (3-42) 

We know the value of the meromorphic continuation (q(s) to s = — 1 from Lemma lC.1.21 Using 
this we arrive at 

(5m,) [2] = l p 2(q) vol Ej 

so that indeed 

(PA q )[2\ = iVA q )[2] ~ %] = l{P2{q) ~ |) vols • □ 

Remark 3.4.2. 

(i) We want to point out that introducing a complex parameter to split up the sum in (13.411) 
is necessary. For this note that the individual terms do not give functions which are 
holomorphic for Re(s) > 0. However — at least in the case that q ^ Z — their sum is 
holomorphic for Re(s) > 0, since Lemma IC . 1 . 21 implies that the poles and zeros of an d 

C q (s — 1) in (|3.42p cancel each other out. 

(ii) Even though the above computations are very similar to the ones in the proof of Proposition 
12.3.151 we want to point out that there is a conceptual difference. Before, we had to 
incorporate the operator Da h an d work on Q*(M, L), whereas now, we work only on 

n* v (M,L). 

Using Proposition 13.4.11 we can identify the first term in the general formula of Theorem 
13.3.161 Since S is 2-dimensional, we have L(TE, V s ) = 1 so that 

2 / L(T£,V E ) Ap Aq = 2l(P 2 (q) - ±). (3.43) 

Dai's Correction Term. We now want to understand the remaining terms appearing in The- 
orem 13.3.161 for the example at hand. Using (|3.43p it is then immediate that our second proof of 
Theorem 12.3.181 will follow from the following result. 

Proposition 3.4.3. Let I ^ be the degree of the principal circle bundle, and let A q be the flat 
connection on L = it* La as before. Then p,w A = 0, and 



sgn(7), if A q is the trivial connection, 
0, if A q is non-trivial. 
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Proof. Recall that L w — > £ denotes the line bundle associated to the principal bundle it : M 
endowed with the connection naturally induced by u. As in (12. 32ft we can identify 



ker(D q>v ) 



{0}, ifggZ, 
«•(!!, £ B )© (n*(S,L B ) ®C[w]), ifgGZ. 



(3.44) 



Here, Lb = La <8> L^ 9 , which is endowed with the connection L ? = J 4®l + l(g> g^4 w . Note that in 
addition to (|2.32|) . the term Q*(£, Lb) <8>C [cj] appears since we do not restrict D qv to Q' ,0 (M, L). 

If q ^ Z, we deduce from (|3.44j) that the bundle of vertical cohomology groups vanishes, which 
certainly implies that rjiDj}® V'^>") and <7yi are both zero. If q 6 Z, we conclude as in the proof 
of Proposition 12.3.161 that Lb is isomorphic to the trivial line bundle and that the connection B 
is flat. This implies that the operator D E (8) V^-" is unitarily equivalent to several copies of a 
twisted odd signature operator on X, see Remark 13.1.171 (ii) and Lemma 13.1.191 Since £ is even 
dimensional, we thus infer that t}{Dy, <8> V^ 4 -") = 0. To finish the proof, it remains to compute 
a Aq for q G Z. 

First of all, we explicitly describe the L2-term of the Leray-Serre spectral sequence. Using 
Lemma 13.1.121 we proceed as in Proposition 12.3.161 to conclude from (|3.44|) that for q £ Z, 

E'/ q 2 - •(£, Lb), L*^ - H'(E, L B ) ® C[«]. (3.45) 

Now, according to Definition 13.3.131 we have to compute the signature of the pairing 



PA q ,2 = QA,2[-> d A q ,2(-)) ■ E A a ,2 XE '. 



-,0,1 



C, 



(3.46) 



see (I3.38p . Here, we have used that concerning the signature of Pa„,2 we can neglect the spaces 
E^° „, since the differential <Ll 2 i s OI " bidegree (2, —1) and thus zero on 2 , see Figure |3~T1 




Figure 3.1: The LVterm of the spectral sequence 

Now, if A q is a non-trivial connection, the line bundle Lb = La ® Lj 1 with its natural 
connection is not isomorphic to the trivial flat line bundle. According to (|3.45p this implies that 
E^ 1 2 = {0}) see a l so Proposition 12.3.161 Hence, in this case <ta = 0. Now we assume that A q 
is the trivial connection, and drop the subscripts A q from the notation. Using (|3.44f) . one checks 
directly that 

E^ 1 = C [u] and El>° = C [vol E ]. 
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According to its definition in (|3.37j) . the pairing Q 2 in (|3.46p is induced by the wedge product, 
followed by evaluation on the fundamental class. Using this, one easily verifies that Q 2 satisfies 

Q 2 : E / x E 2 2 '° ^ C, Q 2 ([u], [vols]) = 1. 

Moreover, since the differential d 2 is naturally induced by exterior differentiation, one obtains 
from Proposition 12.1.151 that 

d 2 : E° A -> E%°, d 2 [io] = [i(n)w] = -2vr/[vol s ]. 

According to (I3.46p . this means 

P 2 (H,H) =Q 2 (M,d 2 M) = -2vr/. 



This yields that Sign(P 2 ) = — sgn(Z). Since the spectral sequence collapses at the ^s-stage, there 
are no higher signatures. This finishes the computation of OA q in the case that A q is the trivial 
connection. □ 
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Chapter 4 

3-dimensional Mapping Tori 



After having described the abstract theory leading to a general formula for Rho invariants of a 
fiber bundle, we now want to use this to discuss a second class of examples in detail. In contrast 
to the previous class considered, we now reverse the role of fiber and base, and consider fiber 
bundles over S 1 with fiber a closed, oriented surface. 

We start this chapter to describe a particular way of constructing submersion metrics. Here, it 
is convenient to use a formulation in terms of symplectic forms and almost complex structures. We 
then identify the geometric objects in this setting, most notably the bundle of vertical cohomology 
groups and the transgression form of the Bismut superconnection. 

Under the assumption that the mapping torus is of finite order, we derive a formula which 
expresses the Rho invariant in terms of Hodge-de-Rham cohomology. Here, we can treat the case 
of a higher dimensional gauge group and arbitrary genus of the surface fiber without effort. 

From then on we restrict to the case that the fiber is a 2-dimensional torus. We describe in 
some detail the geometric setup, including a discussion of the spectrum of the Laplace operator 
on a torus twisted by a flat U(l)-connection. Using this, we obtain a formula for the Rho form. 
We then employ ideas related to the classical Kronecker limit formula, to cast this expression 
into a different form which is more accessible for direct computations. 

To obtain explicit formulae for the Rho invariant, we now have to distinguish between the cases 
that the monodromy of the mapping torus is elliptic, parabolic or hyperbolic. In the elliptic case, 
we can specialize the previous result about finite order mapping tori to obtain a simple formula 
for the Rho invariant. The parabolic case turns out to be more involved. Most notably, the Eta 
invariant of the odd signature operator with values in the bundle of vertical cohomology groups 
has to be analyzed carefully. Yet, we shall arrive again at a very explicit formula for U(l)-Rho 
invariants. 

The last part of our discussion will be concerned with the case of a hyperbolic mapping torus. 
Here, the difficulty lies in identifying the Rho form. Generalizing considerations by Atiyah [3], 
we relate this term to the logarithm of a generalized Dedekind Eta function. We will find that 
the transformation property of this logarithm under the action of the modular group determines 
the value of the Rho invariant of a hyperbolic mapping torus. Using a result due to Dieter [35], 
we can then express the Rho invariant as the difference of certain Dedekind sums. Simplifying 
this expression we finally arrive at a general formula for U(l)-Rho invariants in the hyperbolic 
case as well. 
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4.1 Geometric Preliminaries 

Let E be a closed, oriented surface, and let / G Diff + (E) be an orientation preserving diffeomor- 
phism of E. Consider the mapping torus 

E/:=(ExR)/Z, (4.1) 

where Z acts onExl via 

jfe. ( x ,t) = + A;), (a?,t) €ExR, kZ. (4.2) 

Then Ej is naturally the total space of a fiber bundle over S , see Appendix IB.2L Moreover, 
according to Lemma lB.2.11 the diffeomorphism type of the mapping torus depends only on the 
isotopy class of /, i.e., on the image of / in the mapping class group 

Diff + (E)/Diff (E). 

We now describe the geometric structure we need on a mapping torus in some detail. Related 
material can be found in the context of Seiberg-Witten equations in [90, Sec. 8]. 

Moser's Trick. The freedom of varying / in its isotopy class allows us to fix particularly 
convenient choices for the monodromy map. To exhibit such a choice we need the following 
result of [76] which is sometimes called Moser's trick, see also [68, Sec. 3.2]. 

Proposition 4.1.1. Let uj G J7 2 (E) be a symplectic form on the closed, oriented surface E, and 
let f G Diff + (E). Then there exists f G Diff + (E) ; isotopic to f , with f*u> = uj. 

Sketch of proof . We first note that since E is of dimension 2, a symplectic form u on E is simply 
a 2-form which is non-degenerate in the sense that J* s uj ^ 0. Moreover, as / is orientation 
preserving, we have 

[f*v] = M € H 2 (T,,R). 

Thus, there exists a G Q 1 (E) with 

f*u = uj + da. 

We now define a time dependent vector field X : M — > C°°(E,TE) by requiring that 

i(X t )(uj + tda) = -a, t G R. 

This is well-defined because oj is non-degenerate. Let : R — > Diff + (E) be the flow uniquely 
defined by the initial value problem 

= X t o $ t , $ = id E . 

at 

Then one checks using Cartan's formula that 

+ tda ) = ®t da + *t {-&x t {u + tda)) 

= §* t da + <$* t {doi(X t )(u + tda)) 
= $* t da - §* t da = 0, 
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where we have used the definition of Xt in the last line. Hence, 3>£ (u; + tda) is independent of t 
and so 

uj = = + do) = 
Now the claim follows with / := / ° □ 

Metrics on Mapping Tori. We can use Proposition 14.1.11 to define particular Riemannian 
metrics on a mapping torus Sj. As remarked before, a symplectic form uj G J7 2 (S) is the same 
as a volume form on S. The space of metrics on £ with w as a volume form has the following 
description, see e.g. [681 Sec. 4.1]. 

Recall that an almost complex structure is an endomorphism J G C°° (S, End(TS)) with 
J 2 = — Id. It is called uj- compatible if for all v , w G TS with t> 7^ 0, 

lu(Jv, Jw) = u>(v,w), and Ju) > 0. 

Then we get a Riemannian metric with volume form uj by letting 

gj(v,w) := uj(v, Jw), v,w£TY l . (4.3) 

Moreover, the space of metrics with volume form u is naturally isomorphic to 

'■= { J £ C°° (S, End(TS)) | J is an w-compatible almost complex structure}. 

Given a mapping torus £j, we now fix a symplectic form w G f2 2 (£) of unit volume. Invoking 
Proposition 14.1.11 and Lemma IB. 2. 11 we may assume that f*uj = to. Note that this implies that 
is invariant under conjugation with f*. Since is easily seen to be path connected — in 
fact, even contractible — we can choose a path Jt : M. — > of w-compatible almost complex 
structures on £ satisfying 

Jt+i = fZ 1 Jt° /*• 

Let gt be the path of Riemannian metrics defined by Jt and u as in (14. 3p . and define a metric on 
S x R by 

g := dt®dt + g t . (4.4) 

It is immediate from the fact that f*tu = to and the convention (|4.2p of how to define the map- 
ping torus as a quotient of S x R that g descends to a Riemannian metric on the mapping torus £ f . 

Calculus on Mapping Tori. We now want to identify the various quantities introduced in 
Section 12. 1[ Since the base of the fiber bundle is 1-dimensional, the curvature form £1 vanishes. 
Clearly, each vertical vector field on £j is induced by a path 

V : M C°°(£,T£), V t+1 = f m V t , (4.5) 

and each horizontal vector field X can be identified with 

X = tptdt, with ip:R^C°°(Z), <p t+1 = <p t of. 

Lemma 4.1.2. Let U and V be vertical vector fields on £. With respect to a metric g as in 
(|4,4p . the Levi-Civita connection V 5 on T,f is given by 

V 9 dt V\ t = d t V t + y t JtVt, V%jV\ t = V% t V t -±u(U t ,j t V t )dt, V| t a t = 0, (4.6) 
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where V 9t is the Levi-Civita connection on E with respect to the metric gt and Jt = [dt,Jt\- 
Moreover, the natural vertical connection V v is given by 

V uK = K t V t' v l v \t = d t y t + \jtJtVt- (4.7) 
In particular, the difference tensor S of Definition (|2.1.6p is given by 

s(u,v)\ t = -\oj{u u j t v t )d u 

and the mean curvature form k v vanishes. 

Sketch of proof. The description of the Levi-Civita connection easily follows from the explicit 
formula, see e.g. [131 Sec. 1.2], 

2g ( V g x Y, Z) = g ( [X, Y], Z) - g([Y, Z], X) + g([Z, X],Y) 
+ Xg(Y, Z) + Yg(Z, X) - Zg(X, Y). 

For example, 

2g(V 9 9 V,U) = g([d t ,V],U) + g([U,d t ],V) + d t g(V,U) 
= g(d t V, U) - g(V, 8 t U) + d t u(V, JU) 
= 2g(d t V,U) +oj{VJU) 

= 2g(d t V, U) + g(JV, JU) = 2g(d t V + \JJV, U) , 

where we have used that Jt is self-adjoint with respect to gt for each t. The second equation 
in (|4.6|) is proven similarly, while the third is clear. Then (|4.7|) follows by taking the vertical 
projection of V 9 . Taking differences yields the formula for S. If {ei,e2} is a vertical local 
orthonormal frame, Lemma 12.1.81 implies that 

k v (9t) = \g(jJei,ex) + ^g(jje 2 ,e 2 ), 

which is zero since JtJt is easily seen to be skew-adjoint with respect to gt- □ 

Flat Connections and the Bundle of Vertical Cohomology Groups. In Appendix lB.2l we 
have included a detailed description of the moduli space of flat U(fc)-connections over mapping 
tori. According to Proposition IB. 2. 121 a A a t Hermitian vector bundle over T,j is given — up to 
isomorphism — by a pair (a, u), where u E C°° (£, U(fe)) is a gauge transformation, and a is a flat 
U(/c)-connection over E satisfying 

a = u~ 1 {f*a)u + u~ l du. (4.8) 

We briefly recall from Section [B.2I how this data defines a flat vector bundle over £/. First, let 

/ K :SxC^ExC k , f u (x,z) = (f(x), u(x)z) , 

be the automorphism of the trivial bundle over E defined by u, see Remark IB. 2. 5 1 Then we define 
a vector bundle E u — > Ej as the mapping torus 

((Ex C fc ) xR)/~, {(x,z),t + l) ~ (f u (x,z),t). 

Viewing a as a constant path of Lie algebra valued 1-form, a G C°° (M, n 1 (E, u(k)) , condition 
(14. 8p ensures that we can define a connection A on E u . Since a is flat, the same is true for A, see 
dB~23l and ([R24]) . 
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Lemma 4.1.3. Let u £ C°°(X,U(/c)) be a gauge transformation defining a bundle E u — » 
and let A be a flat U(fc) -connection over defined by a pair (a,u) satisfying (14. 8p . 

(i) T/ie bundle automorphism f u : C fc induces an isomorphism 

f::H*(Z,E a )^H*(Z,E a ). 

(ii) Let SJ Ha ' v be the natural flat connection on the bundle H^ v (T,t) — > S 1 of vertical cohomol- 
ogy groups, see Definition \3.1.lQ[ Then its holonomy representation is given by 

hol v H A ,„ : tt!^ 1 ) -» GL £ a )), hol v H A „( 7 ) = fu, 

where 7 6 7Ti(S' 1 ) zs £/ie canonical generator. 

Proof. The map acts on $7*(S,C fc ) via 

f*a = u- l f*a, aeJl'fS,^). 

Condition (|4.8p is easily seen to be equivalent to f*od a = d a of*. This implies that /* descends 
to an isomorphism on cohomology, which proves part (i). As in pT22]h we have the following 
identification of the space of vertical, -E^-valued differential forms 

ni(Z f ,E u ) = [a t : K — > ft'(£,C fc ) | a t+1 = f*a t }. (4.9) 

With respect to this identification, the vertical differential d A , v coincides with d a applied pointwise 
for each t. Moreover, since the connection A has no dt component, the horizontal differential 

d>A,h '■ ^'(D/j-Eu) —* O '•(E/, E u ) 
is given with respect to (|4.9p by 

dA,hat = dt A d t a t . 

From these observations one finds that the space of sections of H' A „(£/) — ► S l can be described 
as 

C°°{S\H A , v {Y, f )) = {[a) t : K - H'(E,E a ) \ [a] t+1 = f*[a] t }. 

Now it is immediate from the definition of the connection \7 Ha ' v that the holonomy representation 
has the claimed form. □ 

The Bismut Superconnection. To identify the terms appearing in Dai's adiabatic limit 
formula, we first need to understand the connection V A ' V acting on forms, and then the Bismut 
superconnection in the setting at hand. 

Lemma 4.1.4. With respect to the identification (|4.9p . the connection V A ' V acting on Q.°(Ef,E u ) 

is given by 

v d t ~ 1 2 v v > V V \t~ V t ' 

where V is a vertical vector field, and V a ' 9t denotes the connection on Q*(E,C fc ) induced by gt 
and a, acting pointwise for each t. 
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Proof. The assertion about Vy' is true by definition of V ,v and the fact that A is independent 
of t. Concerning Va'") we observe that d A .h = dt A dt, which implies that 

= d t . (4.10) 
Since the mean curvature form vanishes, we can use (|2,9p and (|2.15p to deduce that 

= d t + \r v [dt,T v ] =d t - \t v t v , 

where we have used that f v = [dt,r v ] and t v t v = —t v t v . □ 

Using Lemma [4.1,4l we can now find a more explicit expression for the Bismut superconnection 
and its transgression form. 

Proposition 4.1.5. The rescaled Bismut superconnection associated to A is given for s 6 (0, oo) 
by 

B s = ^D A>V + dtA (d t - \t v t v ) : SttfEf, E u ) -► n'(X f ,E u ), 
where D AtV is the vertical de Rham operator. Moreover, 

a(M s ) = j^dt ATr v (r v (S AiV d Av - d^^e"^.") G ^(S 1 ). 

Proof. The formula for B s follows immediately from Lemma [4. 1.41 and the fact that k v and f2 are 
zero, see (|3.20p and Definition 13.2. 151 For the second assertion, we drop the connection A from 
the notation. Since the base is 1-dimensional, and dt anti-commutes with D v , one finds that 

^ 2 s \ s=Ar = rDl + yf?dth[V v dv D v ]. 

As in |X3|, Lem. 9.42] and |X8|, Thm. 3.3] an application of Duhamel's formula then yields that 



e -rD 2 v -SrdtA[V% t ,D v ] _ & - r D 2 v 



\frdi A f e- r ' rD " [V v 9t ,D v ] e^^dr'. 
Jo 



where the higher correction terms vanish, again since the base is 1-dimensional. Therefore, 



Str„ ( *fce 



= i str„ ( Dve ^Dl-^t^D v _ 

-4r 8 V r \ 



Sti v (D v e- rD *) + \dt A Str„ (p v [V v dt ,D v ]e 



rDi 



Note that a factor of —1 enters in front of the second term since we have interchanged dt and 
D v . Since r v anti-commutes with D v , the first term vanishes. To simplify the second term, we 
also drop the sub- and subscripts v from the notation. Then one verifies using Lemma 14.1.41 and 
the relations D = d — rdr, [dt, r] = f as well as fr = — rf that 

r[V dt ,D] = -\{r[fr,d] - [TT,d}r) = \ (fd + rdtr + frdr - df) 

Now, since tD = —Dt, we can use the trace property and the fact that e~ rL>2 is a semi-group of 
smoothing operators to find that 

Tr (TdiTDe~ rD2 ) = - Tr (dfDe~ rD2 ), Tr (fTdTDe~ rD2 ) = Tr (fdD e - rD2 ). 
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Thus, by repeatedly making use of the trace property, one obtains 

Str {D[V dt ,D]e- rD2 ) = Str {[V dt ,D]De~ rD2 ) 

= - Tr ((df - id)De~ rD2 ) = - Tr (f(d*d - dd^e^ 2 ) . 

Recalling the normalization factor in Definition 13.2.171 we arrive at the claimed formula for the 
transgression form. □ 

4.2 Finite Order Mapping Tori 

Proposition 14.1.51 shows that if we can achieve that f v = 0, then the Bismut-Cheeger Eta form 
associated to a flat connection over S f vanishes. From the discussion in Section 14.11 we know 
that f v = is equivalent to finding an /-invariant metric qy, on S. Clearly, such a metric will 
not exist for arbitrary / G Diff + (S). 

Lemma 4.2.1. If f G Diff + (£) is of finite order n, there exists a metric g^, of unit volume with 
f*9T, = 5s- 

Proof. Choose an arbitrary metric <?£ on X of unit volume and define 

j=0 

Then g-£ is again a metric of unit volume. Moreover, since f n = ids, one finds that indeed 
f*9T, = 5s- □ 

Remark 4.2.2. 

(i) A metric defines an almost complex structure on X which is integrable, see Section 
IB.31 If (/£ is /-invariant for some / G Diff + (S), then / is holomorphic with respect to the 
complex structure defined by . 

(ii) It can be shown that if there exists an /-invariant metric g-£, then the mapping class 
[/] G Diff + (S)/ Diffo(S) is necessarily of finite order. If the genus of S is or 1, this can be 
checked directly, see Proposition 14.4.31 below for S = T 2 . For higher genera, one can use for 
example the holomorphic description, and invoke the Riemann-Hurwitz formula, see [4U\ 
Ch. V]. 

Rho Invariants of a Finite Order Mapping Torus. Assume from now on that / G Diff + (S) 
is of finite order, and that an /-invariant metric gs has been chosen. We also fix a flat connection 
A on a Hermitian vector bundle E u — > defined by a pair (a, u) satisfying f*a = a as in (|4.8p . 
In Lemma f4.1.3l we have given a description of the bundle of vertical cohomology groups in terms 
of de Rham cohomology. However, the Rho invariant of the bundle of vertical cohomology groups 
in Definition 13.3.151 — which appears in the formula for the Rho invariant in Theorem 13.3.161 — is 
defined using the Hodge theoretic description. In the case of a finite order mapping torus, we 
have the following extension of Lemma 14.1.31 



Lemma 4.2.3. 
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(i) With respect to the induced metric on Jf?*(E,E a ), the bundle map f u defines an isometry 

f* : JT(p,E a ) -> JT(H,E a ), jr(p,E a ) = ker(d a + 4) C fi'(£,C*). 
The splitting into ±l-eigenspaces of ty,, 

J4f(X,E a )=J?+{X,E a )®J?>-(Z,E a ), 
is invariant with respect to f*. 

(ii) The flat connection \7 h a,v on ^ e bundle of vertical cohomology groups is compatible with 
the metric (., -}jtf Av of Definition \3.1.14[ and its holonomy representation is given by 

h<V^( 7 ) = /:eGL (jfp,E a )), 
where 7 G iri(S 1 ) is the canonical generator. 
Proof. Since / is an isometry with respect to the metric g-£, the pullback 

/* : n*(s) -» n'(s) 

commutes with the chirality operator r^. Moreover, as /* = u~ 1 f*, the same is true for /*. 
This, and the fact that /* o d a = d a o f* implies part (i). Since f = 0, we can deduce from (|2.15p 
and Proposition 13.1. 151 that the connection \7 Ha ' v is indeed compatible with the metric (., .)jg> Av . 
Moreover, if 

J4?'(V,E a )^H'(Z,E a ) 
denotes the Hodge-de-Rham isomorphism, the diagram 



H'(V,E a ) H'{T,,E a ), 

is commutative. This is because it is naturally induced by /* : fi*(S,C fc ) -> ^*(S,C fc ). Hence, 
the description of the holonomy representation follows from Lemma 14.1.31 □ 

Theorem 4.2.4. Let f G Diff + (S) be of finite order. Let A be a flat \]{k)- connection over Ht, 
defined by a pair (a,u) of flat connection and gauge transformation over £ satisfying f*a = a. 
Then with respect to every f -invariant metric gx, on £ 

pA&f) =2trlog [fu\jg>+(s,E a )nn^] ~ rk [(f* - Id)| jr +( BiBa)n ni] 

- 2tr log K|jr-(S,B a )nni] + rk [(fu ~ I d)L^-(E,B a )nni] 
-4/ctrlog [/*|jr+(E)nni] + 2&rk [(/* - Id)|^+ (s)nn i] . 

Here, "trlog" is defined for a unitary map T G U(n) as 

n 

trlogT := J2 9 i G M > 



are the eigenvalues of T , and where we require 0j G [0,1). 
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-( o -^®v*.-)' (412) 



Proof. As we have already noted before, Proposition 14. 1 . 51 implies that the Bismut-Cheeger Rho 
form vanishes, because g% is /-invariant. Moreover, the Leray-Serre spectral sequence asso- 
ciated to A — respectively the trivial connection — collapses at the E^-stage, since the base is 
1-dimensional, see Theorem 13.1.111 This implies that Dai's correction term in Definition 13.3.131 
vanishes. Hence, Theorem 13.3.161 yields 

PA&f) = PM Xv (S l ) = &{ D & ® V* 1 ") - k ■ ±rj(D s i ® V«), (4.11) 

where D s i (g) \/--^a,v anc j jj s1 are as j n Definition 13.1.161 We have seen in Lemma 14.2.31 
that the flat connection V'^ is unitary with respect to the metric (.,.).#». Hence, we deduce 
from Lemma 13.1.191 that 

where 

IV ® = T S id V j>e v ,± + d V je v ,±T S i, (4.13) 

and V*^^ denotes the restriction of to J4?±(E f ). The same formula holds for Jt?'(Y,f) 
replaced with J^ v (T l f). Let us abbreviate 

B± := r 5 id v ^,± : (5 1 , ■<=(£/)) - C co (5 1 , J^(Ey)), (4.14) 

and define B A ± correspondingly. Then (|4.1ip and (|4.12p show that 

PAp f ) = r)(B Ai+ ) - rj(B A .) - k ■ V (B + ) + k ■ r,{BJ). (4.15) 

Note that the factors ^ disappear as the operators in (|4.13p are equivalent to two copies of the 
operators in (|4.14p . see Remark 13. 1.171 (ii). We deduce from Lemma 14.2.31 (i) that /* restricts to 
a unitary map on ^^(E, E a ). Hence, we can find a basis of J^ 5± (E, E a ) such that 

Ju\3e±{Y,,E a ) - dla g \ e )---) e J> 

where 6+ € [0,1), and n = dim J^ + (E, E a ) = dim J^~(E, £7 ). Note that the equality of 
dimensions follows from the fact that Sign a (E) = 0, which in turn is a consequence of the signature 
formula, see Theorem ll.2.231 Now Lemma f4. 2.31 (h) yields that the restriction f*\ji? ± (Y,,E a ) defines 
the holonomy representation of the connection S]^a,v,± _ From this we deduce as in Remark ll.4.81 
(iii) that 

rj(B A>+ ) - r,(B A _) = £ (26+ - 1) - £ (207 - 1) 

=2trlog [/:|^ + ] -rk [(/:-Id)|^ + ] 

-2trlog [/:|^-]+rk[(/:-Id)|^-], 

where for convenience we have abbreviated = J^+(T,, E a ) in the last equality. Continuing 
with obvious abbreviations, we now decompose 

jr± = jg* n (n° © n 2 ) © je+ n n 1 . 
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Each element of J^ 5 ^ n © is of the form tp ± T£</> with </3 6 Hence, we have a natural 
isomorphism (compare also with the proof of Proposition 11.1.8]) . 

jr + n (n° © n 2 ) ^ je~ n (o° © si 2 ), y? + tsp ^ ^ - r s ^. 

Since /* commutes with rg, we can conclude that 

2trlog [fu\jf+n(Q°m 2 )] ~ rk [(/^ - Id )l.ir+n(noe^ 2 )] 

= 2trlog [fu\je-n(n°®a 2 )] ~ rk [(/« - Id )|jr-n(n°©fi2)]- 

Therefore, 

- 77(B A) _) =2trlog [/^U+nQi] - rk [(/* - Id)|^ +nn i] 

-2trlog Kl^r-nm] +rk [(£ - Id)|^- n0 x] . 

This identifies the twisted terms appearing in the formula of Theorem 14.2.41 In the case that a is 
the trivial connection and u = 1, we can simplify this further. Since we are considering complex 
valued forms, we have a conjugation 

The chirality operator T£ is readily seen to anti-commute with conjugation. This yields an anti- 
linear isomorphism 

+(£) n n 1 ^) ^ n o^s). 

Since /* is the complex linear extension of a real automorphism, it commutes with conjugation. 
From this one readily deduces that the eigenvalues of f*\,^>~r\Q 1 are complex conjugate to the 
eigenvalues of f*\,^+nn 1 - By checking the definition of "trlog" carefully, one conlcudes 

trlog [f*\st-no?] = rk [(/* -Id)|^+ n ni] - trlog [/*|jr+ n ni]- 
Now, as rk [(/* - Id)|^- nn i] = rk [(/* - Id)|^+ nn i] , we finally get 

V (B + ) - rj(B-) = 4trlog [fljrw] - 2rk [(/* - Id)|^ +nnl ], 
which is precisely the untwisted term in the claimed formula. □ 
Remark. 

(i) The last step of the above proof is essentially equivalent to observing that /* acting on 

is the complexification of a symplectic map. This explains why the eigenvalues 
come in conjugate pairs. Clearly, this is no longer true if we consider u~ 1 f* with u G U(l), 
which also defines a flat connection over Sj, see also Theorem 14.4.41 below. 

(ii) In a similar direction, if the connection a is non-trivial, complex conjugation gives rise to 
an anti-linear isomorphism 

J4? + (Z,E a ) ^ (£,£„). 

From this, one can relate the eigenvalues of /* acting on J4? + (E, E a ) with the eigenvalues 
of /| acting on J4?~ (£,_£?„). However, this only simplifies the formula of Theorem 14.2.41 in 
the case that a and u are real, in the sense that they arise from an 0(/c)-structure. 
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(iii) Although Theorem 14.2.41 expresses the Rho invariants of £ f in terms of Hodge-de-Rham 
cohomology of S, it is only an intermediate step to an expression in completely topological 
terms. The next step would be to use the ideas of the Atiyah-Bott fixed point formula — see 
|13t Sec. 6.2] — to relate the traces appearing in Theorem 14.2 .41 to the fixed point data of /. 
This, in turn, can be expressed in terms of the Seifert invariants of the finite order mapping 
torus. We refer to Sec. 5] and [43l Sec. 2.2] for a discussion of these ideas in the context 
of the determinant line bundle over the moduli space of flat connections associated to a 
finite order mapping torus. 

(iv) In [75] an interpretation of the untwisted Eta invariant for finite order mapping tori is given 
in terms of Meyer's cocycle for the mapping class group, see [72j . It follows from the proof 
of Theorem 14.2.41 that the adiabatic limit of the untwisted Eta invariant is given by 



It would be interesting to relate this to the main result of [75]. 

4.3 Torus Bundles over S 1 , General Setup 

We now consider the case that S = T 2 is the 2-dimensional torus. In the same setting, Atiyah 
PJ studies a rich interplay between the untwisted Eta invariant and other topological invariants, 
the Dedekind Eta function and also number theoretical L-series. As a tool Atiyah also makes 
intensive use of the idea of adiabatic limits, and much of our discussion is influenced by the 
treatment in [3|. We shall restrict to the case of U(l)-connections, which already contains 
many important ideas. However, in view of the computations of Chern-Simons invariants for 
torus bundles in [5UE7] the generalization to higher gauge groups would be extremely interesting. 

4.3.1 Geometry Torus Bundles over S 1 

Complex Structures on T 2 . We fix the standard torus T 2 = M 2 /Z 2 , endowed with the volume 
form induced by uj = dx/\dy. As in Section \4. II we are interested in the space of all metrics which 
have to as a volume form. Equivalently, we need to understand the space ^ w of all cj-compatible 
almost complex structures. It is well known that Jp^ is the Teichmiiller space of T 2 , i.e., the 



see [55^ Thm. 2.7.2]. For definiteness, we will use the following explicit isomorphism. Note that 
each almost complex structure J 6 can be identified with a matrix in M2(M) because the 
tangent space of T 2 is canonically isomorphic to M. 2 . 

Lemma 4.3.1. The map 



4trlog [/*|,ir+(s)no 1 (E)] - 2rk [(/* - I( i)|^+(s)nni(s)] • 



(4.16) 



upper half plan^] 



m := { 



a = o\ + 102 6 C | v > 0} 




We are using the letter a for elements in H rather than the more common letter r to avoid confusion with the 
chirality operator. 
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is a bijection. The metric on T 2 defined by 3>(<r) as in (|4.3p is given with respect to the standard 
coordinate basis as 

g a = — (dx (g> dx + aUdx ® dy + dy (8> fix) + | cr | 2 cZt/ ® ^2/1 ■ 
cr 2 V J 

Proof. If we identify J G with an element in M2 (M) , one easily checks that J 2 = — Id is 
equivalent to det( J) = 1 and tr( J) = 0. Hence there exist r, s, i G R such that 

A .2 



J=^ g r j, r* + rt = -l. (4.17) 

Let Jo be the almost complex structure which induces the standard scalar product on M 2 , i.e., 

Jo := , go = lo(.,J .) = dx ® dx + dy ® dy. 

Then one verifies that J is w-compatible if and only if —JqJ is positive definite and symmetric. 
Now 

~ J o J =(l _ r t )> ( 4 - 18 ) 

and so (|4.17p implies that — Jo J is positive definite if and only if s > 0. Using this one finds that 
<!> is well-defined with inverse given by 

$-!(J) = -(r + i). 
s 

Moreover, (|4.18p relates $(cr) and the associated metric g a and easily yields the second claim. □ 

Remark 4.3.2. Viewed from a complex analytic perspective, the above identification might 
seem a bit cumbersome. As in [SSJ Sec. 2.7], any a £ H defines a lattice 

A(cr) := {m + na | (m, re) G Z 2 } C C, 

and the quotient torus C/A(<r) is naturally a complex manifold, with complex structure induced 
by the one of the complex plane, and metric induced by -^{dx 2 + dy 2 ). Note that one has to 
divide by 02 to get a metric of unit volume. It is easy to check that 

ipa- : R 2 -> C, (x,y)h^x + ay, 

descends to an isometry 

Vv : (T\ g<T ) -+C/A(o), (4.19) 

where the metric g a is defined as in Lemma 14.3.11 The complex analytic description is better 
suited for explicit computations if a is fixed. However, if a varies the underlying manifold varies 
as well. This is sometimes inconvenient in the study of families. In the following, we will use 
both descriptions. To avoid confusion we will reserve T 2 for the standard 2-torus and use the 
notation C/A(<r) whenever we prefer to think in complex analytic terms. 
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Working on C/A(<r) has the advantage that the metric is up to a constant factor induced by 
the standard metric. In particular, we will consider the 1-forms dz = dx + idy and dz = dx — idy. 
Note that 

(dz , dz) L 2 = 0, ||(te||L 2 = ll^lli = v / 2o"2, 
and, with the chirality operator r, 

rdz = dz, rdz = —dz, and r(dz A dz) = —2a 2 - 

Using the isometry ip a of (|4,19[) . one translates this easily to (T 2 ,g a ). More precisely, we define 

:= ip*(dz) = dx + ady, and uj„ := ip*(dz) = dx + ady. (4.20) 

Then we have a natural basis (u^ug-) for the C°°(T 2 )-module f2 1 (T 2 ) satisfying 

(w ct ,Wct)l 2 = 0) II w <tIIl 2 = II^ctIIl 2 = Vz&2, , 

(4.21J 

TLO a = uj a , and rw„ = —uj„. 

Flat Connections and Dolbeault Operators. The moduli space of flat U(l)-connections 
over T 2 has a simple structure. Since T 2 is the quotient of M 2 by the standard lattice Z 2 , we 
have 

7Ti(T 2 ) S Zei 0Ze 2 C R 2 , 
where (ei,e2) is the standard basis of R 2 . Then, since U(l) is abelian, 

A4(T 2 ,U(1)) Hom(^ 1 (T 2 ),U(l)) U(l) x U(l). 

As we are usually working with connections rather than representations of the fundamental group, 
we summarize how the above isomorphism works explicitly. 

Lemma 4.3.3. 

(i) Up to gauge equivalence, a flat U(l)- connection over T 2 is induced by a Z 2 -invariant 1-form 
with constant coefficients, 

a u = -2-Ki{v x dx + v 2 dy) G ^(R 2 , iR), v= (v u u 2 ) G R 2 ■ (4.22) 

Two connections a u and a v > are gauge equivalent if and only if v — v' G Z 2 . 

(ii) In terms of the generators e\,e 2 ofisxifF 2 ), the holonomy representation of a u is given by 

hol a „ : vri(T 2 ) - U(l), hol a „ (ej) = e 2 ™? . 

Proof. A flat connection a over T 2 is a Z 2 -invariant 1-form, satisfying da = 0. Therefore, it gives 
an element in de Rham cohomology. Since 

fl-^T^R) = R 2 , 

we can find a Z 2 -invariant function / : R 2 — > R and v = (v\, u 2 ) G R 2 such that 

a — idf = —1m{y\dx + v 2 dy). 
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Defining u := exp(i/), we get a gauge transformation on T 2 which brings a into the claimed form. 
If a u and a u > are gauge equivalent, there exists a Z 2 -invariant function u : M 2 —>■ U(l) satisfying 

2 r Ki{{y\ — u[)dx + (yi — v' 2 )dy)^ = u~ 1 du. 

This easily implies that u is of the form 

u = C • exp (2tt*(i/ - 1/ , (»))), CeU(l), 

and this is Z 2 -invariant precisely liv — v 1 G Z 2 . This proves part (i). Concerning (ii), we compute 
using Definition IB.1.21 

h°W( e j) = ex P ( - J a v\ se i e i) ds ) = ex P ( 27r ^i)- □ 

As pointed out in Remark 14.3,21 it is often convenient to work on C/A(<r) rather than T 2 . We 
collect the following formulas, for definitions see Appendix IB.3| in particular (|B.28p . 

Proposition 4.3.4. Let a u be a flat U (1) -connection over T 2 as in Lemma \4-3.3 , and let a = 
a\ + io~ 2 G H. 

(i) The pullback of a v to C/A(<r) is given by 

a = (tfj~ 1 )*a u = —vdjydz + w u dz, where w v := ^(^2 — o~vi). 

(ii) Let d a and d a be the Dolbeault operators associated to a. Then the twisted Laplace operator 
on C°°(C/A((t)) is given by 

A a = 2d a d a = 2318a = -4a 2 (J^z - w v ^z + w v ^ - K| 2 

(iii) If ip G C°°(C) is A(cj) -invariant, then 

dadHifdz) = d a d a {ydz) = (\A a ^)dz, 

BaBi^dz) = dldaiipdz) = (\A a ^)dz, 

and 

cP' dtp 

3 a d a ((pdz) = -d a d a ((pdz) = -2a 2 [-^ + 2t£, f^p + w l<f) d z-> 
d a 3 a {<pdz) = -B a d a { V dz) = -2a 2 - 2w„-£ + w 2 u ^dz. 

In particular, 

A a ((pdz) = (A a (p)dz and A a {fdz) = (A a ip)dz. 

Sketch of proof . Although Proposition 14.3.41 is a standard exercise in complex analysis, we want 
to give some remarks on the proof to clarify the sign conventions we are using. For part (i), we 
use the 1-forms u a and ajg- of (|4.20p to express 

d y = 2fe( w <r - dx = 2^( au} ° - ™°)- 
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Since w CT = ip*(dz) and ujg- = ip*(dz) we deduce that 

(if)~ l )*a u = —^{yi{adz — adz) + V2(dz — dz)) = —w v dz + w u dz, 
with w v = -§^{yi — crvi) as claimed. For part (ii) and (hi) we note that 

d a = d - e(w u dz), d a = 3 + e(w u dz), 
and, since we are using the complex linear chirality operator, 

d a = -t o d a o r, d a = -t o d a o r. 
Then one computes that for every ip S C°°(C), 

\ , / d 2 ip _ dip dip 

I id.. in \rl.7. = — t in,, 1- in.. 



d a d a >p = ~ T da- T \-Q^ ~ Wu^jdz = - t [-q^q= ~ Wv ~q= + Wu ~q~ ~ \ Wv \ ^) dz A dz > 

where we have used that rdz = dz. Since r(dz A dz) = 2o~2, this yields the claimed formula for 
d a d a ip. In a similar way one computes d a d a ip. Then part (ii) follows since 

A a <^ = (d a + da)\d a + 3 a )cp = <9*C^ + 3^. 

Using the same ideas one easily verifies part (hi). □ 

Using Proposition 14.3.41 it is straightforward to determine the spectrum of A a . 
Proposition 4.3.5. Let a € H. For n = (n\,n2) € Z 2 define 

,p n ~ e ™m- Wn z . c ^ u(1)j ^ = _ 

Then ip n is A(cr) -invariant, and {ip n \ n 6 Z 2 } is a orthonormal basis for L 2 (<C/A(cr)). If a = 
—w u dz + w v dz is a flat U(l)- connection as before, then 



A a <p n = K,vPn, where \ n ^ v = 4a2\w n - u \ 2 tp n . 



Moreover, 



ip n dz tp n dz 



n € Z 2 



I s/2a 2 V2CT2 

gives an orthonormal basis for the space of 1 -forms consisting of eigenforms for A a with respect 
to the same eigenvalues Xn.p/. 

Since Proposition 14.3.51 is well known, we shall proceed without further comments on the 
proof. However, we want to note that we can use Proposition 14.3.51 and the Hodge-de-Rham 
isomorphism to determine the twisted cohomology groups of T 2 . Recall that in the proof of 
Proposition 12.3.161 we have already done this using topological methods. 

Corollary 4.3.6. Let a u be a flat U {1) -connection over T 2 , and let a £ HI determine the metric 
g a . Then the cohomology of T 2 with values in the line bundle L av is given in terms of harmonic 
forms by 

_.,„ 2 T \ fCffi(Cw ff ©Cw ff )ffiCda:Ady, if v £ Z 2 , 
[ {0}, ifi/^Z 2 , 

where cj ct and are as in (|4.2U|) . 
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Mapping Tori with Fiber T 2 . It is well known that the mapping class group of T 2 is iso- 
morphic SL/2(Z), see [53|, Sec. 2.9]. Here, the action of an element M G SL2(Z) on T 2 is the one 
induced by matrix multiplication 

M 2 ^M 2 , {y)^M( x y ). 

As every M G SL2(Z) has determinant 1, it preserves the volume form dx A dy and we do not 
have to invoke Proposition 14.1.11 On the other hand, SL2(Z) acts on the Riemann sphere C by 
fractional linear transformations, and this restricts to an action on H, 

M : H -» H, Mcj := ^jt^ ) M = f ° ^ € SL 2 (Z), (4.23) 
ccr + a \c dj 

see for example [931 P- 6]. Unfortunately, the isometry (|4.19p does not behave equivariantly 
with respect to these two SL2(Z)-actions. We can remedy this, using the following involution on 
SLa(Z), 

SL 2 (Z) -» SLa(Z), M = f° ^ ^ M op := 

Note that (MiM2) op = M,° P M° P , so that we can use the involution to turn a left action of SL2(Z) 
into a right action. 

Lemma 4.3.7. Let <3? : M — > ^ 6e i/ie map of Lernma \4.3.1\ Then for M G SL 2 (Z) 

$(M(t) = (M op ) _1 <l>(cr)M op . 
Sketch of proof. The group SL2(Z) is generated by the elements 

S:= (J "o 1 ), T:=(j J) , S 2 = (ST) 3 , 5 4 = Id, 

see [931 pp. 16-17]. As fractional linear transformations they act as 

S(a) = --, T(a)=a + 1. 
a 

One then computes that for a = o~\ + 102 G H, 

*< s ^*(-^Kte -A) 

and 

•p.,) . + 1) _ 1 1 -l;; + +;l 2 ) _ ... . r'» W r. 

Now one has to verify that the formula of Lemma 14.3.71 holds for all words in 5 and T. This is 
almost tautologically true. For example, if we consider M = ST, then 

$(Mcr) = S~ 1 <$>{To)S = {TS)~ 1 ${<j)TS = (M op )~ 1 $(a)M op . □ 
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The above lemma suggests that using the involution M \— > M op we should either redefine the 
action of SL2 (Z) as the mapping class group or turn the natural left action f|4.23|> of SL2 (Z) into 
a right action. We opt for the latter, although this leads to an unfortunate difference in notation 
compared to the literature. However, redefining the action of SL2(Z) as the mapping class group 
seems more unnatural. 

Definition 4.3.8. Let M G SL 2 (Z), and let a(t) : R -> EI be M-invariant in the sense that 
M°Pa(t) = a(t + 1). Then we define (T| f , 5(T ) to be the mapping torus 

(T 2 xK)/~, (M(S),0~((5),t + l), ((?),i)eT 2 xR, 

endowed with the metric induced by 

g a := dt®dt + g a (t)- 
Here, for each t 6 R the metric g a u\ on T 2 is defined as in Lemma 14.3.11 

Flat U(l)-connections over T^j. We now give an explicit description of flat U(l)-connections 
over Tfif up to gauge equivalence. 

Proposition 4.3.9. Let M G SL^iZ). Every flat U(l)- connection A over the mapping torus 
T^j is equivalent to one induced by a flat connection a u over T 2 as in Lemma \4-3.3 and a gauge 
transformation u G C°°(T 2 , U(l)) satisfying 

-(ld-M t )( Ul ) GZ 2 , (4.24) 



JT12J \V2 

and 

u = exp [ — 2-Ki(m\x + m^y + A)] 

for some AG [0, 1). 

Proof. Let a u = — 2m(y\dx + ^dy) be a connection over T 2 as in Lemma [4. 3. 31 Since M acts by 
matrix multiplication on R 2 , the pullback of a u by M is given by 

M*a u = -2m{^dx + fi 2 dy), ( ^ J = M* r 1 

Now the condition M*a u = a u of (|4.8p means that connection a u is the restriction of a connection 
over T 2 j if and only if there exists a Z 2 -invariant function u : M. 2 — > U(l) such that 

( id - M, K:) =s ■ <- 5 » 

Clearly, a function u : M. 2 — > U(l) satisfying (|4.25|) is necessarily of the form 

u = exp [ — 2m(mix + rri2y + A)] , A G [0, 1), 
and this is Z 2 -invariant precisely if (mi, 777-2) G Z 2 . □ 



Remark 4.3.10. 
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(i) Note that the gauge transformation u is — up to the number A 6 [0, 1) — determined by 
f)4.24|) . For simplicity we will sometimes consider only the case A = and neglect the gauge 
transformation from the notation. 

(ii) In Remark IB.2.101 (ii) we have pointed out that the bundle L —* TjL on which the fiat 
connection A is defined is not necessarily trivializable. In the case at hand this topological 
data is encoded in (14.24D . One verifies — using for example Proposition IB.2.91 — that L is 
trivializable if and only if 

mi ) Gimfld-M* :Z 2 ^Z 2 ). 

For example, if M = ( J \ ), then Id —M l = ( \ % ) and so 

(J\ £im(ld-M* :Z 2 ^Z 2 ). 

This implies that in this case, the gauge transformation u = exp(— 2iriy) defines a flat 
bundle L — ► T 2 t which is not trivializable. 

4.3.2 The Bismut-Cheeger Eta Form 

We now want to use Proposition 14.1.51 to express the Eta form in terms of the data introduced 
in the last paragraphs. First of all, we need to understand the vertical chirality operator and its 
variation. 

Let o~(t) = &i(t) + i(T2(t) be an M-invariant path in H in the sense of Definition 14.3.81 and 
let oj a M and i^a(t) be the associated path of 1-forms as defined in (I4,20j) , Differentiating with 
respect to t easily yields that 

= 2^i) " and ^(t) = Wf)^-(t) ~ Wff(t))- 

Let Tt be the associated path of chirality operators on Q*(T 2 ). Since the volume form on T 2 
does not vary with t the action of Tt on S7°(T 2 ) and ft 2 (T 2 ) is independent of t. On f2 1 (T 2 ) it 
is determined by TtLu a ^ = ^ a (t) an d T t^>a(t) = ~ UJ a(t)^ see (|4.2ip . This readily implies that the 
derivative of tj with respect to t is given by 

i~t\n°(T 2 ) = 0, T t | n 2( T 2) = 0, TtUety = ^j^a(t), h^a{t) = ^) U a{t)- (4.26) 

Proposition 4.3.11. Let a u be aflat connection over T 2 as in Proposition \4-3.9 Denote by A 
be the associated flat connection on the line bundle L —* Tjjt, and let a(t) be an M-invariant path 
in EL Then the Bismut-Cheeger Eta form is given by 



t}a = — Re (&(t) J F u (a{t),u)dujdt, 



where for every a = o~\ + ia 2 £ H and u € M + 

2 2 

F y (o,u)=^—{n 2 -i>-2-o-{ni-vi))e . (4.27) 

nGZ 2 ° 2 

The sum in (|4.27jl converges absolutely and there are estimates, locally uniform in a, 
\F v (a, u)\ < Ce~ cu as u — > oo, \F u (a,u)\ < Ce~^ as u — ► 0. 
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Proof. According to Proposition 14.1.51 the Eta form associated to the connection A and the path 
a(t) is given by 



l07T 



J Tr„ [r v (d* AtV d A ,v ~ d AtV d Av )e~^ DA --jdu. 

It follows from Lemma 14 . 1 . 4 1 that under the identification 

K{T 2 m,L) = {a t : M -» 0'(T 2 ) | a m = M*a t }, 

the operator d AjV coincides with d au applied pointwise for each t. The same is true for d\ v and 
d^ , where the transpose has to be taken pointwise for each t with respect to the metric induced 
by cr(t). Now, the operators d av d av , d av d^ and e~i Da » all preserve the decomposition 

o*(t 2 ) = n°(T 2 ) © n 1 ^ 2 ) © n 2 {T 2 ). 

Moreover, we know from (|4.26p that the operator f v acts trivially on Cl° © il 2 . Therefore, 



Tr^ (f v (d A , u d AtV - d Av d AtV )e 4 a,„J = Tr t [f t {d\ v d av - d a d^)e 4 Hfii(T2) 

where the subscripts t indicate that we consider the right hand side as a function of t. Instead of 
working over (T 2 , g a ) we now switch to C/A(<r) to be able to use Proposition l4.3.4"l and Proposition 
14.3.51 Using the notation introduced used there, we write 

a = {^- l fa u , w n = £(n 2 - am), Vn = e ^ z ~ w - s : C - U(l), 

where n = (^1,712) € Z 2 . Note that for notational convenience, we have now dropped the 
reference to the t dependence. Then Proposition 14.3.41 yields that 

(d^da - d a d? a )(<Pndz) = 2d a d t a (ip n dz) = -Aa 2 {w 2 n - 2w u w n + w 2 v )ip n dz 
= -Aa 2 {w n - V ) 2 (p n dz. 

Under the isometry ip a : (T 2 ,cr) — > C/A(cr), the pair (dz,dz) pulls back to (w ff ,w 5 ). Hence, we 
deduce from (|4.26|) that 

f(d t a d a - dadQipndz) = -U<T{w n - u ) 2 <p n dz. 

Similarly, one finds that 

f(d t a d a - dadQipndz) = -Ua(w n - U ) 2 ip n dz. 

The Laplace operators A a and D 2 v coincide via ip a : (T 2 ,a) — ► C/A(er). Using Proposition 14.3.51 
and the fact that e~i^ a is an operator with smooth kernel, one then concludes that 



1 



Tx(f{d t a d a -d a d t a )e--^) =^J2 Re(a(tD n _,) 2 )e- 



■ua 2 \w n - u \ 2 



16tt V ^ a a > ) 2tt 

nez 2 



I 

— Re (&F u (a, u)), 
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where in the last step we have simply used the definition of F u (a,u). Concerning the absolute 
convergence of F u (a,u) and the estimate as u — > oo we assume for simplicity that v = 0. The 
general case requires only minor changes. Define 

r CT := min{|2;2 - (JXi| | (x\, x 2 ) £ M 2 , \xi\ + \x 2 \ = l} , 
R a := maxjla^ — ox\\ | (11,12) £ K 2 , \x\\ + \x 2 \ = 1} ■ 

Clearly, r a and R a depend continuously on a. For n £ Z 2 and some constants c and C, not 
depending on n and a, we have 

\w n \ 2 > cr a \n\ 2 , \w n \ 2 < CR a \n\ 2 , 

so that 

\w 2 n e- ua2 \ Wn \ 2 \ < C\n\ 2 e- uc W\ 

where the constants c and C now depend continuously on a. This implies absolute convergence 
of the series in (14.271) . Concerning the estimate as u —* 00 one now proceeds exactly as in the 
proof of Lemma 11.2.31 and we will skip the details. However, the estimate for u — > cannot be 
read off in the same way, and the general theory only yields that F u (a,u) is bounded as u — ► 0, 
see Theorem 13.2.181 To obtain the required estimate, we proceed as in |17t Thm. 2.15]. Recall 
that the Poisson summation formula states that for any rapidly decreasing function / on M. d 

E /(") = E /(")> ?( n ) = I fi*y- 2m{n ' x) dx, (4.28) 
nez d nez d jRd 

see e.g., |64^ Sec. 20.1]. We now let v £ R 2 be arbitrary again and use the Poisson summation 
formula to bring F v (a, u) into a different form. Since we will need the formula only to obtain the 
estimate as u — > 0, we give only some intermediate steps 



F u (a,u)= {w n -v) 2 e- ua2 \ Wn - v |2 = E / (w x -u) 2 e- ua2lWx -^ 2 e~ 2ni{x ' n) dx 
nei? nez 2 "* R2 

= y-2ni<y,n) J_ f {xi+ix2 f e -^\ 2 e -^U dx 



where the last line follows from a suitable substitution. For arbitrary £ = (£,i,£, 2 ) £ R 2 one 
computes that 

/ On + ix 2 ) 2 e-^ x \ 2 e- 2 ^ x ^dx = (-i^+ £2) V"l«l 2 . 
Moreover, with £ = -j=^ ( n °+2ln 2 ) as above, 

+ 6 = , (ni + on 2 ), 

^KU(J 2 

and thus, 

F v {a,u) = -^Y e- 2 "<^«) 2 u- 3 e"^, < := m + an 2 . (4.29) 

2 n&I? 

Since w n = for n = (0,0), we see that the only possible term which might fail to decrease 
exponentially as u — > drops out. Hence, we can proceed again as in Lemma 11.2.31 to deduce 
that \F u (a, u)\ < Ce" as u — > 0, with constants c and C depending continuously on a. □ 
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We now want to simplify the expression for rj^ further and get an expression for the integral 
of the Eta form t}a over the base. We note that the function F v in H4.27H depends on v E R 2 only 
modulo 1? , see also (|4.29p . Hence, we will often assume in the following that < v\ < 1 or even 
that v G [0, l) 2 . 

Theorem 4.3.12. For v = (y\,v 2 ) G R 2 with < v\ < 1 and a G H write z = v\o — v 2 . 

(i) Employing the notation 

q a = e 2 ™, and q z = e 2mz , 

we define 

E »w ■= E E ^fe+c'rc" 2 , i/^ = o, 

ni>0n 2 >0 

and 

w : = E 4<£ 2 + E E 4fe + ^re™ 2 , *m / o. 

ra 2 >0 ni>0n 2 >0 

T/ien i/ie sum defining E v (a) converges absolutely to a function which is holomorphic on 

m. 

(ii) Let F u (a,u) be as in (14.270 . T/ien 

1 f°° m i \ j 1 1 ^ „ , . 
-J o Fo (a 1 u)da=-- — + -^E (a) t 

and for v ^lTL 

1 f°° „ , v , „ , s id 



[ FJa,u)du = P 2 {v x ) + -^-E v (a), 
Jo Kdo 



2vr 

where P 2 is the second periodic Bernoulli function, see Definition \C.1.1[ 
Remark 4.3.13. 

(i) The function E v (a) is related to the logarithm of a generalized Dedekind Eta function, see 
(|4.61|) and Lemma 14.4.181 below. As such it appears in the constant term of the Laurent 
series at s = 1 of certain Eisenstein series. Without going into details about the exact 
relation, we recall that the determination of this constant term is classically referred to as 
a Kronecker limit formula, see |64t Ch. 20] and |88|, Sec. 4]. In the proof of Theorem l4.3.12l 
below, we mimic a combined proof of the first and the second Kronecker limit formula as 
in 



(ii) Since the sum defining E u (a) converges absolutely, we can interchange the summation over 
n\ and n 2 . Since \q™ 2 \ < 1 for n 2 > we find 

n 2 n 2 /2 

E C" 2 = = _ n2 % n2/2 = l(cot(nn 2 a)+i). 
Hence, for v\ = 

E v (a) = i ^ cos(2irzn 2 ) ( cot(-Kn 2 a) + 

n 2 >0 

In the case that v\ ^ one can combine the two sums over n 2 . Then 

E v (a) = i ^(cos(27rn 2 z) cot(irn 2 a) + sin(27rn2-z)) . 

n 2 >l 
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Proof of Theorem \4-3.12\ We can assume for simplicity that < v<i < 1 as well, since the claims 
of Theorem 14.3. 121 depend on v<i only modulo Z. As an auxiliary tool we define 



oo 

s-1 . 



G v {a,s):=— — / u'-^Cff.uJdti. (4.30) 

2vrr(s) y 

The estimates in Proposition 14.3. iTI ensure that G u (a, s) is a holomorphic function for all s£C. 
Clearly, 

1 Z" 00 

Gv(cr, 1) = — F u (a,u)du. 

27T Jo 

Since the sum over n = (ni,n2) G Z 2 defining F v (o~,u) converges absolutely, we can first extract 
possible terms with n\ = v\ = 0, and then sum up the remaining terms. More precisely, define 



2 

|2 -"frl^-^l 2 



SjE^k*-**! e - , if ^ = 0, 

0, if v\ ± 0, 

and 

2 2 

FJ(ct,u) := — \ \ (n 2 - am + z) e ^ 1 ', 

CT q 

where z = z^a — v<i- Accordingly, we can split G y {a,s) for Re(s) large enough as 

1 /"OO f'OO 

G„(a,s) = — — / u s - 1 F°(a,u)du + — — / u s ~ l Fl{<j,u)du 
= :G° u (a,s) + G 1 u (a 1 s). 

Now, again for Re(s) large enough, we can interchange summation and integration, so that for 
ui = the substitution u i— > fj|^2 ~~ ^2| 2 ^ yields 

2(J 2 4Tz r(s) 7o 

_s-2 ^-S-2 

°2 I |2-2s °2 7 I i\ 

= 2^ I 722 - ^1 =2^=rC^,(a-i), 



where C„ 2 (s ~~ -0 * s the periodic Zeta function in Proposition IC.1.^1 This implies that G®(a, s) 
admits a meromorphic continuation to the whole s-plane, and 

G>,1) = { °' , ifl/2/ °' (4.31) 

vK ' \-(27rc7 2 )- 1 , if v 1 = v 2 = 0. K ' 



To identify G^(a, s) we assume again that Re(s) is large enough, so that we can freely interchange 

2 

summation and integration. Then, with the substitution u \— ► —u, we get 



s— Z 1 POO 
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We now apply the Poisson summation formula (|4.28[) to the inner sum and compute that 
(n 2 ~ an x + zf e~ u \ n2 - ani+z \ 2 

■£ /(.-^+*)V^*V«"» ix 

= 2 e- 2niReiani - z)n2 e- u{lra{cTni - z))2 f (x + ilm{nxa- z)) 2 e- ux2 e- 2nixn2 dx, 

where we have separated the real and imaginary parts and then made the substitution x t— > 
x — Re [anx — z). Clearly, the integral in the last expression decays exponentially as \n 2 \ — ► oo. 
Hence, the sum converges absolutely, and we can rearrange the order of summation again. Write 

Gl(a,s) = Gl°(a,s) + Gl 1 (a,s), (4.32) 

where G} / °(a, s) is the contribution coming from n 2 = 0, i.e., 

s— 2 1 poo r 

G -^ = ^=TW^ E / ^e'^^ 2 J {x + il^{nxa-z))\-^dx. 

Setting a := Im(nicr — z) we have 

/* (s + iafe- ux2 dx = y^(in- 3 / 2 - a 2 ^ 1 / 2 ) . 
Jr 

Therefore, standard manipulations involving the Gamma function yield 

/ u s ~ x e- ua2 \ (x + iafe- ux2 dx = ^\a\ z ~ 2s (±1> - |) - F(s - ±)) 

Recalling that a = Im(ni<r — z) we find that for Re(s) large enough, 



r(s-i)4-2i 

> 



n X0 ( \ r a 2 V s _ 2' I t I N|3-2s 



^-1)4-2,- 
2tt 2s - 1 T(s) 2s -3 lV ; 

where we have used that Im(nicr — z) = a 2 (nx — fx)- Hence we have found an expression for 
G„(a, s) which can be extended to a meromorphic function on the whole s-plane. It follows from 
Proposition IC. 1 .21 that s = 1 is not a pole, and that 

Gl°(a,l)=P 2 (vx) = vf-vi + i (4.33) 

Now we have to consider the general term G\, (er, s) in (|4.32p . Write a n = | Im(ni<7 — z)\ and 
b n = n\n 2 \. Note that a n , b n > if n\ ^ v\ and n 2 ^ 0. Then, for Re(s) large, 

S~ 1 -1 />oo 

" V ; 2tt 2s - 1 r(s) v , Jo 

v 7 m^ma^o 1/0 (4.34) 

x + ian Ye- ux2 e- 2lxs ^ n ^ K dxdu. 
sgn(m-i'i) 



2 
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To compute the integrals in the sum, we replace a n and b n by real parameters a, b > 0. Then 



x + \ 2 e - ux2 e- 2ixsgn{n2)b dx 



sgn(m-i/i) 



( ^ + ) 2 / e ~^ e -2ixs g n(n 2 )b dx 



. 2sgn(n,2) sgn(ni-yi) 

3fe a \ 2 pK_ b 2 /u 



+ — \ -e 



.2sgn(n,2) sgn(ni-i/i)/ V u 

Therefore, the u-integral in (j4.34p in terms of the parameters a and b is given by 

\Zsgn(n 2 ) sgn(ni-fi)/ 2 

where K s (a,b) is the Bessel K-function [HU Sec. 20.3] 

/•CO 

K s (a,b) = / u s - l e- (a2u+b2 ' u Uu. 
Jo 

Moreover, for fixed s, one has 

d b K s {a,b) = -26if s _i(a,&), 

so that (|4.35p is actually a sum of Bessel i^-functions for different s-parameters. We also collect 
from Sec. 20.3] that K s (a,b) is holomorphic on the whole s-plane and satisfies estimates, 
locally uniform in s, of the form 

\K s (a,b)\ <c(-Ye- 2ab , ab^oo. 



This implies that the summand in (|4.34|) decays exponentially as |(rei,n2)| — ► oo, locally uniform 
in s. From this one deduces that G\ (er, s) can be extended holomorphically to the whole s-plane, 
and that we can simply put s = 1 to find the value we are interested in. Now, K i (a, b) = v^ e _2afe 5 

2 a 

see [Ml P- 271]. Using this, one verifies without effort that the value of (|4.35p at s = 1 is equal 
to 

-2tto(1 - sgn(n 2 (n! - u l ))) e - 2ab . 

Using this one finds that 

G 1 u 1 {a,l) = - Yl Y |m-^i|(l-sgn(n2(ni-^i)))e- 2 " |n2||Im(CTni - 2)l e- 2 " iRe(<Tni - 2)n2 . 

Since ni 7^ and ni 7^ i/j, the above sum converges absolutely. Moreover, all the terms with 
sign(n2) = sign(ni — v\) drop out. Using the notation q a = e 2ma and q z = e 2mz , one obtains 

GiV,l) = -2l>i<£ 2 -2^ Yl [("i + ^Wr + K-^Krt 1 ^ ( 4 -36) 

n 2 >0 ni>0n 2 >0 

Note that for i^i = the first term is equal to zero. Now, q z and q a are holomorphic as functions 
of a, and 
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In the case that V\ 7^ we have z 6 H. This yields that ^9™ 2 decays exponentially as n2 — ► 
00. For arbitrary v\ and n\ > the term ^((j^ 1 ?™ 1 )™ 2 decays exponentially in both, ri\ and 
712. Moreover, this decay is certainly locally uniform in a. This implies that in (|4.36p we can 
interchange summation and differentiation to find that 

Gl 1 (a,l) = -^-E u (a), (4.37) 

where E u (a) is defined as in part (i) of the theorem. Since the sums converge absolutely and 
locally uniform in cr, we conclude that E u (a) defines a holomorphic function on H, which proves 
part (i). Moreover, we have split the auxiliary function in (|4.30p for Re(s) large as 

G v (v, s) = G° u (a, s) + Gl°(a, s) + Gl\a, s). 

As we have seen, the terms on the right hand side extend to meromorphic function on the s-plane, 
and thus, the above equality continues to hold for all sH Therefore, we can insert the values at 
s = 1, which we have computed in (|4.3ip . (|4.33p and (|4.37p . and deduce that 

n ( 1 \ t> I \ 1 * d tp ( \ , / °' if V2 ^ °' 

G v (7,1 = P 2 (1/1 + -j-E v [a + < 

-n da [-(2vro- 2 ) x , if v\ = u 2 = 0, 

which proves part (ii) of Theorem 14.3.121 □ 

As a consequence of Theorem 14.3.121 we obtain the expression for the integral of Bismut- 
Cheeger Eta form we were aiming at. We know from Proposition 14.3. lTI that 

rjA = ^Re(&(t) F„(a(t),u)du)dt 

Hence, integrating the formula in Theorem 14.3.121 (ii) with respect to t one easily arrives at 

Theorem 4.3.14. Let M € SL2(Z), let a(t) be an M -invariant path in H, and use a(t) to endow 
the mapping torus Tj^ with a metric. 



(i) The untwisted Eta form fj satisfies 

1 f 1 di(t) 

<72 (t) 



f l r W 1 ) l f 

/ n = - Re TraP 2 (0) + iE v [a) - — \ 

JO IT l J a(0) ZTT Jq 



dt, 



where we use the abbreviation [/(o")]^q) = f( a (X)) ~ f(. a (®)) 



(ii) Let i/£l 2 \Z 2 with < V\ < 1 satisfy (Id —M l )u £ H? , and let A be the corresponding flat 
U(l)- connection over the mapping torus T| f . Then 



f 1 ^ 1 r 

/ rjA = - Be 71-0-^2(^1) + iE v (a) 

JO 7T L 



a(0)' 



Here, we encounter a similar situation as in Remark 13X21 (i). The terms G°(a,s) and Gi (a,s) are not 
necessarily holomorphic, whereas G v (a, s) and G]}{a, s) are. This implies that the poles of G^(<r, s) and Gi°(cr, s) 
have to cancel each other out. With some effort one can check this directly. We will not go into further details, 
since the value we are interested in is s = 1, which is no pole for any of the summands. 
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In particular, the Rho form pa satisfies 



PA = ~ Re 

7T 



Tra(P 2 (u l ) - i) + i{E v {a) - E (a)) 



<t(o) 2vr 7 o- 2 (i) 



Remark 4.3.15. The forms t\a and depend only on v modulo Z 2 . Also, by its very definition, 
Piiy\) depends on v\ only modulo Z. Therefore, it is reasonable — and convenient — to extend the 
definition of E u (a) to arbitrary (yi, v-z) E M 2 by letting 

where is the largest integer less or equal than v\. Then Theorem 14.3. 141 (ii) continues to hold 
without the assumption on v\. 



4.4 Torus Bundles over S 1 , Explicit Computations 

In this section, we want to give a more explicit formula for the Rho invariants of a mapping 
torus T^j with M E SL/2(Z). The result depends considerably on whether M is elliptic, parabolic 
or hyperbolic — see Definition 14.4.11 below — and we have to treat all three cases separately. 
Explicit formula? for the untwisted Eta invariant have been obtained in [3] and [261 App. 3]. 
Both references make use of adiabatic limits, and much of our treatment parallels their dis- 
cussion. In [26] the focus is on the hyperbolic case, and the Eta invariant is identified with 
the value of certain number theoretical L-series, see also [H [T7\ \77\ . This has its origin in 
Hirzebruch's work [52], where a topological interpretation of the aforementioned L-series was 
conjectured. A similar relation can also be found for twisted Eta invariants. However, our aim 
is to get a simple formula for the Rho invariant, and values of L-series are certainly not easy 
to compute. Fortunately, Atiyah [3] found a number of very different ways to express the un- 
twisted Eta invariant of T 2 ^, and we shall derive a formula for the Rho invariant along those lines. 

Rough Classification of Elements in SL2(Z). For explicit computations we now have to 
find M- invariant paths in HI. For this we will use that elements in SL2 (Z) split into three natural 
classes. 

Definition 4.4.1. Let M E SL 2 (Z), and let A := (trM) 2 - 4. Then M is called 

(i) elliptic, if A < 0, 

(ii) parabolic, if A = 0, and 

(iii) hyperbolic, if A > 0. 

Remark. Recall that according to Lemma IB.2.H the diffeomorphism type of T 2 ^ depends only 
on the conjugacy class of M in SL2(Z). Moreover, L 2 f _ 1 and T\ t are related by an orientation 
reversing diffeomorphism. In addition, one verifies that for all M E SL2(Z) 

S- 1 M t S = M~ 1 , S = 
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This implies that in the case at hand, there also exists an orientation reversing diffeomorphism 
= T?,f Since Rho invariants depends only on the oriented diffeomorphism type of the 
mapping torus TL, and the relation among Rho invariants for different orientations is determined 
by Lemma 11.3.61 (ii), we are interested in elements of SL2(Z) only up to conjugation, taking 
inverses and transposes. Note that A in Definition 14.4.11 is invariant under these operations so 
that M, M _1 and M t all belong to the same class. 

We first collect some well-known facts, see for example |93} Sec. 1.4]. 

Proposition 4.4.2. Let M G SL 2 (Z). 

(i) M is parabolic if and only if M is conjugate in SL/2(Z) to ± (J [ J with I G Z. 

(ii) M is elliptic if and only if M it is of finite order with M ^ ±Id. In this case, M is of 
order 3,4 or 6, and conjugate in SL^Z) to an element of the form 

Sketch of proof. The eigenvalues of M are easily seen to be 

k = i(trM + \/A), k- 1 = i(trM- \/A), (4.38) 

where we fix the complex square root with \f—l = i. By definition, M is parabolic if and only if 
k = k~ 1 = ±1, so that the "if" part of (i) is clear. To prove the "only if" part, write M = (* 
and assume that M is parabolic with M ^ db Id. We can then assume — modulo conjugation by 
S — that c / 0. Replacing M with — M if necessary we can also achieve that tr M = a + d = 2. 
Define 

/ j \ a — d 2c 

g := gcd [a - d,2c), p := , q := — . 

9 9 

It follows from a + d = 2 and ad — be = 1 that 

ap + bq = p, cp + dq = q. 

Moreover, gcd(p, q) = 1 so that we can find r, s G Z with pr — qs = 1. Then (f r ) £ SL^Z), and 
one verifies that 

/p S V' (a b\ (p s\ = (I A 
\q r) \c d) \q r) \0 l) ' 

for some I G Z. This proves part (i). 

Concerning part (ii), we first note that part (i) implies that the only parabolic elements of 
finite order are ±Id. Hence, we can assume that k ^ k^ 1 . Then M is conjugate in GL2(C) to 
( q _i ) . Hence, M is of finite order if and only if k is a root of unity. Then k _1 = R, and M is 
elliptic because 

| trM\ = 2| Re(«)| < 2, since k^k. 

For the reverse direction, we only note that if M is elliptic, then tr M G {—1, 0, 1} and one easily 
checks by hand that k is a root of unity — in fact, K = e l T,e'2 ore's. From this it is not difficult 
to determine explicitly all conjugacy classes of elliptic elements. We refer to [931 PP- 14-15]. □ 
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We now analyze the action of SL2(Z) on H in some more detail. Recall from Definition 14,3.81 
that we let M = ( a ^) € SL2(Z) act on H by the restriction of the fractional linear transformation 

Af°P : C -> C, M op z = 

cz + a 



The following results are well-known but to fix notation we sketch the proof. 
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Proposition 4.4.3. Let M G SL 2 (Z) with M ^ ±Id. 

(i) // M is parabolic of the form M = ± f J J) urai/i / 7^ ; i/ien M op /ias no /ixed points in C, 
and horizontal lines {a E EI | Im(o") = const} are invariant under the action of M op . 

(ii) // M is elliptic, the fractional linear transformation given by M op has exactly one fixed 
point in M. 

(iii) M is hyperbolic, if and only if the fractional transformation given by M op has two distinct 
fixed points a,/3elcC, and the circle 

jcr e H I = |^|} 

is invariant under the action of M op . 

Sketch of proof. Part (i) is immediate since for all z S C we have M op z = z + I. If M = (" ^) is 
not parabolic, one easily verfies that the eigenvalues k and k" 1 as in (|4.38p cannot be integers. 
Hence, M is not in diagonal or triangular form, which implies that 6, c 7^ 0. Then the fixed points 
of M op acting on C are easily seen to be 

k — a k~ 1 — a 
a = and p = . 

c c 

If M is elliptic, then Im(/t) > and a. = (3. Thus, the unique fixed point of M op as claimed 
in part (ii) is given by a £ M if c > 0, and by f3 G EI if c < 0. Let us now assume that M is 
hyperbolic. Then the eigenvalues are real and k > k^ 1 . If we also assume for simplicity that 
c > 0, we get (3 < a. Then one verifies using elementary linear algebra that for all a G EI 



a + (3 
o~ — 



a — 3 „ ( a — a\ , , „„. 

-r- <=► Re (^) = °- < 4 - 39 ) 

On the other hand, M op a is uniquely defined by the normal form of the fractional linear trans- 
formation 

= k z . (4.40) 

M op a-f3 o-3 y J 

Since M is hyperbolic we have k£R. Hence, one finds from (|4.39p and ()4.40p that the circle 

rr £i I \a-?±P\ = ^} 

is indeed invariant under the action of M op . This proves part (iii). □ 
4.4.1 The Elliptic Case 

Assume that M = (" ^) £ SL/2(Z) is elliptic. Then, according to Proposition 14.4.21 M is of finite 
order, so that we are in the situation considered in Section f4.21 As in Proposition 14.4.31 there are 
precisely two fixed points for M op acting on C, one of which lies in EI, explicitly given by 



a = , a 

c 

where, 



Actually, one easily checks that 6 G {iii}. 



k = \ ( tr M + i ^4 - (tr M) 2 ) = e 27Tie , 9 G (0, |). (4.41) 

111! 
6' 4' 3- 
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Theorem 4.4.4. Let M = (" ^) € SL2(Z) 6e elliptic, and let A be a flat connection over T 2 L 
defined by a pair (a u ,u) as in Proposition \4-3^ 

(i) If v $ I?, and 9 is as in (|4.4ip . then 

p A (T 2 I ) = (2-49)sgn(c). 

(ii) If a v = is t/ie trivial connection, so that u = e~ 2mX 6 U(l), t/ien 

{0, if Re(u) < Re(«), 
sgn(c), if Re(u) = Re(re), 
2sgn(c), if Re(u) > Re(re). 

Proof. If v Z 2 , it follows from Lemma |3X3](iii) that H'(T 2 ,L av ) = {0}. Hence, Theorem[01] 
yields that in this case the only contribution to the Rho invariant comes from the Eta invariant 
of the trivial connection. More precisely, 



PA (T 2 M ) = -4trlog [M*| jr+(r2)nnl ] + 2rk [(M* - Id) | 



Let a respectively a be the fixed point of M op in EI as above, depending on whether c > or 
c < 0. Use this to define an M-invariant metric on T 2 as in Lemma 14.3.11 With the notation of 
(H~20l) . it follows from Corollary SXE that if c> 0, then 

jr+(r 2 ) nn 1 = cw, jf^(T 2 ) n ft 1 = 

and, if c < 0, then 

jr+(r 2 ) n^ 1 = Cu 9 , M>-(T 2 )nn 1 -- 

Moreover, it is immediate that 

M*U! a = K ■ LU a , and M*UJa = K ■ U>a- 

This implies that 

M*|^± (T2)nn i = k, M*|^ T(T 2) nn i = «, if±c>0. (4.42) 
Hence, with as in (|4.4ip and the definition of "tr log" in Theorem l4.2.4l one finds that if v ^ Z 2 , 



Pa(Tm) 



-49 + 2, if c > 0, 
-4(1-0) + 2, ifc<0. 



This proves part (i) of Theorem 14.4.41 Now assume that a v is the trivial connection. Lemma 
14.3.31 and Proposition 14.3.91 then imply that we can choose v = and u to be the constant gauge 
transformation e~ 2mX , with A G [0,1). Then part (i) and Theorem 14.2.41 show that the Rho 
invariant of A is given by 

2trlog [n~ 1 M*| <# + (T 2 )nn i] - rk [{u^M* - Id)|^ +(T 2 )nC i] 

- 2tr log [«" 1 M*| jr - (T2)nn i] + rk [(u^M* - Id)|^- (T 2 )nn i] + (2 - 49) sgn(c). 
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To compute the above quantities, we have to replace M* in (|4.42j) with u 1 M*. We assume for 
simplicity that c > 0; the other case works analogously. Then 

« -1 ^*|jr+(T 2 )nn 1 = u ~ 1k , ^ -1 ^*|jr-(T2)nn 1 = u -1 *- 
Now if Re(it) < Re(re), then A G [0, 9) or A S (1 — 0, 1). One readily verifies that in this case, 
rk [{u- x M* - U)\^ +{T 2 )nnl ] = rk [(u^M* - Id)| jr - (T2)nn i] , 

and 



2trlog[u 1 M*| jr+(r 2 )nn i] -2trlog[n 1 M*|^ r - (T 2 )nQ i] = 49 
This implies that if Re(it) < Re(«), then pa(T^) = 0. Similarly, if Re(u) > Re(fc), one computes 

rk [(vr l M* - Id)|^ +(r2)nnl ] = rk [(u-'M* - Id)|^- (T2)nn i] , 



that 



and 

2trlog lu~ l M*\^+ {T 2 )m i] - 2trlog [u~ 1 M*\^- {T2)nn i] = 49, 
so that pa(Tm) = 2. Lastly, if Re(u) = Re(«), then either A = 9 or A = 1 — 9. In the first case, 

rk [(u- l M* - Id)|^ +(T 2 )n0l ] = 1, rk [(u^M* - Id)|^- (T2)nn i] = 0, 

and 

2trlog [u- l M*\^ +{T 2 )nn i] = 49, 2trlog [u^M*]*-^^] = 0. 

This yields pa(T^) = 1. In a similar way one deals with the case A = 1 — 9. Ifc<0, one has to 
replace n with R in the above computations, and one easily verifies that the result is the negative 
of what we computed in the case c > 0. □ 

In part (i) of Theorem 14.4.41 the twisting connection does not contribute. Also recall that 
through Theorem 14.2.41 we have used Theorem 13.3. 16\ which expresses the Rho invariant as the 
difference of adiabatic limits of Eta invariants. Hence, part (i) of Theorem 14.4.41 can be rephrased 
as 

lim ri{Bf) = (49 - 2) sgn(c). 

e^0 

Here, Bf 7 is the adiabatic family of untwisted odd signature operators associated to the M- 
invariant metric on T 2 induced by a respectively a. Now in the case at hand, the family i](B, 
is independent of e, see O p. 360]. Hence, we arrive at the following 



Corollary 4.4.5. Let M = ("5) € SL/2(Z) be elliptic, and endow with the metric induced 
by an M -invariant metric on T 2 . Then, with 9 is as in (I4.41|) . 

7?(£ ev ) = (40-2)sgn(c). 

To check consistency with previous results, we now use Corollary 14.4.51 to compute the Eta 
invariant for the examples considered in [3j p. 372], respectively \75\ p. 48]. 



(i) M - ( J Then k = ef, so that 9 = \. Hence, n(B cv ) = § - 2 = -f. 
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(ii) AT = ( j 1 q \ Then re = and r/(£ ev ) = § - 2 = -|. 

(hi) M = f J . Then k = e?, so that r ? (5 ev ) = | - 2 = -1. 

Therefore, we obtain the same values as in [3] and [75]. Yet, the underlying abstract ideas we 
have used are very different from what is considered there. 



4.4.2 The Parabolic Case 

If M is parabolic, we know from Proposition 14.4.21 that M is conjugate to an element of the form 
±(q J). Therefore, we can always choose a(t) := tl + i as an M-invariant path in EL We first 
compute the integral of the Rho form using Theorem 14.3. 14L 

Proposition 4.4.6. Let v = (ui,u 2 ) G M? with v £ Z 2 satisfy (M t - ld)u G Z 2 . Let A be the 

corresponding flat connection over the mapping torus T\ t . Then the integral of the Rho form with 
respect to the metric induced by a(t) := tl + % is given by 

where P2 is the second periodic Bernoulli function. 

Proof. Since both sides of the equation in Proposition 14.4.61 depend on v only modulo Z 2 , we can 
assume that v G [0, l) 2 . Since cr(0) = i and cr(l) = I + i, we have 

cot(7r<r(l)n) = cot(7r<r(0)n) for all n £ N. 

This implies — using the notation of Theorem 14.3.121 and Remark 14.3.131 (ii) — that 

E (a(l)) =E (a(0)). 

We now claim that also 

E u (a(l))=E u (a(0)). (4.43) 

Indeed, if M = (q {)> the condition (M* — Id)i^ G Z 2 guarantees that lv\ G Z, whereas v<i is 
arbitrary. Thus, with z(t) = vio~(t) — vi as in Theorem 14.3.121 we get 

z(l) = z(0)+lui G z(0) + Z. 

This easily yields (14431) in the case at hand. E M = - (H), then (M* — Id)v G Z 2 means that 

2i/i G Z, Zz/ X + 2i^2 G Z. 

Since we are assuming that v G [0, l) 2 , there are only a few possible values for v. First of all, if 
v\ = 0, then z(l) = z(0), so that (|4.43p holds again. If i>i = |, then 

J {0, |}, if I is even, 
^ e i{i,|}, if I is odd. 
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Moreover, we have z(l) = z(0) + | and so 

cos (2vrz(l)n) = (-l) n 'cos (2vrz(0)n), 
sin (2vrz(l)n) = (-l) nl sin (27rz(0)n) . 

This implies that only summands such nl is odd contribute to E v (cr(V)) — E v \a(fSj\. Hence, if I 
is even we are done. Let us thus assume that I is odd and — for definiteness — that f2 = \- The 
case V2 = | is analogous. Then, for odd n G N, 

cos (2irz(0)n) = cos (nin — |n) = z n_1 sin(7rm), sin (2-7rz(0)n) = — i n ~ l cos(7rin), 

and so 

cos (2irnz(0)) cot(7rrai) + sin (27rnz(0)) = 0. 

This, together with (|4.44p . implies ()4.43p in this last case as well. We can now use ()4.43p and 
Theorem 14.3.141 to deduce that in all cases 

f pa = l{P2(yi) + M = l{P2("i) + u 

To conclude the computation of the Rho invariants of T|j for parabolic M £ SL2(Z), we 
still have to determine the Rho invariant of the bundle of vertical cohomology groups p,x j A „(S ) 
appearing in Theorem 13.3.161 Recall that Dai's correction term vanishes because the base is 
1-dimensional, see the proof of Theorem 14.2.41 

Proposition 4.4.7. For e = ±1 and I £ Z let T^, be the mapping torus of M = e(q [) . Endow 
with the metric given by o~(t) = tl + i. Then, for all connections A as in Proposition \4 ■ 4 ■ 



0, if I = 0, 

4 + sgn(Z), if e = 1, 1^0, 
-L if £ = — 1. 



The proof turns out to be somewhat involved, and we sketch the strategy first. We know from 
Corollary 14 . 3. 61 that the twisted cohomology groups of T 2 vanish except for the trivial connection. 
Hence, for A as in Proposition 14.4.61 we can argue as in the proof of part (i) of Theorem 14.4.41 
that 

PXkjS 1 ) = —\r}[D s i ® V^), (4.45) 

where D s i (g) V^" is as in Definition 13.1.161 However, unlike in the case of elliptic elements, the 
connection V 1 ^" on the bundle of vertical cohomology groups is not unitary, so that it is difficult 
to compute the above Eta invariant directly. The idea of our proof is to study the difference 
between D s i v and the odd signature operator associated to the unitary connection V^"'", 
see (I3.24p and ()3.29p . More precisely, we will compute r)(D s i ® v^' n ) and then use the variation 
formula of Proposition 1 1 .3 . 141 to obtain niyD s i ® V^). Here, the considerations of Section [3.1.61 
will play a role. 

Proof of Proposition \4-4- ffi We split the bundle of vertical cohomology groups as 
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It follows from Corollary 14.3,61 that J^(T^f) and M^iT^) can be trivialized by the constant 
sections 1 respectively dx A dy. With respect to this trivialization, the connection SI v is the 
trivial connection, see (|4.10p . According to Remark 11.4.81 (iii) the Eta invariant of the untwisted 
odd signature operator over S 1 vanishes, so that we only have to compute the contribution to 
7](D s i <g> V^) coming from JtJ-(T^). 

Let W(j(t) and ^(t) be as in (|4.20j) with respect to a(t) = tl + i, and define 

«i : = ^a{t) + W f ( t ), fit ■= U>cr(t) - ^a{t)- 

It is immediate from Corollary 14.3.61 that for each t the pair [at, fit) forms an orthogonal basis of 
J^f 1 (T^,g f7 ^). However, it is not necessarily a trivialization of the bundle of vertical cohomology 
groups. For this note that, with e = ±1 as in the statement of the proposition, 

so that also 

M*a t = eat+x, M*f3 t = eflt+i. 
Nevertheless, this means that we can write every section of J4? v (T^) — * S 1 as 

cp a (t)a t + (ff3(t)Pt, 

with functions <p a and (pa on M satisfying the condition 

<p a (t + l)=£(p a (t), <pp(t + l)=etpf,(t). (4.46) 

Now, note that 

dt^a(t) = d t ^>a(t) = Idy = 2^(^o-(t) - ^a{t))- 

Using this we see that the flat connection SI v on Jt£-(T?f) is given by 

SI fa t = d t a t = -Ufa, Vf(3 t = d t (3 t = 0. (4.47) 

Moreover, one verifies using (|4.2ip and (|4,26p that 

r t a t = fit, T t (k = ott, f t a t = ila t , hPt = -Hj3 t . (4.48) 

According to Lemma 14.1.41 this means that the unitary connection V^' u of (|3T24"j) on J^(T^) 
is given by 

Vf'% = -fA, vf'"A = -f«f (4.49) 
With the operators of Definition 13.1.161 and (13. 29ft we introduce the abbreviations 

D := D s i <g> V v \c°°(S 1 ,J(^(Tff))> DU := D S 1 ® V v ' u \c°°(S 1 ,J%-(T$f))- 
Then, using the splitting of the total chirality operator as in Lemma 12.2.31 one verifies that 

D = -ir t Vf, D u = -ir t vf' u . 
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From the considerations at the beginning of this proof we deduce that 

n {D) = \ V {D s x®V^), (4.50) 

where the factor enters for the same reason as in Remark 13.1.171 (ii) and Remark 11.4.41 (i). 
Similarly, 

ri(D u ) = ± V {D s i®V^' u ). 

Now let 

D s := D u + s(D - D u ), a €[0,1]. 

Then D s is a family of self-adjoint operators, which is precisely of the form considered in Theorem 
13.1.201 Hence, the "local variation" of the Eta invariant vanishes , so that the general variation 
formula of Proposition 11.3.141 reduces to 

rj(D) = rj(D u ) + dim(ker D u ) - dim(ker D) + 2 SF(£> s ) s6[0jl] . (4.51) 

To determine the terms appearing in (|4.5ip . we now explicitly compute spec(Z? s ). If ifaCtt+tppftt is 
a section of J^(T^), then (14. 471) . (|4.48j) and (|4.49j) imply that D s acts in terms of the coordinate 
functions (tp a ,(pp) as 



D, 



fa 
fP 



8t\ H (1 + s 
d t 



fa 

Vp 



Hence, if tp a ott + tppfh is an eigenvector with eigenvalue A(s) € M, then 



<Pa\_,f A(s) + (l-s)A (<p a \ _ fif a 

which is an ordinary linear differential equation with constant coefficients. Let us assume from 
now on that I ^ 0. The case I = will be dealt with separately at the end. The characteristic 
equation for the eigenvalues k of I\(s) i s 



K 

Therefore, unless (A(s) + |) 2 = •s 2 (|) 2 , the matrix T\^ s ) has two distinct eigenvalues k and —k, 
and can be brought into diagonal form. Now a solution to (|4.52p satisfies the condition (|4.46|) if 
and only if e lK = e. Write e = e id with 9 € {0,7r}. Then the condition e m = e is equivalent to 
K = 27m + 8 with n G N. Hence, \{s) is an eigenvalue of D s if and only if 



*- (A (s) + i) 2 - s 2 (i) 2 . 



A(s) = Xn(s) := ±\J At 2 + s 2 (|) 2 - |, K n = 27rn + 9 for some n G N. 

Moreover, unless n = and 9 = 0, the standard procedure for solving (|4.52p gives us two linearly 
independent solutions for both eigenvalues A+(s) and A~(s). In the special case n = and 9 = 
we have 

A±( S ) = i(± S |Z|-0, and so T x ± {s) = S -( Ml l+l ±l \~ ^- 
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If s = 0, this matrix vanishes so that the eigenvalues A (0) have multiplicity 2. If s ^ 0, this 



matrix is in triangular form. This implies that the eigenvalues A^(s) have multiplicity 1. To see 



this, consider for example the case / > 0, and T = T^+, s y Then 
so that the only solutions of (|4.52j) satisfying the condition (|4.46p are constant multiples of 

(<£<*, = (0,1). 

Since the operator D u coincides with Dq we see in particular that 

spec(D u ) = {±{2im + 9) - | | n G N}, 
where all eigenvalues have multiplicity 2. Hence, for Re(z) > 1 

r,( n« ^ 9 ^ sgn(2^n + g-l) _ sgn(n-^) 

ngZ |zvrn-ht/ 2 1 ngZ |n ^ \ 

which up to a factor is the Eta function considered in Proposition IC.1.21 Hence, the value at 
z = of the meromorphic continuation of r](D u , z) is given as follows: Let m G Z be such that 

10 10 
- me (0,1). Then rj(D u ) = 2 4m - 2. (4.53) 

This identifies the first term in (|4.51l) . 

To compute the spectral flow term, we first assume that I > 0. Then the zero eigenvalues of 
D s for s G (0, 1) are given by those A+(s) for which s and n are related by 

>4 = (i- s 2 )(!) 2 - 

The family A+(s) is strictly increasing with s and all eigenvalues have multiplicity 2. For the 
latter note that since we are assuming that s / 1, the eigenvalues of multiplicity 1, which we 
have found in the case = 0, are never zero. Therefore, each zero eigenvalue will contribute +2 
to SF(L' s ) sg [o,i]- Since 1 — s 2 maps (0, 1) bijectively onto itself, we have to count the number of 
n G N for which < n n < £, or — equivalently — for which — ^ < n < — Now, with m as 
in (|4,53p . it is immediate to check that 

e ^ ^ ^ i 




#{nEN | _JL <n< _L_J_} = 

Note that since we are assuming that / > 0, we certainly have m > if = and m > — 1 
if 9 = tv. Concerning the endpoints of the path, there are no zero eigenvalues for s = 0. For 
s = 1 we only have one if = 0, and this is the eigenvalue Ajj~(l) of multiplicity 1. Putting all 
information together, we find that for / > 0, 



dim(kerZ? u ) - dim(kerD) + 2 SF(D s ) se[0jl] 



-l + 2(2m + l), if = 0, 
4(m + l), if0 = ?r. 
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Together with (|4.53[) and (|4.5ip . we conclude that in the case that I > 0, 

ri(D): 



£-1, if = 0, 

L ife = 7r. 



Let us now assume that Z < 0. Then the role of A+(s) in the preceding discussion is replaced 
by A~(s), which strictly decreases with s. Hence, the contribution to the spectral flow is —2 for 
each zero eigenvalue. With m as in (|4.53p we now have m < — 1 and for both values of 9 

For I < and 9 = 0, the zero eigenvalue An (1) of multiplicity 1 does not contribute to the spectral 
flow. Therefore, we arrive at 



dim(kerD") - dim(kerD) + 2 SF(D s ) se[0>1 
Hence, we conclude that for Z < 

V(D) = 



-l + 4(m + l), if 9 = 0, 
4(m + l), i£9 = iT. 



+ 1, if ^ = 0, 
L if 9 = ir. 



Hence, using (|4.45p and (|4.50p we have proved Proposition 14.4.71 in the case that 1^0. If Z = 0, 
one easily checks that 

spec(£>) = {2irn + 9 \ n G Z}, 

where all eigenvalues have multiplicity 2. This implies that spec(-D) is symmetric, so that rj(D) = 
0. □ 

We can now combine Propositions 14.4761 and H.4,71 to obtain the formula for [/(l)-Rho invari- 
ants for mapping tori with parabolic monodromy. According to Theorem 13.3. 16[ we have 



PA {T 2 M ) = 2 f p A + p ^ A JS 1 ). 
Jo 



Therefore, we arrive at the following 

Theorem 4.4.8. Let e = ±1 and I G Z, and let be the mapping torus of the parabolic 
element M = e(q [) . Let A be a flat connection over the mapping torus T^, defined by v G M? 
with v ^ 71? , satisfying (M* — Id)^ G Z 2 . If I = 0, the Rho invariant pA(Tf 4 ) vanishes. For I / 
we have 

2 , ^ Jsgn(Z), ife = l 

Pa(T m ) = 2l{P 2 {y l ) - g) + < Q if e = _! 
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Remark 4.4.9. 

(i) We want to point out that the assumption that v ^ 1? excludes possibly non-trivial flat 
connections on which restrict to the trivial connection over T 2 . Note that for elliptic 
elements in Theorem 14.4.41 (ii) we included a discussion. However, in the case of parabolic 
elements — and also in the hyperbolic case below — the case v ^ Z 2 is much more interesting 
and a parallel treatment of the remaining case would lead to more notational inconvenience 
and a tedious distinction between all cases. Since the insight gained seemed not worth the 
effort, we opted to work under the assumption that v ^ Z 2 only. 

(ii) Note that if e = 1 in Theorem 14.4.81 then v\l £ Z, so that v\ = k/l for some k £ Z. Hence, 
the formula for the Rho invariant is the same as the formula for the Rho invariant for a 
principal circle bundle of degree I over T 2 in Theorem l2.3.181 The underlying reason is that 
for e = 1, the mapping torus Tjj^ is at the same time a principal S^-bundle of degree / over 
T 2 , see [9H p. 470]. 



4.4.3 The Hyperbolic Case 

Now we turn to the generic — and most interesting — case that M is hyperbolic. This section is less 
self-contained than the previous sections, since we will deduce the main result from a well-known 
transformation formula for certain generalized Dedekind Eta functions. Since this would lead 
to far afield, we shall not attempt to give a detailed treatment but refer to the literature for proofs. 

Ai- invariant Paths in the upper half plane. Assume that M = ( " ^) £ SL,2(Z) is hyperbolic. 
As in the proof of Proposition 14.4.31 we know that b, c ^ 0, and that the fixed points of M op 
acting on C are given by 

a=- — -, = - -, where k = \ (a + d + Va) . (4.54) 

c C A\ I 

For t £ M define 

°"(*) := m 1 , 2t {a\ K \ 2t + (3\ K \- 2t + i\a -0\). (4.55) 

\k\ ~\~ IK/I 

Lemma 4.4.10. The path a(t) in H lies on the circle 

{aew\ k-^| = |^l} 

and satisfies M op a(t) = a(t + 1). 

Proof. We proof the second assertion first. By comparison with (|4.40p . we thus have to show 
that 

o~(t + 1) — a _ 2 cr(t) — a 



a(t + l)-0 cr(t)-0 

Now, 

a(t) - a = , lo , -. , , (a\K,\ 2t + /?H" 2i - a\n\ 2t - akl -2 * + i\a 
\k\ + v 

1 it 



(4.56) 



|k| 2 * + \ k\ 2t 



((0 - a)\ K \- 2t + i\a - 0\) 
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and, similarly, 

<T(t)-P= * ((a- f3)\ K \ 2t + i\a- (3\). 

Let t, t' € R, and abbreviate e := sgn(a — (3) = sgn(c). Then 

(<r(f) - a) (a{t) -/?)_(- \n\- 2t ' + is) (\ K \ 2t + is) 
(a(t>) - 0) (a(t) - a) ~ (\ K \ 2t ' + ie) ( - \ K \~ 2t + ie) 

_\ K \-2(t'-t)_ 1+ i£ ^2t_^-2^ _ ^ 
-\ K \2(t'-t) _ l + j £ (| K |2f _ | K |-2f) " |K| 



In particular, for tf = t + 1 we obtain the formula in (|4.56p . which in turn shows that a{t) is 
M-invariant. Moreover, 

ojt) ~ a _ r -2t a (°) ~ a 
a(t)-f3 K <t(P)-P' 

Now, as 

, . a + fi \a-P\ 
a(0) = — + , 

this implies as in the proof of Proposition 14.4.31 that all points o~(t) lie on the circle 



{aem\ 10.-^1 = 1^1}. 



□ 



The Rho invariant of the bundle of vertical cohomology groups. Having found an 
M-invariant path in H we now need to compute the integral over the Rho form and the Rho 
invariant of the bundle of vertical cohomology groups. We start with the latter, which is more 
straightforward than in the parabolic case. 

Proposition 4.4.11. LetT 2 ^ be the mapping torus of a hyperbolic element M £ SL/2(Z). Endow 
Tjtf with the metric given by (|4.55p . and let A be a flat connection determined by v = {y\, v?) £ M? 
with v^l? and (M* - Id)u G 1? . Then 

p^ Av (S 1 ) = 0. 

Proof. Again we know from Corollary 14.3.61 that the twisted cohomology groups of T 2 vanish 
except for the case that the underlying connection is the trivial one. Thus, as in (|4.45j) 

Pje A , v (S l ) = -^r,{D s i®V^). 

Moreover, as explained in the proof of Proposition 14.4.71 we only need to study the restriction of 

£> s i®V-* toC^S 1 ,^ 1 ^ 2 /)). 

In view of the rather complicated formula for o~(t) it is inconvenient to work directly with the 
basis (Uff/fijUo-u)) of 3^ (T^,g a u\), given by Corollary 14.3.61 Instead we define 

^ait) ■= w a (t) H 2 

and 

W /3W : = 5 ^a(t) + 5 w ff(t) , 
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where as before e = sgn(c). Then (u a (t), wp(ty is a clearly basis of Jtf 1 ^^, g a n\) for each t. 
Moreover, (|4.2ip implies that 

T t to a (t) = -iujp{t), T t up(t) = iu) a (t), (4.57) 

where Tt is the chirality operator defined by cr(t). Now, a straightforward calculation — which we 
skip — shows that 

uj a (t) = |«|*(da: + ady), u>p(t) = \K\~\dx + 0dy). (4.58) 

Thanks to this identity, we obtain — without having to compute the derivatives of ^ a (t) an d w o-(t) 
explicitly — that 

d t uj a {t) = log \k\ • uj a (t), d t ujp{t) = - log |«| • u)p(t). (4.59) 

From the definition of a and /3 in (|4.54p we immediately see that ca + a = k and cj3 + a = kT 1 . 
Moreover, using that ad — be = 1 and that k + k^ 1 = a + d, one computes 

dn — ad d — k^ 1 
da + b = h o = fc = na, dp + b = . . . = k p. 

c c 

This means that (l,a) and (l,/3) are eigenvectors of M* = (^) with eigenvalues k and 
respectively. Therefore, it follows from (|4.58|) that 

M*u a (t) = ((a + ca)dx + (b + da)dy) = |/c|*(/tcfcc + andy) = sgn(K)u> a (t + 1), 

and similarly, 

M*up(t) = sgu(/s)o; / 9(t+ 1). 
Hence, any section of J$? v (T^) — ► S 1 can be written as 

<p a (t)u a (t) + tpp(t)up(t), 

where <p a ,<pp £ C°°(R) satisfy 

ip a (t + 1) = sgn(«)y> a (£), ippit + 1) = sgn(re)^(t) 

We deduce from (14371) and (14391) that the operator D := -ir t d t on C°° (S 1 , J^, 1 {T%)) acts in 
terms of the coordinate functions {faifp) as 

D l' ( Pa\_{ S t — log Iac^ ftp a 



<PP/ V _ ^ _1 °gl K l ) VPP 

Hence, it becomes clear that if (ip a ,ipp) defines an eigenvector of D with eigenvalue A, then 
(ip a ,—(pp) gives rise to an eigenvector with eigenvalue —A. This means that spec(D) is sym- 
metric, so that rj(D) = 0. Since the operator D is precisely the restriction of D s i (g) to 
C°° (S 1 , J%*(lfj)) , we obtain the desired result. □ 

The Logarithm of the Dedekind Eta Function. The discussion of the Rho form is more 
transparent, if we consider the twisted and the untwisted Eta forms separately. We start with the 
untwisted case. This case has already received a far-reaching treatment in the beautiful article 
[3], from which we borrow the main ideas. 
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Recall that the classical Dedekind Eta function is defined as 

T,(<T):=q?l[(l-q2), a E H, q a := e 2 ^ 

n=l 



see [64], Sec. 18.5]. As in [3] we use the bold symbol r] to avoid confusion with an Eta function 
in the sense of Definition 11.3.11 Using the power series expansion 



log(l-z) = -V , \z\<l, 

^— ' m 

m=l 

one can define a logarithm of ij(o~) by 

n>0 m>0 

The sum in (|4.60|) is of the same form as the one in defining Eq{o~) in Theorem 14.3. 121 (i). Hence, 
we can make Remark 14.3.131 (i) more precise and note that 

log^a) = ^~^Y 1 = ~ EoW), (4.61) 

where as always, Pi is the second periodic Bernoulli function. Therefore, we can reformulate 
Theorem 14.3.141 (i) as 

l^=ll m [logr,(M^a(0))-logr,(a(0))}-^£^dt, (4.62) 

where a(t) = o~i{t) + ia2{t) is an M-invariant path in H. Hence, the Eta invariant of TjL is related 
to the transformation property of log T] under modular transformations. 

The study of this has a long history, starting with Dedekind's work [34j . There are several 
different proofs of the following theorem, see for example [92] for references and a beautifully 
simple proof. A short discussion of the Dedekind sums appearing below is included in Appendix 

E3 

Theorem 4.4.12 (Dedekind). Let u£l ( and let M = ( a c b d ) G SL 2 (Z) with c / 0. Then 

, , mn ■> i / \ It ( ccf + a\ ja + d ... . 

log r](M p cr) - log r/(a) = — log I ^— + ttz — sgn c )s(a, c) 

2 \sgn(c)i/ V 12c 

where the logarithm on the right hand side is the standard branch on C \ and s(a,c) is the 
classical Dedekind sum, see (|C.2ip . 

M-i 

,(a,c)=^P 1 (f)P 1 (f). 
k=l 

Remark. Note that since we have defined the action of SL2(Z) on EI using the involution M i— > 
M op as in Lemma f4.3.71 we have to interchange a and d in the classical formula. However, s(a, c) 
is not affected by this, see (|C22p . 
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The Untwisted Eta Invariant. From Theorem 14 . 4 . 1 2 1 we can deduce the formula for the Eta 
invariant of Tj^ for hyperbolic M. The formula we shall obtain appears as a signature cocycle for 
the mapping class group the formula already in [72], and as a signature defect in [52]. However, 
its derivation using Theorem 14.4.121 and the adiabatic limit formula as well as an explanation of 
the relation among these different invariants are due to Atiyah [3]. 



Theorem 4.4.13 (Atiyah, Hirzebruch, Meyer). Let M = (* j) G SL2(Z) by hyperbolic. Let g 
be the metric on defined by by a(t) as in (|4.55p . and let B ev be the associated odd signature 

M ■ 



operator on T'L. Then 



7](B CV ) = a ^~d _ 4 S g n ( c ) s ( aj c ) _ sgn ( c ( a + d)). 

Proof. Let g e be the adiabatic metric associated to g, and denote by the corresponding 
adiabatic family of odd signature operators. It follows from Proposition 14.4. 1~T1 and its proof that 
the Eta invariant of the bundle of vertical cohomology groups vanishes. We thus deduce from 
Theorem [3XH that 

\imr]{Bf) = 2j rj = ~ Im [log rj(M op a(0)) - log f?(a(0))] - ~ J ~W\ dt ' 

where we have used ()4.62p for the last equality. Hence, Theorem 14.4.121 implies that 

Mm V (BD = ^ - 4sgn(c) S (a,c) + - [2Imlog ( ar( ° ) + ° ) - f ^dtl . (4.63) 
e^o 3c 7T L V sgn(c)z / J 02 (t J J 

We now note that it follows from Lemma 14.4.101 that 

a(t) = 2±£ + l^i e Mt) f v{ t) = arg ( ff(t) _ £+2) . 

Here, the argument function is such that for z G C \ K _ , one has arg(z) G (— ir,ir). We obtain 

[ 1 *&dt = - arg ( ff (l) - + arg (a(0) - S+fi) . 

Using the explicit formula (|4.55p for cr(i), one finds that arg (c(0) — ^t^) = § , and 

« + /? 1 (a -(3)(k 2 - k~ 2 ) .\a-P\ 



(T ( 1 ) 7T~ = n 9~, ^ + * 



2 2 K 2 + K 2 K 2 + K 2 ' 

Hence, using the abbreviations 

x := isgn(c)(K + K _1 ), y:=i(K-K _1 ), (4.64) 

we find that 

arg (<t(1) - 9 ^-) = arg (2xy + i) . 
Note that y 2 = x 2 — 1, so that 2xy + i = i{x — iy) 2 . Moreover, y > and y < \x\ so that 



arg(x + iy) G 



(0,1), ifx>0, 
;^,2vr), ifx<0. 
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Thus, we obtain 

f ^(Zt = arg(-i(x + iy) 2 ) + f = 2arg(x + iy)- i°' * X > °' (4.65) 
Jo a 2[t) \2tt, if x < 0. 

On the other hand, it follows from the definition of a and (3 that 

co-(O) + a = c(^±£ + i^i^-) + a = |(k + k" 1 + isgn(c)(K - k" 1 )) = sgn(c)(x + iy), 

with x and y as in (j4.64|) . Since we are using the standard branch of the logarithm, we have 

_ , /c<t(0) + a\ r ■/ ■ \\ i \ 7r 

Imlog — — = arg I — i(x + iy)) = argfx + iy) - %. 

\ sgn(cjz / 

Combining this with (|4.65p we find that 

2 Im log — v ; ,, - / -^4^ = - sgn(x)7r. 



sgn(c)z / J a 2 {t) 

As k + k" 1 = a + d we have sgn(x) = sgn [c(a + dn so that using (|4.63p . we finally arrive at 

lim ri(Bf ) = - — - — 4 sgn(c)s(a, c) — sgn (c(a + d)) . 
e^o 3c 

Hence, it remains to argue that in the case at hand, 

£—►0 

This is precisely [31 Lem. 5.56] and we will not repeat the argument here. □ 

Remark. The proof of Theorem 14.4.131 in [3] is along different lines than our discussion. In 
[3l Thm. 5.60], the Eta invariant of is seen to be equal to a large number of quantities, 
including a signature defect. Then in [31 Sec. 6], the formula for r](B cv ) is obtained by explicitly 
constructing a bounding manifold and a computation of the signature defect. In particular, the 
transformation formula of the Dedekind Eta function in Theorem 14.4.121 is not used. However, 
since our focus is the application of the adiabatic limit formula to compute Eta respectively Rho 
invariants, we have to use Theorem 14.4.121 in some form. 

The Generalized Dedekind Eta Function. To obtain the formula for U(l)-Rho invariants 
of T\ { in the spirit of the discussion of the untwisted case, we now need a twisted version of rj(a) 
and a transformation formula for its logarithm. Fortunately, a corresponding treatment can be 
found in [35] . As in [35\ p. 38] we make the following 

Definition 4.4.14. For g, h G M and a G H let z := ga + h, q z = e 2mz and q a = e 2ma . Define 



V 9 ,h(<r) ■= ^9, h) ql 2 ^ (1 - q z ) n (1 " 9,0(1 

n=l 

where 



4 C), 



' e 2 7 ri(g-|)Pi(h) ) if £ GZ 

As always, Pi is the first periodic Bernoulli function, and [g] is the largest integer less or equal 
than g. 
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Remark 4.4.15. 

(i) Since a G H, the term decays exponentially with m. This implies that r n g h{ a ) is 
well-defined. 

(ii) Definition 14.4.141 might look slightly different than the formula in [35]. Yet, writing g and 
h as gj f and h/f with integers g, h and /, the function rj gh (a) is easily seen to be equal 
to what is denoted r/- ^(<r) in loc.cit. 

(iii) The reason for the factor £(g, h) is to achieve that f] gh {a) depends on g and h only modulo 
Z, see [351 p. 39]. 

(iv) The Dedekind Eta function rj(a) is not equal to rj (c), since the latter obviously vanishes. 
Dropping the factor 1 — q z from the definition of Tj gh (cr) one would get a direct generalization 
of T](a) 2 . However, Definition 14.4.141 allows us to use the results of [35] without too many 
changes. 

One defines log rj g h (a) in analogy to (I4.60p . see [HU p. 40]. 
Definition 4.4.16. Let (g, li)eQ 2 \Z 2 . If < g < 1, we define 

logger) := Tri[<p(g, h) + P 2 {g)) ±fe + CYC", 

n>0 m>0 n>0 

where 

\ 0, if 9 ^0. 

For general 5 we define 

!og»7 S) fe(o-) := log77 g _ [a])/l (cr). 
The transformation formula of log T] g h (a) is then given by [351 Thm. 1], 
Theorem 4.4.17 (Dieter). Let M = G SL 2 (Z) c / 0, Zei (5, /i) G Q 2 \ Z 2 , and de/me 



9 \ ._ ( a -c 
/i'/ ' 1-6 d \h 



Then for all a G 



log77„, h ,(Af op a) - logr/„,(a) = ni(-P 2 (g) + -P 2 (tf') " 2sgn(c) s g , h , (d, c) ) , 



where s g ' i f l t(d,c) is the generalized Dedekind sum, see Definition I C. J?. 51 

fc=0 

Remark. 

(i) As for the transformation formula for log T/(cr), we have formulated Theorem l4.4.17l in terms 
of M op acting on H, which means that a and d have been interchanged in comparison to 
Thm. 1]. 
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(ii) The generalized Dedekind sums appeared first in |70j. A brief discussion of the aspects we 
need is contained in lC.2[ 

(hi) We want to point out that the proof of Theorem l4.4.17l in 35 is rather involved. The simple 
proof in [92j of the transformation formula for logr/(<r) carries over with minor changes in 
the case that g 6 Z. It would be interesting to know if there is a proof for the general case 
of Theorem 14.4.171 along the lines of [92J . 



Application to the Rho Form. As in the untwisted case, the structure of the formula in 
Definition 14.4.161 resembles what we have encountered in Theorem 14.3.141 (ii). In fact, 

Lemma 4.4.18. With the notation of Theorem \4-3.12 and Remark \4- 3. 15\ we have for all v £ 

Q 2 \Z. 

Im(logT7^ _^(o-)) = lm(maP 2 {yx) - E v (a)). 

Proof. Both sides of the equation are defined in terms of v\ — \y{\ and are Z-periodic in v 2 Hence, 
we can assume that v E [0, l) 2 . Then, if v\ ^ 0, the relation is immediate — and clearly holds for 
the real parts as well. If v\ = 0, one observes that 

Im (iriPxfa) - b' 2 ^ 2 ) = - Im (I^cos^)) = 0, (4.66) 

n>0 ra>0 

where the first equality follows from the Fourier series expansion 

n>0 

whose proof is a standard exercise. Then (|4.66|) implies that the imaginary parts of the extra 
terms in Definition 14.4.161 cancel each other out so that the result is indeed the right hand side 
of the formula in Lemma 14.4. 181 □ 

Proposition 4.4.19. Let M = ( a c b d ) £ SL 2 (Z) be hyperbolic, and i/£l 2 \Z 2 with (Id-M*)v G 
Z 2 . Let A be the corresponding flat U(l)- connection over the mapping torus 1%, and use (|4.55p 
to define a metric. Then 



J r} A = S±dp 2 (u 1 )-2sga(c)s UuU2 (a,c) 



Proof. Certainly, we want to use Lemma 14.4.181 to apply Theorem 14.4.171 to part (ii) of Theorem 
14.3. 14[ We first note that (Id— M^v £ Z 2 implies that f G Q 2 , so that we are precisely in the 
situation of Lemma 14.4.181 Abbreviate v' := M t u, so that by assumption v — v' £ Z. Thus, 
according to Definition 14.4.16] 

log 77*4,-14 (°") = ^ogrj Vl _ V2 (a), for all ex € HI. 
Moreover, Pi(u[) = P\(v\), and 

'1 \ — ( a ~ c \ ( Ul 



b d J \—V2 
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Hence, Lemma |4.4.18[ Theorem l4,4.17l and Theorem 14.3.141 (ii) imply that 

j VA = ^P^l) - 2sgn(c)s u/ !(d,c). 
Jo 

Now, 

S^ 2 (d,c) = ^Pl^ - ^)Pl(^) = E^( ^" q4 )PL( &±g ^ ga ) 
fe=0 fc=0 

N-i 

fc=0 

where we have rewritten z/ in terms of i/, and then used that {ak \k = 0, . . . , |c| — 1} is a 
representation system of Z modulo c, see App endix I C . 2 1 for more details. This implies the desired 
result. □ 

Rho Invariants of Hyperbolic Mapping Tori. After this preparation, we finally arrive at 
the main result of this section. 

Theorem 4.4.20. Let M = (« G SL 2 (Z) be hyperbolic, and let v £ R 2 \ Z 2 satisfy 

Let A be the corresponding flat U (1) -connection over the mapping torus T%, and define r £ 
{0, . . . |c| — 1} by requiring that mi = r (c). Then 

PA(T 2 M ) = ^±^(P 2 (^i) - i) - 4^ P(f ) + sgn (c(a + d)) - sgn(c)«5(^)(l - 5(^)) 

k=l 

-2P 1 (^i)-2^i)(p a (^)-Pi(^)), 
where 5 is the characteristic function o/R\ Z. 

Proof. According to Proposition 14.4. ITl the Rho invariant of the bundle of vertical cohomology 
groups vanishes. Also, since the base is 1-dimensional, Dai's correction term is zero. Hence, we 
can use the general formula for Rho invariants in Theorem 13.3.161 together with the formulae of 
Theorem 14.4.131 and Proposition 14.4.191 to deduce that 

p A {T 2 M ) = 2 ±±^{P 2 { Vl ) - I) - 4sgn(c)( W2 (a,c) - s(a,c)) + sgn (c(a + d)) . (4.67) 

A formula for the difference of s Vl)U2 (a,c) and s(a,c) is given in Proposition |02/7J With 
{0, . . • |c| — 1} such that mi = r (c), we have 

s Ul , U2 (a,c) - s(a,c) = ^(P 2 (^) - J) + £ P(f ) + ±P(^) 

fc=i 

+ ^i)(A(^f) - Pi(^)) + ^i)(l - 

We now insert this into (14.67[) . Since Pi is odd, the factor sgn(c) in front of s Ul)V2 (a, c) — s(a, c) 
cancels the norms in the denominators. Then we arrive at the formula of Theorem I4.4.2U1 □ 
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Immediate Applications. The main formula in Theorem 14.4.201 might look more complicated 
than the intermediate formula (|4.67|) . Yet, it is more satisfactory from a computational point of 
view, since the sum Yl^=i P\ ls much easier to compute than the individual Dedekind sums. 
For concreteness, let us use Theorem 14.4.201 for some explicit computations. 

Example. 

(i) Consider 

M = , so that Id -M l = ~^ 

Since det(Id— M l ) = 5, a pair v = (yi, v%) G M. 2 with m = (Id— M^u € 1? has to consist 
of rational numbers with denominator 5. Recall that we exclude the case FfZ 2 and may 
restrict to v € [0, l) 2 . One then verifies that to obtain a full set of representatives for the 
flat connections on Tjj^ we are interested in, we need to consider pairs v and m with 

m = (0,1) (1,0) (1,1) (2,0). 
As c = 1 and ui ^ 0, the formula of Theorem 14.4.201 reduces to 

PA (Th) = 2((a + d) - 2){u\ - u x ) - sgn (c(a + dj) - sgn(c) = -10(^ 2 - 
Hence, one computes 



12 3 4 
5 5 5 5' 



n a (T 2 \ - 5 i 2 - i 2 - ^ 
PA\J-M) - 5 5 5 5' 

(ii) As a further example, let us consider 

M=(jj ^, so that Id-M*=M I2 

Now, one easily verifies that we can represent the conjugacy classes of flat connections of 
interest by 

v = (0,|) (|,0) (i,i), 
m = (-2,-1) (-1,-1) (-3,-2), 
r = 2 3 1. 

Then 

p A (T 2 M ) = 2{v\ - vy) - 4j>(f ) + 1 - 2Px(f ) - 2W(i*)(jl(i) - Pi(f 

fc=i 

For f = (0, |), we have r = 2, and so 

p A (T 2 M ) = -4(iVf) + Pl(|)) + 1 - 2Pi(i) = 0, 
for f = (|, 0) with r = 3, 

Pa(Tm) = 2(1 - |) - 4Pi(|) + 1 - 2P(|) = 0, 
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and lastly, for v = \) with r = 1, 

(OA (T| f ) = 2(|-|)+l-2P 1 (i) = l, 

where we have used that Y%=\ = °> see HSUBP . 

Recall from Corollary 11.5,21 (ii) that the non-integer part of the Rho invariant on a 3- 
dimensional manifold is essentially the Chern-Simons invariant associated to the Chern character. 
More precisely, 

Pa{Tm) = 4CS(A) mod Z. (4.68) 

In the case of torus bundles over surfaces, computations for Chern-Simons invariants are contained 
in \A2\ 154 1 [57]. For the case of U(l)-connections, see for example |42l Thm. 7.22]. 

Corollary 4.4.21. Under the assumptions of Theorem \4-4-%0\ we have 

Pa(Tm) = 2(v 2 mi - vim-i) mod Z. 



Proof. First note that for all k G Z 



2Pl(|)=2| mod 



In particular, 

4 ^ = 4^ (k|-r)(N-r+l) _ 2 (M _ rf^) modz _ 

k=l 

Here, we have used that by definition r = m\ (c). We also note that (Id— M l )v = m means 
explicitly that 

mn [ 1 — a —c \ ( v\\ ( v\\ i ( d — 1 — c \ / mi 



(4.69) 

^Wl2 y \ —b 1 — dl \U2 J ' \V2 J a + rf -2 ^ _5 a _ l J yui2/ 

Let us assume now that v\ G Z. Then 

PA(T| f ) = -2(^£ - ^) - 2^ = -2^ mod Z. 
It follows from (I4.69h that ^ = —V2 modulo Z, and dmi = mi modulo Z. Therefore, 

Pa(Tm) = 2v 2 mt mod Z, 
which is the claim of Corollary 14.4.211 in the case that v\ E Z. If i/ ^ Z, we have 

PA(^ / ) = ^^(^-^ 1 )-2(M_^i)_ 2 m modZ . (4.70) 
From (|4.69p we know that 

(a+d)-2 (d-l)mi 
c Vx = c — ~~ m 2' 

Inserting this into (|4.7U|) . one finds that 

^(T| f )^2((^^-m 2 )(i/ 1 -l) + ^^-^i) modZ 
= 2(- I / 1 m 2 + ^(^-mi)-^^i) modZ 
= 2( — i/im2 + dm\V2 + ( arf J) mi ^.A mod Z, 
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where in the last line we have used that v\ — m\ = av\ +cvi, see (|4.69p . Now using that ad—1 = be 
and observing that bv\ + dvi = z/ 2 modulo Z, we arrive at 

Pa(Tm) = 2( — v\ m 2 + m\v-i) mod Z. □ 

Remark. The formula of Corollary 14.4.21 1 also holds in the parabolic case: Let e(J J) with I £ Z 
and e = ±1, and let v = {v\, v 2 ) 6l 2 \Z 2 satisfy m = (Id -M> £ Z 2 . Then, if e = 1, 

— ii/j = m2 £ Z, mi = 0, so that 2( — + m\i>2\ = 2luf. 

According to Theorem 14.4.81 this is congruent to pa(T^j) modulo Z. If e = — 1, then 

2u\ = mi £ Z, —lv\ + 2^2 = m 2 £ Z, 

so that again 

2( — i^i m 2 + mi^ 2 ) = 2lv\ — 2v\i>2 + 2v\v<i = 2luf. 

Jeffrey's Conjecture. We end the main discussion of this thesis with a remark concerning 
a possible perspective for further research. According to (|4.68|) . Corollary 14.4.211 identifies the 
Chern-Simons invariant only modulo ^Z, which might seem a bit disappointing. Moreover, the 
methods of \42\ [54"1 [57] to obtain the formula for the Chern-Simons invariant are much less 
involved than what we have presented. However, this is precisely the real strength of Theorem 
14.4.201 It can be used to compute the difference Pa^m) - 4CS(A) £ Z. 

Recall from Corollary 11.5.21 (i) that this is essentially the spectral flow of the odd signature 
operator between the trivial connection and A. For this reason it is promising that a generalization 
of Theorem 14.4.201 to higher gauge groups might be a way to prove Jeffrey's conjecture about the 
mod 4 reduction of this spectral flow term, see [54|, Conj. 5.8]. 
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Characteristic Classes and 
Chern-Simons Forms 

Although we assume that the reader is familiar with the theory of characteristic classes, we 
include a short survey of Chern-Weil theory in the way we will use it. We closely follow |X3|, 
Sec. 1.5] and [99, Ch. 1] to which we also refer for more details. We place some emphasis on 
transgression forms and formulate the results about Chern-Simons invariants, which we use in 
Section 11.51 

A.l Chern-Weil Theory 

A. 1.1 Connections and Characteristic Forms 

We start with a short algebraic preliminary. Let V be a complex vector space. For m £ N 
consider (A ev C m ) <g> V as module over the commutative algebra A ev C m . Then any element 
T £ A ev C m (g) End(V) may be viewed as a module endomorphism. Upon choosing a basis for V, 
this is a matrix with entries in A ev C m . In this way we can define expressions like T n and detT. 
We extend the trace try : End(y) — * C on V in the natural way to a trace 

try : (A ev C m ) ® End(V) -» A ev C m . 

Let f{z) = X^n>o a n zTl be a formal power series with coefficients a n in C, and assume that 
T £ (A 2 * +2 C m ) <g> End(V). An endomorphism T of this form is nilpotent, so that we can define 

f(T) = J2a n T n G (A cv C m ) (g)End(y). 

n>0 

The following algebraic result is the main tool we use for defining the characteristic forms we 
need. We skip the easy proof. 

Lemma A. 1.1. For every T £ (A 2,+2 C m ) (8) End(V) ; 

det (1 + T) = exp ( try [ log(l + T)] ) , 
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where the exp(.) is taken in the algebra A ev C m and the logarithm is defined using the formal 
power series 

iog(i+,)=E^ n+1 - 

It follows from Lemma IA.1.11 that if f(z) = 1 + Y2 n >i a n zU is a normalized formal power 
series, then for all T G (A 2,+2 C m ) <g> End(V) 

det (f(T)) = exp ( try [ log f(T)] ) . 

Motivated by this we also define 

det 1 /2( / (T)) :=exp(itry [log/(T)]). (A.l) 

Characteristic Forms of Complex Vector Bundles. Now let E — > M be a complex vector 
bundle over an m-dimensional manifold M. Let V be a connection on E with curvature G 
Q 2 (M,End(E)). In this context Q CV (M, End(E)) plays the role of A ev C m <g> End(V) in the above 
considerations. 

If T G C°°(M, End(E)), then the commutator [V,T] is an element of Q l (M, End(JS')). We 
can extend this to a derivation 

[V,-] : n'(M,End(£7)) -> (M, End(-E)) , 
by requiring that for a G fi*(M) of pure degree |a|, and T G 0*(M, End(-E)) , 

[V, a AT] = (da) A T + (— l)' a 'a A [V, T]. 
Then it is easy to check that for every such T, 

tr E [V,T]=d(tr E T). (A.2) 
Let f(z) = X^n>o a nZ n be a formal power series. We define 

/(V) := ^a„(^F v ) n G ft ev (M, End(£)) . 

n>0 

From (|A.2p and the fact that [V, i*y] = 0, we obtain 

dti E (/(V)) = tr B [V, /(V)] = 0. (A.3) 

Definition A. 1.2. Let E be a complex vector bundle over M with connection V, and let f(z) = 
Xm>o a n zU be a formal power series. Then we define the characteristic form of V associated to 
/ by 

tT E [/(V)] = tl E [I>4l^v) n ] G ^ CV ( M )- 

n>0 

Definition A. 1.3. Let £ be a complex vector bundle over M with connection V. 
(i) The characteristic form associated to exp(z) is called the Chern character form 

ch(E,V) := tr E [exp (^F V )] G ft ev (M). 
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(ii) The characteristic form 

c(E,V) := det (1 + ^F v ) = exp(tr fi [log(l + £F V )]) G ft ev (M) 
is called the ioiaZ Chern form. 

(iii) The j-f/i Chern form 

Cj(E,V) E ft 2j '(M) 
is defined as the component of degree 2j of the total Chern form, i.e., 

[m/2] 

c(£,V) = ^ c,(£,V) = l + ci(£,V) + c 2 (£,V) + .... 

3=0 

Remark. 

(i) Note that it follows form Lemma lA.l.ll that the total Chern form fits into the framework 
of Definition IA.1.21 if we take f(z) = log(l + z) and exponentiate in Q ev (M) after taking 
tr E [/(V)]. Since 

d(expotr E [/(V)]) = d(tx E [/(V)]) A (expotr^ [/(V)]), 

it follows from (|A.3|) that this construction also gives closed forms. 

(ii) When we decompose the Chern character form into its homogeneous components 

[m/2] 

ch(£,V) = c%(£,V), 

3 

then one easily finds relations between chj and the Chern forms c,- for small j. Here, we 
are dropping the reference to E and V for the moment. For example, 

ch = rk£', chi = ci, ch 2 = \c\ - c 2 , ch 3 = |(3c 3 - 3c 2 ci + cf ), 

(iii) If Ei and E 2 are two complex vector bundles over M endowed with connections Vi and 
V 2 , the following relations are immediate. 

a) The Chern character form satisfies 

ch(E 1 ®E 2 ,V 1 ®V 2 ) = ch(£i,Vi) + ch(£ 2 ,V 2 ) 

and 

ch(E 1 <g> E 2 , Vi ® 1 + 1 ® V 2 ) = ch(Ei, Vi) A ch(E 2 , V 2 ) 

b) The total Chern form satisfies 

c{Ex @E 2 ,Vi V 2 ) = c(£?i,Vi) Ac(£ 2 ,V 2 ) 



180 



Appendix A. Characteristic Classes and Chern-Simons Forms 



(iv) If E is equipped with a metric and V is a compatible connection, then the associated 
Chern forms and the Chern character form are K valued forms. Moreover, assume that E 
is of rank k and admits an SU(fc)-structure. The latter means that the determinant line 
det(E) = A k E is trivial. Then for every compatible connection V 

ch 2i+ i(#,V) = 0, 

which is due to the fact that the trace of elements in the Lie algebra su(k) vanishes. In 
particular, the first Chern form c\(E, V) is trivial for SU(A;)-bundles. 

Characteristic Forms of Real Vector Bundles. For our purposes it is enough to define 
the characteristic forms which are obtained by complexifying the bundle and the connection. In 
particular, we need not restrict to orthogonal connections as one would need to define the Euler 
class. 

Definition A. 1.4. Let M be an m-dimensional manifold, and let V be a connection on a real 
vector bundle E — ► M. Let E c := E (g) C be endowed with the induced connection V . 

(i) We call the characteristic form 

p(E, V) := detail + (£F v c) 2 ) = exp (jtry 
the total Pontrjagin form of V. 

(ii) The j-th Pontrjagin form 

Pj(E,V) e Q. ij {M) 
is defined as the component of degree 4j of the total Pontrjagin form, i.e., 

[m/4] 

p(E,V) = P j (E,V) = l+ Pl (E,V)+p 2 (E,V) + .... 
3=0 

(iii) We define the Hirzebruch L-form as 

L(E,V) := det 1 ^ ( ) e ^(M). 

(iv) Moreover, the A-form is defined as 
Remark. 

(i) The definition of the characteristic forms above varies in the literature. First of all, some 
authors, e.g. |13j . drop the normalizing constants J- from the definition. We include them 
to get integer valued characteristic classes. Moreover, the L-form is related to the classical 
Hirzebruch L-form via 

2 2n -L(E,V) [4n] =L(L,V) [4n] , (A.4) 
where (. . .)r n i means taking the re-form component of a differential form. 



log (1 + (^L v c 
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(ii) We have not yet remarked, why the L-form and the ^4-form are well-defined. We give some 
brief remarks and refer to |73} App. B] for more details. Recall that the Bernoulli numbers 
B n can be defined by the following generating function: 



oo 

Z 



r = Y J B n ^ , M<2vr, (A.5) 
e z — 1 nl 

n=0 

see |29t Sec. 9.1]. With respect to this sign convention, the first non-trivial B n are given 

by ^ ( 

Bo = 1, B\ = — 2, B 2 = g, B4 = — Bs = -g2, 

Using ()A.5p . one finds that for \z\ < tt 

;B, n -> 1 + -pj-. - — Jjt: : 1 -!- . . . 



z / 2 - 1 I V 1 b, z 2n — 1 + — z 2 — ~ 4 

tanh(z/2) ^ (2n)! 2n " + 12 720 



and 

Z J1 - 1 1 V" 22n ~ 1 - 1 R9 z 2n - 1 - ^z 2 + -^z 4 + 

sinh(z/2) ~ + ^22"-i(2n)! 2n ~ 24 + 5760 + ' ' ' ' 

This shows that both are normalized power series, which implies that the Hirzebruch L-form 
and the j4-form are well-defined. Moreover, if dimM = 4, then 

L(E,V) = l + ± Pl (E,V), A(E,V) = l-± Pl (E,V). (A.6) 

(iii) Note that if E is endowed with a bundle metric, and compatible connection V, then V c on 
E € satisfies F^ c = -F v c Thus, 

(i + £iV)' = i-^iV- 

Hence also, 

det V2( 1 + _L FyC ) = det l/2 (l _ ^ Fvc ) ; 

and so 

[m/2] 

ci(E c ,V c ) = det (1 + £F v c) = det 1 / 2 (l + ^F v c)det 1 / 2 (l + £L v c) 

1=0 

[m/4] 

= det 1 / 2 (i _ (^L v c) 2 ) = £ (-l) j Pj (E, V). 

3=0 

From this we deduce that 

c 2j (£ c , V c ) = (-l)Vi(^, V), and c 2i _i(£ c , V c ) = 0. 

(iv) If E can be written as E = E\®E2, and V decomposes as V = Vi©V2, the total Pontrjagin 
form p and the forms introduced in Definition IA.1.41 satisfy 

p(E)=p{E 1 )Ap{E 2 ), L(E)=L{E 1 )AL{E 2 ), A(E) = A(E X ) A A(E 2 ) , 

where we are dropping the references to the connections. 
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A. 1.2 Transgression and Characteristic Classes 

As we have seen in (|A.3|) , characteristic forms associated to a formal power series / as in Definition 
I A. 1 .21 are closed. Therefore, they define de Rham cohomology classes. The famous Chern-Weil 
theorem states that the difference 

tr* [/(V 1 )] -tr E [/(V )] 

for two connections V° and V 1 on E is an exact form. Therefore, the cohomology class is 
independent of the connection. We refer to |X3|, Prop. 1.41] for a proof of the following result. 

Theorem A. 1.5. Let E — > M be a complex vector bundle over a manifold M, and let f{z) = 
Xm>o a n zn be a formal power series. If V* is a smooth path of connections on E, then 



dt 



tr E [f(V t )]=dtv E [^(|V*)A/'(V*)]. 



In particular, if a := V 1 — V° G Q, 1 (M, End(-E')) is the difference of two connections, then 

tx E [/(V 1 )] - tx E [/(V )] = d f £ tx E [a A /'(V° + to)) dt 

Jo 

Therefore, we have an equality of cohomology classes 

~tr E [/(V 1 )]] = [tr E [/(V )]] G H CV (M). 

Definition A. 1.6. Let E — > M be a complex vector bundle over a manifold M, and let f(z) 
Sn>o a nZ n be a formal power series. 

(i) Let V be an arbitrary connection on E. Then the cohomology class 

Cf(E) :=[tr E [/(V)]] G H ev (M) 

is called the f -class of E or the characteristic class of E associated to /. 

(ii) If M is closed and oriented, the number 



(c f (E),[M] 



M 



c f (E) G R 



is called the characteristic number of E associated to /. If all characteristic numbers 
associated to / are integers, the /-class is called integer valued. 

(iii) If V* is a path of connections, we call 

T C/ (V*) := f ±tr E [(|V*) A /'(V*)]ttt G n° dd (M) 
Jo 

the transgression form of the f -class associated to V*. If V* = V° + ta we also use the 
notation ^ 

TcfiV^V 1 ) := I ^ti E [aAf'(V°+ta)]dt£n odd (M). 
Jo 
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(iv) The transgression form of the Chern character is called the Chern- Simons form of V 1 with 
respect to V , 

cs(V°,V 1 )= f tTE [a A exp(V° + ta)] dt G O odd (M). 
Jo 



Remark A. 1.7. 

(i) Theorem I A . 1 . 5 1 also applies to characteristic forms of the form exp (trg: [/(V)]). For this 
note that 

|exp(tr £ [/(V*)]) = i(tr E [/(V*)]) Aexp(tr £ [/(V*)]) 

= [(|V*) A/'(V*)]) Aexp(tr B [/(V*)]). 

This form is exact, since exp (tr^ [/(V*)]) is closed. Hence, the transgression form in this 
case is ^ 

l - tc E [(IV*) A /'(V*)] A exp (tr E [/(V*)])di 



(ii) When considering the cohomology class of one of the particular characteristic forms in- 
troduced in the last section, we will call them Chern character, Chern class, L-class, etc. 
The distinction between forms and classes is done by incorporating the connection in the 
notation. For example, 

ch(£,V) G n cv (M), but ch(E) G H CV (M). 

(iii) The Chern and Pontrjagin classes are integer valued due to the normalization factor of j-, 
see \73\ App. C]. The other characteristic classes we have defined are in general only Q 
valued. 

(iv) Often the term Chern-Simons form is reserved for the degree 3 part of what we have called 
the Chern-Simons form. Due to its importance in 3-manifold topology, we want to derive 
an explicit formula for it. We abbreviate V := V° and let Ft denote the curvature of 
V* := V + ta. Then 

F t = F v + t(Va) + t 2 a A a. 

For the component of degree 4 of the Chern character form we have f(z) = z 2 /2, so that 
f'(z) = z. According to Definition IA.1.61 

1 f 1 

cs(V°, V 1 )^ = -—g / tTE [a A (i*v + iVa + t 2 a A a)]dt. 

'~ •/(! 

Integrating this expression we get 

cs(V°, V 1 )^ = -—j tT E [a A F v + \a A Va + \a A a A a] . (A. 7) 

In particular, if V is a flat connection we get the well-known expression 
cs(V°, V 1 )^] = - g~2 tT E [a A Va + |a A a A a] . 
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A. 2 Chern-Simons Invariants 

There is also a different description of transgression forms, which we shall describe now. Let 
E — * M be a complex vector bundle over a manifold M, endowed with a path V* of connections. 
Over the cylinder N : = [0, 1] x M, we consider the vector bundle tt*E — ► N, where n : N — > M 
is the natural projection. The path V* defines a connection on tt*E via 

V : = dt A f t + 7r*V*. (A.8) 

Its curvature is easily seen to be given by 

F$ = dt A (|tt*V*) +vr*iV. 

Since dt Adt = 0, one deduces from the trace property that for all n > 1, 

tr^ = dt Air* tx E [n(|V*) A i^" 1 ] + vr* tr B [i^] . 

This implies that for any formal power series /(z) = Y2n a nZ n , 

tr^ B [/(V)] = ^dt A vr* tr B [(|V*) A /'(V*)] + vr* tr B [/(V*)] . (A.9) 

Now, consider integration along the fiber as in Proposition 12.1. 12l 

I : Q'(N) —> Q'^ 1 (M). 

J N/M 

Then, comparing (|A.9p and the definition of the transgression form in Definition IA.1.61 one 
readily obtains 

Lemma A. 2.1. If V* is a path of connections over M , and V denotes the associated connection 
(|A.8|) over the cylinder N := [0, 1] x M, then 

TcjiV 1 ) = [ tr^ E [/(V)] G n odd (M). 

J N/M 

Using this result we can now derive the following important property of transgression forms, 
see [281 Sec. 3]. 

Proposition A. 2. 2. Let E — > M be a complex vector bundle over a manifold M . If V* is a 
closed path of connections on E, then 

T C/ (V*) G dft cv (M). 

Proof. Since the space of connections on E is contractible, we can find a smooth two-parameter 
family V s '* of connections which gives a homotopy relative endpoints from V* to the constant 
path. On the cylinder N we consider the one-parameter family 

V s := dt A 4 + V s '*, 
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where we are dropping the pullback with ir from the notation. Using Theorem IA.1,51 and (|A.9P 
one finds that 



1 



f s tr E [/(V s )] = -— 2 d N tr^ (4 V*'«) AAA (|V^) A /"(V^ 



47T 2 



£(£V'*)A/'(V 



+ d N ti E 
= : d]y(dt A a(s,t)) + d/v/3(s,t), 

where ce(s,t) and P(s,t) are two-parameter families of differential forms on M. Then 



N/M 



N/M 

du 



djv(dt A a(s,t)) + / dNP(s,t) 
Jn/m 



dM 



1 dtAa(s,t) + / dt A {f t P{s,t)) 

N/M J N/M 

dt A a(s, i) + /3(s, 1) - /3(s, 0). 



N/M 



By assumption, V s ' 1 = V s ' is constant for all s. Checking the explicit formula for f3(s,t) one 
finds that /3(s, 1) = (3(s,0). According to Lemma TA.2.H this shows that 

d 



fTcfiV^) = - I tv E [/(V*)] G dn cv (M), 



N/M 



from which the result follows. 



□ 



Chern-Simons Invariants. The last result shows that transgression forms can be used to 
define numerical invariants associated to pairs of connections on odd dimensional manifolds. In 
this respect they are odd analogues of characteristic numbers. 

Definition A. 2. 3. Let M be a closed manifold, and let f(z) = Yl n >o anZn ^ e a f° rma l power 
series. If V° and V 1 are two connections on a complex vector bundle E — > M we define the 
Chern-Simons invariant of V 1 with respect to V° associated to / as 

V7^ 



CS/^V 1 ) := / T C/ (V°,V 
Jm 



Proposition A. 2. 4. Let M be a closed manifold, and let f be a formal power series. Consider 
two connections V° and V 1 on a complex vector bundle E — > M . 

(i) // V* is any path connecting V° and V 1 , then 

cs / (v°,v 1 )= / r c/ (v*). 

J M 

(ii) Let V 2 be a third connection on E, then 

CS/(V°, V 2 ) = CS/(V°, V 1 ) + CS/(V\ V 2 ). 
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(iii) Assume that X7 N is a connection over the cylinder N = [0, 1] x M such that on a collar of 
the boundary it is of the form (1A.8I) . Then 

CS / (V°,V 1 )= / tr E [f(V N )]. (A.10) 
Jn 

(iv) If W is a compact manifold with boundary M, and E, V° and V 1 extend to E\y, V° and 
V 1 , then 

CS / (V°,V 1 )=/ tr E [/(V 1 )] - / tr £ [/(V )]. 
Jw Jw 

(v) Assume that f gives an integer valued characteristic class, and let : E — > i? 6e a bundle 
isomorphism. Then for every connection V on E 1 , 

CS/(V,$*V) G Z. 

Sketch of proof. Since M is assumed to be closed, part (i) follows from Proposition IA.2.21 Part 
(ii) is an immediate consequence of (i). For (iii) let V* be a path connecting V° and V 1 such that 
on a collar of the boundary, V N and V as in (|A.8P agree. Theorem IA.1.51 implies that V N — V 
is the differential of a form on N with compact support away from the boundary. Then Stokes' 
Theorem readily yeilds (iii). Part (iv) also follows from Theorem IA.1.51 and Stokes' Theorem^] 
For part (v) denote by ip the map covered by <£. Then the mapping torus 

E#:=([0,l]x£)/~, (l,x)~(0,*(x)) 

is a Hermitian vector bundle over the mapping torus AL. Endow E§ with a connection V*, 
induced by connecting V and $*V over M. Then one easily finds that 

CS f (V,$*V)= [ tr^[/(V*)]. 

The right hand side is integer valued as M v is closed. □ 

Remark A. 2. 5. For a characteristic class of the form exp (tr^ [/(V)]) we have seen in Remark 
I A. 1.71 that the transgression form is given by 

/ 27 [(|V) A /'(V*)] A exp (tr E [/(V*)])*. 
Jo 

Lemma I A . 2 . 1 1 extends to this context: Let V be the connection over iV = [0, 1] x M, and write 

tv E [/(V)] =dtAa(t)+P{t), 
where a{t) and (3(t) contain no (it-factor. Then 

exp ( trjs [/(V)] ) = exp (dt A a(t)) A exp (/3(i)) = (l + dt A a(t)) A exp . 

1 Alternatively, one could glue a cylinder to the boundary of W to interpolate between V° and V , and then 
use Lemma lA.2.1l as well as the additivity under cutting and pasting of characteristic numbers. 
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Therefore, 

/ exp ( trjs [/(V)] ) = / dt A a(t) A exp (#(*)) 
Jn/m Jn/m 

= [ tr B [/(V)] Aexp(tr E [/(V*)]) 

JN/M 

= t^^id^Af'iyt)] Aexp(tr E [/(V*)])di 
Jo 

where we have used (|A.9|) in the last line. Similarly, one checks that Proposition IA.2.21 and 
Proposition IA.2.41 continue to hold in this context. 
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Appendix B 

Remarks on Moduli Spaces 



In this appendix we include some details concerning the moduli space of flat connections and 
the moduli space of holomorphic line bundles over a Riemann surface. Since the Rho invariant 
depends only on the gauge equivalence class of the underlying flat connection, understanding 
the moduli space of flat connections is a prerequisite for the computation of Rho invariants. 
Moreover, the interplay between flat connections and representations of the fundamental group 
is often used in the main body of this thesis. Therefore, we start with a detailed discussion of 
these topics, in particular including some remarks on the question of whether a given flat bundle 
is trivializable or not. 

We proceed with a discussion of the moduli space of flat connections associated to a mapping 
torus. Here the objective is to prove the facts we have used in Chapter 01 After this, we add 
some remarks about the moduli space of holomorphic line bundles over a Riemann surface and 
its relation to the moduli space of (flat) connections. This will establish some facts we have freely 
used in Section [231 

B.l The Moduli Space of Flat Connections 

B.l.l Flat Connections and Representations of the Fundamental Group 

Since many features become more transparent in a more general setup, we start working with 
a principal G-bundles, where G is an arbitrary connected matrix Lie group. Ultimately we are 
interested in flat Hermitian vector bundles and restrict to G = U(/c). A general reference for the 
contents of this section are [371 Sec. 2.1] and (62J Ch. II]. 

Denote by q the Lie algebra of G. Since we are assuming that G is a matrix Lie group, q is 
a matrix Lie algebra. We use the notation "Ad" for the adjoint action of G on itself and "ad" 
to denote the adjoint action of G on g. 

Connections and Curvature. Let M be a connected manifold, and let P —> M be a principal 
G-bundle. Let R g denote the right-action of g £ G on P. Recall that a G-connection on P is a 
Lie algebra valued 1-form A G g) satisfying 

R* g A = g- 1 Ag, and A[f t \ t=Q p ■ exp(tX)) = X, p G P, leg. (B.l) 
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We denote the space of all G-connections on P by A(P). The curvature of A is defined as 

F A = dA + AAAe n 2 (P,g), 

where A A A stands for taking the exterior product in the form part and matrix multiplication 
in the Lie algebra part. The curvature is easily seen to be ad-equivariant and horizontal, i.e., 

R*F A = q^Faq, i (f t \ t=Q p • exp(iA))P A = 0. 

This implies that F A can also be viewed as a 2-form on M with values in the bundle ad(g) = 
P x a( j g. A connection A is called flat if F A = 0, and we denote by 

HP) = {A€ A(P) | F A = 0} 
the space of flat G-connections on P. 

Gauge Transformations and the Moduli Space. We also recall that a gauge transformation 
is a G-equivariant bundle isomorphism, 

$:P^P, <S>{p-g) = <S>(p)-g. 

If one defines u : P — ► G by requiring that &(p) = p ■ u(p), then u is Ad-equivariant, 

u: P -> G, u(p- g) = g' 1 u{p)g. 

Conversely, it is easy to see that every gauge transformation arises this way. Hence, one of several 
equivalent ways to define the group of gauge transformations is 

Q(P) ■= C°° (M, Ad(P)) , where Ad(P) = Px Ad G. 

The pullback of a connection by a gauge transformation gives a natural action of Q{P) on A(P). 
In terms of an Ad-equivariant map u : P — > G this takes the form 

A • n = u~ 1 Au + u~ 1 du, AeA(P), ueG(P). 

We point out that u~ l du is the pullback of the Maurer-Cartan form on G via n. The curvature 
behaves equivariantly with respect to this action, 

F A . u = u~ 1 F A u, A e A(P), ueQ(P). 

In particular, the action of Q{P) on A(P) leaves the space T(P) of flat connections invariant. 
One can thus define the moduli space of flat connections on P as 

M(P) :=F(P)/g(P). 

Remark B.l.l. We will often encounter the situation that P is trivializable. If we fix a trivial- 
ization P = M x G, we can identify 

A(M x G) = $7 1 (M, g), Q{M x G) G°°(M,G). 
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The Holonomy Representation. Fix a base point po G P, and let xq := n(po)- Consider a 
closed loop based at xq, i.e., 

c:I->M, I =[0,1], with c(0) = c(l) = x . 

Since / is contractible, the pullback c*P — > / is trivializable. As we are assuming that G is 
connected, we can fix a lift c : / -> P of c such that c(0) = c(l) = Pq. Now let i be a 
G-connection — not necessarily flat for the moment — and let 

A t ;=(c*A)(d t )eC°°(I,Q). (B.2) 

Definition B.1.2. Let gt : / —* G be the unique solution of the ordinary differential equation 

dt9t = -A t g t , go = e, 

where e £ G is the identity element. Then the holonomy of A along c with respect to the base 
point po is defined by 

hoU(c,p ) := 9i € G. 

Note that the definition gives no reference to the lift c we have fixed. The reason why we are 
allowed to do so is one of the contents of the following result. 

Lemma B.1.3. Let A be a connection on P, and let c : I — > M be a closed loop, based at xq- 

(i) If (p : I —> I is an orientation preserving reparametrization, then 

h.ol A (cotp,po) = hoU(c,p )- 

(ii) For every gauge transformation u £ Q{P), 

hoU.«(c,p ) = uipo)' 1 hoU(c,p ) u(p ). 
In particular, hol^(c,po) ^ s independent of the liftc chosen in its definition. 

(iii) Assume that c is another loop, based at xq, and denote by c *c the loop defined by first 
running along c and then along c. Then 

hoU(c*c,p ) = hoU(c,po)hoU(c,p )- 

(iv) Let p\ S P be a different base point, and cq : I — > P be a path connecting pq with p\. Then 
there exists g S G such that 

hoU(cg 1 * c* co,pi) = ghol A {c,p ) g' 1 , where c := vr o c . 
Proof. To prove part (i) let gt be as in Definition IB.1.21 Then 

d s g v ( s ) = f'(s)(dtgt)\t =ip (s) = - l P , (s)A ipis) g ip{s) = -(co ip)*A(d s )g ip{s) . 

1 Although the assertions in Lemma lB.1.31 is standard, we include a proof as the discussion to follow relies on 
similar arguments. 
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Moreover, we have fl^o) = 9o = e and flWi) = gi ■ Then part (i) is true by definition. To prove 
(ii) define ut := u o c £ C°°(I, G), and c u := c • ut- Then c u is a lift of c with 



c u (0) = c u (l) = p ■ u(p ), and c*(^4 • u){d t ) = c^A(d t ) = A t ■ Ut- 



If gt is as in Definition IB. 1.21 then 



d t (ut g t u ) = {d t Ut )g t u + vT (d t g t )u 

= -u^ 1 (dtut)^ 1 g t u Q ) - (u^ 1 Atutjiuj 1 g t u ) 
= - {A- u t ){uT l 9tUo). 



Since u gouo = e, this implies that 



hoU 



■u t {c,Po ■ g) 



u 1 1 g 1 u = u 1 (p )hol A (c,po)u(po)- 



The second assertion of (ii) follows from the fact that every lift of c with base point pq is of the 
form c • u with u(p) = e. Concerning part (iii), we define A t as in (|B.2p with respect to a lift 
of c and note without going into detail that holyi(c * c, po) is given by g±, where gt is the unique 
solution to 

dm = ~A t g t , g = hoU (c, Po ) . 
This readily yields g\ = 1ioLa(c,po) holA(c, po). To prove (iv) we can solve the initial value 



Let f2(M, xq) be the based loop group of M. This is the set of all loops, based at xq, modulo 
orientation preserving reparametrization. For reasons of functoriality we endow £l(M, xq) with 
the product c ■ c := c * c, where c * c is as in Lemma [B.1.31 Let po £ P with xq = 7r(po)- Using 
the above results, one obtains a well-defined homomorphism 



Definition B.1.4. Let A be a connection on P. Then the homomorphism (|B.3P is called the 
holonomy representation of A with respect to the base point pq. We also define the holonomy 
group of A with respect to po as 



A connection A is called irreducible, if Ga(po) = G. Otherwise, it is called reducible. Moreover, 
the isotropy group of A is defined as 



Lemma B.1.5. The conjugacy class of Ga(po) is independent of po and the gauge equivalence 
class of A. Moreover, for fixed po £ P, the map 




□ 



hoU : n(M,x ) -> G, ch 



hoU(c,p ) 



(B.3) 



G A (p ) := im (hoU : ft(M,x ) -> G) 



1(A) := {u G g(P) I A-u = A). 



1(A) ^G, u^u( Po ), 



maps 1(A) isomorphically to the centralizer of Ga{po) in G. 
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Proof. The first assertion is immediate from Lemma lB.1.31 Now fixpo> an d assume that u G 1(A). 
Lemma IB .1.31 implies that for every loop c : / — ► M , based at xq = n(po), we have 

hoU(c,p ) = hoU.ti(c,po) = u(p )~ 1 holA(c,po)u(p ). 

Thus, u(po) lies in the centralizer of Ga(po)- Now let Po be the set of all p G P such that there 
exists a horizontal path c : I — » P with c(0) = po and c(l) = p. Then Po intersects every fiber of 
7r : P —* M. This is because if c : / — > P is an arbitrary path with c(0) = po> we can solve 

d t g t = -A t g t , g = e, 

with At as in (|B.2p . to get a horizontal path c- gt : I —* P whose endpoint lies in the same fiber 
as the endpoint of c. 

To prove injectivity of the map 1(A) — > G, it i— > it(po)j let u G /(-A) with u(po) = e. Since u 
is Ad-equivariant and Po intersects every fiber of tt : P — > M, it suffices to show that n|p () = e. 
Let p G ?0) an d let c a horizontal path connecting pq with p. Then A ■ u = A implies that 

(u- 1 oc)d t (uoc)(t) = u - l du\ m (j i c) = (A-u- 1 Au)\c {t) (£ t c) = 0, 

where we have used that is horizontal. Hence u is constant along c and thus, u(p) = e. Next, 
assume that go £ G lies in the centralizer of Ga(po)- We need to define u £ 1(A) such that 
u (Po) = 9o- We first define u|p to be the constant map go. To see that this defines a gauge 
transformation, we need to check that u(p ■ g) = g~ 1 u(p)g, whenever p and p ■ g both lie in Po. 
Let c and c g be horizontal paths connecting pq with p, respectively with p • g. Then c g * (c^ 1 • g) 
is a horizontal path which connects po with Pq - g. This implies that g G Ga(r>)- Since we have 
assumed that go lies in the centralizer of Ga(pq), we obtain 

u(p ■ g) = g' 1 u(p)g = g~ x gog = go- 
Hence, u\p is Ad-equivariant and can be extended to a gauge transformation on P. To prove 
that u G 1(A) first note that the values of the 1-forms A ■ u and A on vertical vectors are both 
prescribed by (jB.ll) . To see that A-u and A also agree on horizontal vectors, it suffices to consider 
A\ p and A-u\ p for p G Po since both, A-u and A, are ad-equivariant. Now if v G T p P is horizontal, 
there exists a horizontal path c : (— e, e) — > P with c(0) = p and Jjc(0) = u. By definition of Po 
one easily checks that im(c) C Po- Thus, u is constant along c so that 

A ■ u\ p (v) — A\ p (v) = u~ 1 du\ p (v) = u ~ 1 (p)^i\ t=0 u ° c = 0. □ 

Flat Connections and the Fundamental Group. After this technical preparation, we turn 
our attention to flat connections. The following result shows that they are of a topological nature. 

Proposition B.1.6. If A is flat, then the holonomy 1ioLa(c,po) depends only on the homotopy 
class [c] G ni(M) = m(M,xo). In particular, the holonomy representation defines a homomor- 
phism 

hoU G Horn (m(M),G). 
Moreover, the assignment J~(P) — > Horn (-k\(M),G) , A \— > hol^ gives well-defined map 

M(P) Horn (tti(M), G) /G. 
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Proof. Consider a homotopy 

c:IxI^M, c(s, 0) = c(s, 1) = x . 

Since any fiber bundle has the homotopy lifting property, we can choose a lift 

c: I X I — ► P, c(s, 0) = c(s, 1) = po 

Abusing notation we use the letter A also to denote the 1-form c* A € x I, q). The flatness 
condition dA + A A A = written out with respect to the coordinates (s, t) G I X J is 

- + A(0 a )A($) - A(5t)A(9.) = 0. (B.4) 

For fixed s let g s = g s {t) : / — > G denote the solution to 

5 t5s = -A(0 t ) 5s , 0,(0) = e. (B.5) 

Since A depends smoothly on s and t, it follows from the standard theory of ordinary differential 
equations that g s depends smoothly on s. We then compute 

d t (d s9s + A(d s )g s ) = d s {d t g s ) + {d t A(d s ))g s + A{d s ){d t g s ) 

= -d s {A(d t )g s ) + (d t A(d s ))g s - A(d s )A(d t )g s , 

where we have used (|B,5|h Then (|B.4[) implies that 

d t {d s9s + A(d s )g s ) = (A(d.)A(dt) - A(d t )A{d s ))g s - A(d t )d s g s - A{d s )A{d t )g s 
= -A(d t ){d s g s + A(d s )g s ). 

The initial condition in (|B.5j) and the fact that c(s, 0) is constant for s G J implies that d s g s \t=o = 
and A(d s )\t=o = 0. Hence, 

d s g s = -A(d s )g s , for all tel. 

Moreover, we have A(d s )\t=i = so that g s (l) is independent of s. By definition of the holonomy 
and (|B.5j) this proves the first assertion of Proposition lB.1.61 The other assertions are immediate 
from Lemma |B. 1.31 □ 

The Moduli Space of Representations. Let Ai(M,G) be the moduli space of flat principal 
G-bundles, i.e., the space of isomorphism classes of pairs (P, A) where P is a principal G-bundle 
and A is a flat connection on P. Our next goal is to show that the map in Proposition IB. 1.61 
induces an isomorphism 

M (M, G) ^ Horn (tti (M) , G) /G. 

Remark B.1.7. Note that in general Ai(M,G) will be strictly larger than the moduli space 
M(P) for one fixed flat bundle P. This is because there might exist flat bundles such that the 
underlying principal G-bundles are not isomorphic. In the case that G = U(/c) we will say more 
about this in Section IB. 1.21 below. 
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To associate a flat G-bundle to any representation a : %\{M) — > G, let M be the universal 
cover of M. For definiteness we fix a base point xo G M and identify M with the space of 
homotopy classes of paths in M starting at xq. Then ttx(M, xq) naturally acts on M from the 
right. For a : 7Ti(M, xq) — > G we define the principal G-bundle 

P a :=Mx a G = (Mx G)/ ~ 

where 

{x,g)~{x-c,a{c)- l g), (x,g)eMxG, c € tti(M). (B.6) 

Pulling back the Maurer-Cartan form g~ 1 dg G g) to M x G defines a natural flat connection 

on M x G, which is invariant under the action (|F3.6[) of 7Ti(M). In this way we get an induced 
flat connection A a on P a . It is straightforward to check that with respect to the base point 
po := [x ,e] G P a , 

hol Aa (c,Po) = a(c), c G m(M,x ). 

More generally, we have 

Proposition B.1.8. Let P be a principal G-bundle with flat connection A, and let a : 7ri(M) — > 
G be a representation of the fundamental group. Then (P,A) is isomorphic to (P a ,A a ) if and 
only if there exists g G G with I10L4 = g~ 1 ag. In particular, we have a bisection 

M(M,G) -=> Horn (ir 1 {M),G)/G, [P,A]^ [hoU] . 

Sketch of proof. The assertion that (P, A) = (P a ,A a ) implies hol^ = g~~ 1 ag is an immediate 
generalization of Lemma IB.1.31 (ii) . For the reverse direction first consider a representation a 
and let 5 := g$ ag® for some go G G. Define 

MxG^MxG, (x,g)^ (x,g g). 
This descend to a bundle map P a — > P5 since 

(x • c, 5(c)" 1 (505)) = (z • c,£/o(a(c) _1 5))- 

One verifies that this gives an isomorphism of flat bundles. Now assume that hol^ = a, and fix 
a base point p$ G P. For 5? G M, let : I — > M be a path in M representing x and starting at 
xo = 7t(pq)- Let % : I — > P be the horizontal lift to P, starting at pq. Using the same ideas as in 
Proposition IB.1.61 one finds that %(1) depends only on the homotopy class of cj. Hence, we get 
a well-defined map 

$:MxG^P, (x,g)~c~(l)'g. 

The construction is in such a way that $ is G-equivariant and surjective. Moreover, if c G 
7Ti(M, Xq), then a straightforward calculation shows that 

%c)(l) = • hoU(c,p ), 

and 

= {(x .c,hoU(c ) p )- 1 ) I cG^i(M,x )}. 

Since we are assuming that hoL4(c, po) = a(c), this implies that descends to a bundle iso- 
morphism P a — ► P. Concerning the relation between the flat connections ^4 and we remark 
without further comments that <3? is defined in such a way that it maps the horizontal distribution 
on the trivial bundle MxGto the horizontal distribution on P given by A. This implies that 
via the isomorphism P a = P the connections A a and A agree. □ 
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B.1.2 Flatness and Triviality of U(fc)-Bundles 

As mentioned in Remark IB. 1,71 a flat principal G-bundle is not necessarily trivializable. In this 
section we give some details for the case G = U(fc). Via the standard representation of U(/c) on 
C k , a principal U(/c)-bundle P defines a Hermitian vector bundle E — > M and vice versa. We 
will freely switch between the two equivalent notions. 

Flat Line Bundles. We first recall that the space of all Hermitian line bundles over a given 
manifold can be described in terms of Cech cohomology, see [96 \ Sec. III. 4] for details. Let M be 
a compact, connected manifold. For a Lie group G we denote by G the sheaf of locally smooth 
functions on M with values in G. Then if^M, U(l)) is isomorphic to the set of Hermitian line 
bundles over M up to isomorphism. Note that the group structure on the latter is given by the 
tensor products of line bundles. There is an exact sequence of sheaves. 

— >Z — ► K-^*U(1) — >0. (B.7) 

Since the sheaf M is fine (i.e., admits partitions of unity), the cohomology H'(M,M) vanishes 
away from degree 0. The long exact sequence in cohomology then produces natural isomorphisms 

H p [M,XJ(l)) = H p+1 (M,Z), p > 1. 

For p = 1, this isomorphism coincides with the integral first Chern class 

ci : H 1 (M, U(l)) ^ H 2 (M,Z). (B.8) 

On the other hand, we have seen in Proposition IB. 1.81 that flat Hermitian line bundles are 
classified by representations of ni(M) in U(l). Here, conjugation does not play a role here since 
U(l) is abelian. Therefore, the moduli space of flat Hermitian line bundles has the cohomological 
description 

Hom(vri(M),U(l)) = F 1 (M,U(1)). 

Note that in terms of Cech cohomology, H P (M, U(l)) refers to the sheaf of locally constant (rather 
than C°°) functions with values in U(l). Similarly, we have to distinguish between H*(M, R) 
and H'(M,~R). We have a long exact coefficient sequence 

... — > H P (M,Z) — ► H p (M,R) — ► H P (M,V(1)) — ► H P+1 (M,Z) — ► ... 

Here, the integral first Chern class appears again as the map 

ci : H X (M,XJ(1)) — >H 2 (M,Z). 

Moreover, the universal coefficient theorem shows that 

ker (H 2 (M, Z) -> H 2 (M, M)) = Tor (H 2 (M, 1)) . 

Together with (|B.8j) this easily yields 



Lemma B.1.9. A line bundle L — > M admits a flat connection if and only if its integral first 
Chern class satisfies c\{L) E Tor (i/ 2 (M, Z)). 
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Remark. The above result also follows from Chern-Weil theory: The representative of the first 
Chern class in de Rham cohomology is given by [t^^i 7 ^)] , where A is any U(l)-connection on 
L. Hence, L admits a flat connection if and only if c\(L) vanishes in H 2 (M, R). This is precisely 
the case if the integral first Chern class is a torsion class. 

There is also a topological condition for triviality of a flat Hermitian line bundle. It is 
straightforward to check that the natural map of sheaves U(l) — > U(l) relates the two exact 
coefficient sequences via 

> H l (M,U_(l)) — ^— ► H 2 (M,Z) ► 

H^M^) > fl 1 (AT, 17(1)) — 5L - » i7 2 (M,Z) ► H 2 (M,R). 

Lemma B.l. 10. Let L a — » M be a flat Hermitian line bundle on M with holonomy a : 
fli(M,Z) -» U(l). Then L 

a is trivializable if and only if the restriction of a to the torsion 
subgroup Tor (Hi(M, Z)) is trivial. 

Proof. The line bundle L a is trivializable if and only if c\{L a ) = in H 2 (M, Z). The above 
diagram shows that this is precisely if 

L a E im [H\M,R) -> 7f 1 (M,U(l))]. 

The latter means that a = exp(2Tria) with a : i7i(M,Z) — > R. Since (R, +) is a torsion free 
abelian group, the restriction of a to Tor (H\{M, Z)) vanishes. Conversely, if a is trivial on 
Tor (i7i(M,Z)), it can be lifted to a homomorphism a as above. □ 

Flat U(fc)-undles. If we now consider U(fc) for k > 1, Lemma IB . 1 . 9 1 and Lemma IB. 1.101 do not 

generalize immediately, since we do not have a simple cohomological description of the space of 
(flat) U(fc)-bundles. This is mainly due to the fact that i7 1 (M, U(fc)) is not a group since U(fe) is 
non-abelian. However, in the case that dimM < 3 the results about flat U(l)-bundles generalize 
to XJ(k). The underlying reason is the following 

Proposition B.l.ll. Let M be a manifold of dimension < 3. Then every principal SU(fc) -bundle 
P — > M is trivializable. 

Ldea of proof. Let ES\J(k) — > BS\J(k) be the universal SU(/c)-bundle, see [33l Sec. 8.6]. It has 
the property that ESXJ(k) is contractible, and the set of isomorphism classes of SU(/c)-bundles 
is isomorphic to the set of homotopy classes of maps M — > B SU(fe). Since the total space of the 
universal SU(/c)-bundle is contractible, the long exact homotopy sequence yields that 

TT n (BS\J(k)) =7r n _i(SU(fc)), n>l. (B.9) 

It is well known that SU(fc) is 2-connected, see [33J Sec. 6.14]. Hence, (|B.9P implies that BS\J(k) 
is 3-connected. Since we are assuming that dimM < 3 it follows that every map M — * BSXJ(k) 
is homotopic to a constant map. Therefore, every SU(/c)-bundle over M is trivializable. □ 



We then have the following generalization of Lemma IB. 1.91 and Lemma IB.1.101 
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Corollary B.1.12. Let M be a compact, connected manifold of dimension < 3, and let E — ► M 

be a Hermitian vector bundle over M of rank k. 

(i) The bundle E admits a flat connection if and only if its integral first Chern class satisfies 
Cl (E) E Tor (H 2 {M,Z)). 

(ii) Assume that E is flat with holonomy a : tt\{M) — > XJ(k). Then E is trivializable if and 
only if the restriction of det (a) : H X {M,Z) U(l) to Tor (#i(M,Z)) is trivial. 

Proof. Let det(E) := A k E — ► M denote the determinant line bundle of E. One concludes from 
the exact sequence 

— ► SU(fc) — » U(fc) ^> U(l) — > 0, 

that <g> det(.E') _1 admits an SU(/c)-structure. As we are assuming dimM < 3, it follows 
from Proposition IB. 1.111 that E (g> det(E)~ 1 is isomorphic to M x C k . This implies that E is 
flat /trivializable if and only if det(E) is flat/trivializable. Since 

Cl (E) =ci(det(-E)) £H 2 (M,Z), 

part (i) readily follows from Lemma lB.1.91 whereas (ii) is immediate from Lemma lB.1.101 □ 

Remark B.1.13. If S is a closed, oriented surface, then i? 2 (S,Z) = Z. Therefore, there are 
no torsion elements and every flat Hermitian vector bundle over £ is isomorphic to the trivial 
bundle. For 3-manifolds there will in general exist non-trivial flat Hermitian bundles, see for 
example Remark IB. 2. 101 below or Section 12.31 

B.2 Flat Connections over Mapping Tori 

We let M be a closed, oriented manifold, and let / £ Diff + (M) be an orientation preserving 
diffeomorphism. Then we define the mapping torus Mf of / as 

M x {0} 




Figure B.l: The mapping torus of / 



M f := (M x R)/Z, 
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where Z acts onMxR via 

k ■ (x, t) = (f~ k (x), t + k), (i,t)6lxl, keZ. (B.10) 

We use this definition rather than defining Mf as a quotient of M x [0, 1], since it is convenient 
to work Z-equivariantly onMxl. Since we assume that / is orientation preserving, the product 
orientation ofillxl defines an orientation on Mf. The map 

M x R -> S 1 , (x, t) i — y exp(2vrit) 

is invariant with respect to the action (|B.10|) . and gives rise to a fiber bundle 

Let Diffo(M) be the component of the identity in Diff + (M) with respect to the C°°-topology. 
We collect the following well-known material. 

Lemma B.2.1. The diffeomorphism class of Mf depends only on the conjugacy class of f inside 
the mapping class group 

Diff + (M)/Diffo(M). 

Moreover, there exists a diffeomorphism —Mf = Mf-i, where —Mf carries the reversed orienta- 
tion. 

Proof. To show that the diffeomorphism class of Mf depends only on the isotopy class of /, let 
ft : [0, 1] — > Diff + (M) be an isotopy. Possibly using a reparametrization of [0, 1] we may assume 
that ft is constant near and 1. Define ft '■= /t _1 °/o an d extend (ft to a path ift : R — ► Diff + (M) 
by requiring that </>t+i = f\ ° ft fo- Then one easily checks that 

$:Mxl->MxM, <f>(x,t) := ((p t (x),t), 

is Z-equivariant with respect to (jB.lOp . Hence, it descends to a diffeomorphism $ : Mf — > Mf x . 
Similarly, if g € Diff + (M), then the map 

$ : Af x R -t M x R, ^(x, t) := (g(x), t) 

defines a diffeomorphism ^ : Mf — > M g f g -i. Thus, the diffeomorphism class of Mf depends 
only on the conjugacy class of / in Diff + (M)/ Diffo(M). In a similar way one verifies that an 
orientation reversing diffeomorphism Mf = Mf-i is induced by 

MxR^MxR, (x,t) ^ (x,-t). □ 

Remark B.2.2. We also want to point out that every oriented fiber bundle M M — » S 1 
arises in the way just described: Identify M with the fiber 7r -1 (l), and endow M with a vertical 
projection P v : TM T V M, see Section [2X11 For x G M denote by c x : [0, 1] -> M the 
horizontal lift of the path 

[0,1]^^, t^e 27Tit 
which starts at x. Then 0^(1) G M, so that we can define 

f:M^M, f(x):=c x (l). 
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It follows from the standard theory of ordinary differential equations that / is a diffeomorphism. 
Moreover, since we have assumed that M <^-> M — > S 1 is an oriented fiber bundle, it follows 
that / is orientation preserving, i.e., / E Diff + (M). One then verifies that the fiber bundle 
7r : M — > S 1 is indeed isomorphic to the fiber bundle given by the mapping torus Mr. This 
identification might seem to depend on the choice of P v and the identification of M as a fiber. 
However, since all vertical projections are homotopic, one can check that the conjugacy class of 
/ in the mapping class group Diff + (M)/ Diffo(M) does not change, so that by Lemma lB.2.11 the 
isomorphism class of the mapping torus is unambiguously defined. 

B.2.1 Algebraic Description of the Moduli Space 

Let G be a connected matrix Lie group. Ultimately G will be XJ(k). We use Proposition IB. L8] 
to identify 

M{M f ,G) =Hom (ir 1 (M f ),G)/G, 

where G acts by conjugation. We fix a base point x$ G M assume for simplicity that f(xo) = xq. 
This is possible as we can always find an element in the isotopy class of / G Diff + (M) which 
fixes xq. Then the path 

7 : R -> M x R, t^(x ,t), 

descends to a closed path in Mf, whose homotopy class we also denote by 7 G 7ri(Mj). Without 
including it in the notation, we are using [xo,0] as a base point for Mf. On the other hand, the 
inclusion M = M x {0} C M x R induces a map 

U : vri(M) tt^M/). 

Then the following is easily verified H 

Lemma B.2.3. The fundamental group of Mf with respect to the base point [xo,0] is given by 

7Tl(M/) = <7Tl(M) j7 17-^7 = /*C, C G 7Ti(M)>, 

where /* : 7Ti(M) — > 7Ti(M) is i/te induced map on the fundamental group. 
The map i* : 7Ti(M) — > 7Ti(Mj) gives rise to a natural homomorphism 

i* : Horn (7ri(M/), G) -> Horn (vn(M), G) , a^aoi,. 
This map is G-equivariant and we get an induced map 

[i*] : M(Mf, G) — > M(M, G), [a]^[aoi*]. (B.ll) 
Similarly, /* : Horn (711 (M), G) — > Horn (-7ri(M), G) is G-equivariant so that it descends to a map 

[f]:M(M,G)^M(M,G), [a]-[ao/J. 

For the following result see also [2 Sec. 8]. 

2 Recall that for fundamental groups we are using the product [c] ■ [c] := [c* c], where c * c means first c and 
then c. 
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Proposition B.2.4. The natural map (|B.11|) defines a surjection 

: M(Mf,G) -► Fix[/*] C M(M,G). 
Moreover, if a G Horn (7Ti(M),G) is swc/t i/iai [a] G Fix[/*], f/ien 

[i*] _1 N = {5 e G I jT 1 ^ = /*a}/Z(a) (B.12) 
where Z(a) := {h G G \ h~ x ah = a} is the centralizer of a, and acts on G by conjugation. 
Proof. With 7 as in Lemma lB.2.31 define 

$ : Hom(7ri(M / ),G) -► Horn (m(M), G) x G, (a o u, 0(7)) . 

Then Lemma lB.2.31 implies that $ induces an isomorphism 

$ : Hom(7r 1 (M / ),G) ^> {(0,5) G Horn (vri(M), G) x G | cT 1 ^ = f*a}. (B.13) 

The action of G by conjugation on Horn (ivi(Mf),G) translates to to the right hand side as G 
acting diagonally by conjugation, i.e., h G G acts on an element (a, g) via 

(a, g) ■ h : = (/i _1 a/i, h~ 1 gti) . 

Then 

M(Mf,G) = {(a,g) G Horn (ttx(M) , G) x G \ g~ l ag = f*a}/G. 

Under this identification, the map [i*] in (jB.lip is given by the projection onto the first factor. 
Now [a] = [f*a] if and only if there exists g G G with g~ 1 ag = f*a, which guarantees that 

[**] : M(Mf, G) — >■ Fix[/*] c M(M,G), [a,g] » [a], 

is well-defined and surjective. The inverse image of [a] G Fix[/*] is given by 

[i*]- 1 ^} = {(a,g) G Hom(7ri(M),G) x G \ g~ x ag = f*a, [5] = [a]}/G. 

Hence, if we fix a representative a, then 

b'TV] = {g G G I g^ag = f*a}/Z(a). □ 

Remark. 

(i) If we fix a different representative a = h _1 ah in (|B.12|) . then one easily checks that 

{geG \ g- 1 ag = fa} = {h- 1 gh£G \ g- 1 ag = f*a}. 

Moreover, 

Z(a) = h~ 1 Z(a)h. 

This describes the relation among the isomorphisms in (|B.12|) for different choices of rep- 
resentatives for [a] G Fix[/*]. 

(ii) We also want to point out that if we fix g with g~ 1 ag = f*a, then 

{g G G I g^ag = f'a] = Z(a)g. 

Furthermore, note that if a G Horn (tt\(M), G) is irreducible, then Z(a) coincides with the 
center of G, 

Z(a) = Z(G) = {g£G \ gh = hg for all h G G}. 
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B.2.2 Geometric Description of the Moduli Space 

We now turn to a more geometric description of M.(Mt,G). A related discussion, yet in a 
different context, can be found in |38} Sec. 5] and |90} Sec. 7]. Since we prefer to work with 
Hermitian vector bundles over Mf, we assume from now on that G = U(fc). 

Vector Bundles over Mapping Tori. Using the ideas of Remark IB. 2.21 one finds that every 
Hermitian vector bundle over Mf is isomorphic to a mapping torus 

Ej := (E xK)/Z-> (M xl)/Z = Mf. (B.14) 

Here, / is a bundle isomorphism covering /, and Z acts onfixR via 

k • (e, t) = (f~~ k (e),t + k) , (e,i)e£xK, k £ Z. 

To keep the notation simple, we are identifying J?xl with the pullback bundle k* m E — > M x 
R, where 7Tm : M x R — > M. For a fixed Hermitian vector bundle E — > M, we denote by 
Q(E) the group of gauge transformations and by Gf(E) the set of isomorphism classes of bundle 
isomorphisms covering /. Note that there is a free and transitive action of Q(E) on Gf(E), given 
by 

g f (E)xg(E)^g f (E), (f,u)^fo U . 

Hence, upon fixing one particular / 6 Qf(E), the space Gf(E) is isomorphic to the group of gauge 
transformations Q(E). 

Remark B.2.5. If E = M x <C k is the trivial bundle, the group 0(E) coincides with 
C°°(Af,U(Jfe)), see Remark ECU Then for u G C°° (AT, U(Jfe)) , we define 

/ u : M x C fe -» M x C fc , 7 u (x, z) := (/(x), tt(x)z) . 

This gives a canonical identification 

C°°(M,U(fc)) ^ Qf[M x <C fc ), uk/ u . 

We then write E u for the bundle defined by f u . 

Lemma B.2.6. If f±, fi : E — > E are two bundle isomorphisms covering f, then Ej^ = Ej^ if 
and only if there exists tpt 6 C°°(R, £7(i£)) such that 

ft+i = f 2 lo ft°fi- (B.15) 

Proof. If we define 

$:Exl^£xl, $(e, i) := (y?t(e), i) , 

then 

$(/f 1 (e),t + l) = (^io^(e),i + l) = (i7 1 o^(e),t + l). 

This implies that <3? is a Z-equivariant bundle isomorphism and so E? and Ej^ are isomorphic. 
Conversely, we can lift a bundle isomorphism Ej^ = Ej^ to a Z-equivariant map £xl->BxR 
and use this to define ipt with the required property. □ 
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Remark B.2.7. Assume that E = M x C k is a trivial bundle, and let u, v G C°°(M, TJ(fc)) 
define vector bundles and as in Remark IB.2.51 Then (1B.15|1 takes the form 

= fv 1 °ft°fu = v~ l ((p t ° f)u. 

Additional Remarks for Line Bundles. In the case that E = L is a line bundle, we can 
also give a more topological interpretation of (|B.15h . Since U(l) is abelian, the group of gauge 
transformations of L is given by G{L) = C°° (M, U(l)) , irrespectively of whether L is trivializable 
or not. From the long exact sequence associated to the coefficient sequence <|B.7j) . we get an exact 
sequence 

— * Z — > C°°(M, R) — ► C°° [M, U(l)) — ► ^(M, Z) — ► 0. (B.16) 
Here, the map C°°(M, U(l)) -► H x {M,l) is given by 

«Hii t e Horn (vri(M),Z) = H 1 {M,'L). 

Remark B.2.8. The de Rham theorem defines a map 

n p d (M,R) -> H P (M,R), 

where the left hand side denotes the space of closed p-forms. Since H 1 (M, Z) has no torsion, we 
can use this to identify 

Here, tt P d (M,Z) denotes the space of closed p- forms with integral periods, i.e., the kernel of the 
projection 

n p d (M,R) -> H P (M,R)/H P (M,Z). 
Using this, the last map in (|B.16p can be expressed as 

C°°(M,U(1)) ^H\M,Z), ul ->p_i^]. (B.17) 

Now, u G C°°(M, U(l)) is mapped to if and only if u = exp(27ri#) for some g G C°°(M, E), 
because then 

u~ 1 du = 2iridg. 

Also note that there exists g with u = exp(2nig) precisely if u is homotopic to a constant map. 
Then we have the following topological interpretation of (|B.15j) . 

Proposition B.2.9. Let L — > M be a Hermitian line bundle, and let f\, fi G Qf(L). Define 
u G Q{L) by requiring that fi = f\ o u. Then the line bundles Lj^ and are isomorphic if and 
only if 

^-?] G im ( Id -/*) C H\M, Z). (B.18) 

Proof Assume first that Lt = L^. Then there exists cp t G C°°(R,G(L)) as in Lemma IB. 2. 61 
such that ft+i = f^ 1 0{ Pt° fi- Now, since U(l) is abelian, /£" 1 o ft° fi = ft° f- Hence, 

ipt+x = u' 1 o /- 1 otp t ofi = u" 1 ^ o /)• 
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This yields 

(p± d<p\ = f*(fQ 1 difo) — u~ 1 du (B.19) 
Moreover, since ipo is homotopic to <pi we can find g : M — > R such that 

<Pq 1 d(po = (fi 1 d(fi + 2nidg. 

Prom this and (|B. 19[) we see that (|B.18P is valid. Conversely, let us assume that (|B.18P holds. 
This means that there exist <p G C°°(M,U(1)) and g G C°°(M,R) such that 

vT l du = f*((p~ 1 dip) — ip~ 1 d(p + 2-iridg. 

For t G [0, 1] define ipt := </?exp ( — 2-iritg) . Then, upon adding a constant to g, we conclude that 

u = ip^iipo o /). 

This allows us to extend <pt for all t G R in such a way that 

(pt+i = u~ l (cp t o /) = j 2 x 0(f t O fx, 

and we get the required isomorphism. □ 

Remark B.2.10. 

(i) As we have mentioned in Section IB. 1.21 nne bundles over Mf are classified by the group 
i? 2 (Mj,Z). This group fits into an exact sequence associated to the fiber bundle M 
Mf — ► S 1 . One can use for example the five-term exact sequence induced by the Leray-Serre 
spectral sequence to obtain an exact sequence 

. . . H \M) l ±^H\M) — > H\M } ) 

r+ H 2 {M) iizZ^ H 2 {M) _^ . . . 

For higher dimensional spheres as the base this is usually referred as the Wang sequence, 
see [331 P- 254]. 

Using the discussion preceding Proposition IB. 2.91 we can give a geometric interpretation 
of the map ff 1 (M) — ► H 2 (Mf) in (|B.20p . First we use (|B.17p to represent an element 
of H l {M, Z) by a gauge transformation u G C°°(M, U(l)), and let L u — ► be the line 
bundle defined by u as in Remark IB.2.51 Since the isomorphism class of L u is independent 
of the homotopy class of u we get a well-defined map 

H l {M, Z) - H 2 (M f ,Z), \^— —] ' ^ ci(L u ). 

L Z7TZ J 

Now Proposition IB. 2. 91 identifies the kernel of this map and gives a geometric explanation 
for the exactness of the (|B.20p at H 1 (M). Also, from a geometric point of view, exactness 
at H 2 (Mf,lj) is immediate; this simply means that a line bundle L — > My is of the form 
L = L u \i and only if it restricts to the trivial line bundle over M. Concerning exactness 
at H 2 (M) we observe that the restriction L\m of a line bundle L — » My has to satisfy 
/*ci(L|a/) = ci(L|jvf). Conversely, this is precisely the condition which enables us to define 
a line bundle over My. 
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(ii) The sequence (|B.20|) also shows that there will in general be flat line bundles over Mf which 
are topologically non-trivial. A gauge transformation u G C°°(M, U(l)j gives a flat bundle 
L u if and only if c\(L u ) is a torsion element in i7 2 (Mj,Z). According to Proposition IB.2.91 
and part (i) of this remark, this is precisely the case if there exists JVgN such that 



N ■ 



~u 1 du~ 




ru- N du N i 


I 2m - 




I 2m \ 



G im(Id-/*) C H l (M, Z). 



Already in the case that M is the 2-torus T 2 one can easily find a diffeomorphism / : T 2 
T 2 such that 

coker (Id-/* : H X {M,%) -» H X {M,1)) 
contains torsion elements, see Remark 14.3. 101 in Section [4.31 



Flat Connections over Mapping Tori. For convenience we assume for the rest of this section 
that a flat U(/c)-bundle over M is necessarily trivializable. According to Remark IB.1.131 this is 
satisfied for example if M = S is a closed surface, which is the case we are considering in Chapter 

m 

Under this assumption a flat bundle E — > Mf restricts to the trivial bundle over the fiber, so 
that it is of the form considered in Remark IB.2.51 i.e., 

E = E U u G C°° (M, U(fc)) , 

where E u is the mapping torus of the bundle isomorphism f u : M x C k — > M x C fc . We can then 
identify the space of sections of E u as 

C co (M f ,E u ) = { lft :R^C 00 (M,C k ) \ = u' 1 ^ o /)}. 

More generally, f u induces a pullback 

f:a = u-\f*a), a£n'(M,C k ), (B.21) 

and 

n*(M f ,E u ) = {a t G fl^M x R,C h ) \ «t+i = />*}■ (B.22) 

In a similar way, a U(fc)-connection A on £/ u can equivalently be described as a Lie algebra valued 
1-form 

A = a t + b t dt, a t G C°° (R, O 1 (M, u(k)) , b t G C°° (R, C°° (M, u(fc)) , 
which is Z-equivariant in the sense that 

= /« a * = u' 1 (f*a t )u + u" 1 ^, 6 t+ i = f*b t = o f)u. (B.23) 

The curvature of A is given by 

Fa = d M xM.A + A AA = d M a t + a t A a t + (d^fftt - 3 4 ai + [at, 6 t ]) A dt. 

Hence, if F at G C°° (R, Q 2 (M, u(fc)) denotes the curvature associated to the path of connections 
at over M, we have 

Fa = + ( d a t ^ - d t a t ) A dt. 
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Therefore, A is flat if and only if 

F at =0, and d t a t = d at b t . (B.24) 

Before we can describe the structure of the moduli space of flat U(fc)-bundles on Mj we need 
the following technical result. 

Lemma B.2.11. Let A = at + btdt be a flat connection on E u . Then there exists a gauge 
transformation v £ C°°(M, U(fc)) such that the constant path ao defines a connection Aq on E v , 
and there exists an isomorphism 

$ : E v -> E u , with ®*A = A . 

Proof. Let ip t : M -> C°°(M,U(k)) be the unique solution to 

dtft = -bt¥t, ¥>o = e, 

where e G U(/c) is the identity matrix. Define v := uipi G C°° (M, U(/c)) . We claim that 

ipt+i = u^ 1 (Vt ° f)v and (%(a t • ^) = 0. (B.25) 

Proof of (|B.25P . For the first assertion we recall from (|B.23P that bt satisfies 

b t+1 = u~ X (b t o f )u. 

From this and the definition of ipt, one easily checks that both sides of the claimed equality are 
solutions of the initial value problem 

dt&t = -u~ 1 (b t o f)utp t , (po = u~ 1 v, 

and hence agree. Now, using the identity dt^pj 1 = —ip^ 1 (dt(pt)ff~ 1 , we compute that 

d t (a t ■ (ft) = d t ((Pt 1 a t tp t + ift 1 d M ^t) 

= -^{dtVtlV^atVt + ^(dta^cpt + (pt 1 a t (d t (p t ) 

- ipt 1 (d t ipt)Vt 1 d M (pt + ift 1 d M (dm) 
= ip 1 r l (d t at)(pt + (Pt 1 (b t a t )ip t - ipt 1 (a t b t )ip t 

+ (pt 1 b t d M ipt ~ (Pt 1 d M (b t (pt) 
= ip 1 r l (d t a t - d M b t - [a t ,b t ])(pt = (Pt 1 (d t a t - d at b t )(pt- 

Since we are assuming that A is flat, condition (|B,24j) yields the second part of (lB.25j) . □ 

Having established (|B.25|) we continue with the proof of Lemma IB.2.11I First of all we can 
use the first formula in (|B,25P and Remark IB. 2 .71 to deduce that the family tpf defines a bundle 
isomorphism 

* : E v -=» E u . 

On the other hand, we can use (|B.23j) and the definition of ipi to compute that 

f*a = ai ■ iT 1 = (ai • ipx) ■ v~ l = a ■ u -1 , 
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where in the last step we have used (|B.25|) to see that at ■ (ft is constant. Also note that 
°o " = clq ■ e = cio- This implies that the constant path ao defines a connection Aq on 
E v . Moreover, $>*A is given by 

§*A = a t -ip t + (cftHtipt + vi l d t y t )dt, (B.26) 

and thus, &*A = at ■ ft = A)> d 

The Moduli Space of Flat Connections. We can now state geometric version of Proposition 
IB. 2. 41 Recall that we are assuming that a flat bundle over M is necessarily trivial. We let J~m 
denote the space of flat U(A;)-connections over M, and define 

M{M f ) := {(a,v) G T M x C°°(M,U(fc)) | /> = a}. 

Here, f*a is defined as in (|B.2ip . Note the similarity of the definition of M(Mf) and 

{(a,g) G Horn (tt^M), U(*)) X XJ(k) \ g^ag = fa}, 

which we considered in (|B.13p in the context of the algebraic description of M (Mf,XJ(k)j . There 
is a natural action of C°° (M, U(A;)) on M(Mf), given by 

{a,v)-tp:={a-<p,{<p- x of)v<p), (a,v) G M(M f ), cp G C°° (M, U(fc)) . 
This action is well-defined since for u := ° f)vtp we have 

• V>) = (fv a ) ■ v^uif of) = a-<p. 
For notational brevity we use the following abbreviations for the moduli spaces of flat bundles 

M(M) :=M(M,V(k)), M{M } ) := M(M f ,\J(k)) . 
We then have the following analog of of Proposition IB.2.41 

Proposition B.2.12. With respect to the natural action of C°° (M, U(fe)) on Ai(Mf) we have 

M(M f )/C°°(M,U{k)) = M(Mf). 
Moreover, the projection A4(Mf) — * Tu onto the first factor induces a surjection 

[**] : M(M f ) -> Fix(/*) C M(M). 
If we represent [a] G Fix(/*) C M.(M) by a £ Tu, then 

[r]- 1 [a] = {«GC°°(M,U(fc)) | f:a = a}/l(a), 
where 1(a) = {g G U(/c) | g~ l ag = a} denotes the isotropy group of a in XJ(k). 
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Proof. Every element (a,v) G M.{MA defines a flat U(/c)-bundle (E v ,Aq) over Mf. Here, Aq 
is used as in Lemma IB. 2, 111 to denote the flat connection on E v induced by the constant path 
a : R -> n 1 (M, u(k)) . We define 

* : M(M f ) -+ M(M f ), (a,v) ^[E V ,A ]. 
If (a,v) G M{M f ) and <p G C°°(M, U(fc)) , then 

ip = v^ 1 ^ o f)u, where u := ((/J -1 o f)vtp. 

According to Lemma IB. 2. 61 this implies that E u = E v . Moreover, the connection Aq on E v pulls 
back to the connection Aq ■ ip on E u , see (|B.26p . Thus, 

*((o,v) -<p) = V(a,v), 

and we get a well-defined map 

~$ : M{M f )/C°°(M,XJ(k)) — ► M(Mf). 

To see that ^ is surjective, let [P M , A] G M(Mf). Then Lemma IB . 2 . 1 1 1 implies that there exist 
a G T M and v G C°°(M, U(Jfe)) in such a way that i£ u is isomorphic to and the connection A 
pulls back to the connection Aq defined by a. By definition, this gives an element (a, v) G A4(Mj) 
such that vE^a, v) = A]. To check injectivity, assume that fy(a,v) = ^f(a,v). According to 
Lemma IB. 2. 61 and (1B.26|) this means that there exists (p t :R-> C°°(Af, U(fc)) such that 

tpt+i = v^ 1 ^ ° f)v, a-ip t = a, and (p^ 1 d t <p t = 0. 

In particular, (ft = ip is independent of t, and 

a = a ■ ip, and u = (v? -1 o f)v<p. 

Hence, (a,v) = (a, v) ■ ip, which establishes injectivity. The rest of the proof is formally the same 
as the proof of Proposition IB.2.41 and shall be omitted. □ 

B.3 Holomorphic Line Bundles over Riemann Surfaces. 

In this section we discuss some aspects of closed surfaces related to complex geometry. A general 
reference is [96 \ Ch.'s I— III] . Moreover, a concise introduction can be found in [80, Sec. 1.4]. 

Complex Structures on Closed Surfaces. Let S be a closed, oriented surface. Endow S 
with a Riemannian metric gs, with volume form vols of unit volume. The metric defines the 
structure of a complex manifold on S in the following way: Let * be the Hodge star operator on 
E. On O (S) it satisfies * 2 = —1 and thus gives an almost complex structure on S such that 

n 1 ' = { a G tt 1 | * a = -ia} and ft ' 1 = {a G ft 1 | * a = ia}. (B.27) 

Denote by P 1 ' and P 0,1 the associated projections and define the Dolbeault operators 

8 ■= P 1 ' od, B:= P ' 1 o d. 



B.3. Holomorphic Line Bundles over Riemann Surfaces. 



209 



Using the Leibniz rule they extend to £l m — * $7* and satisfy 

d 2 = B 2 = o. 

This is because Cl 2,0 and O ' 2 are trivial on 2-dimensional almost complex manifolds. Therefore, 
the almost complex structure is integrable. This means that we can find local coordinates z = 
x + iy with holomorphic transition functions such that *dx = dy. In these coordinates, the metric 
gs is conformal to the standard metric on C, i.e., 

5s = e 2u(z ' E) dz ®dz, «:[/cS-»l. 

For a proof see |94| Sec. 5.10] or \68\ Thm 4.16]. The sheaf of holomorphic functions on E is 
given by 

Ox(U) =kevd\u C C°°(U), ?7cSopen. 

Holomorphic Line Bundles. Now let L — > E be a Hermitian line bundle on E, and let A be 

a unitary connection on L with associated covariant derivative 

d A : n°(E,L) fi^E.L). 

Define the twisted Dolbeault operators by 

8 A := P 1 ' o d A 
5 A ■= P 0A o d A 

As in the untwisted case the extension of 8a to f2 0,, (E,L) satisfies 9^ = 0. We can then define 
a holomorphic structure on L by requiring that its sheaf of holomorphic sections is given by 

0(U,L A ) := ker5 A |c/. 

Since d A (fs) = (df)s+fdAS, it is clear that O(La) is a sheaf of Os-modules. Moreover, it follows 
from elliptic theory that the space of global sections 0(Ti,La) '■= ker 8a is finite dimensional. 

Remark. According to the above definition, every unitary connection on a line bundle defines 
a holomorphic structure and one might ask whether this is a suitable definition. Indeed, one 
can construct a complex structure on the total space of L such that the projection L — > E is 
holomorphic. A section s G C°°(E, L) is then holomorphic as a map between E and L if and only 
if d A s = 0, see [371 Thm. 2.1.53 & Sec. 2.2.2]. 

The Riemann-Roch Theorem. Although we will not need it in the main body of the thesis, 
we digress briefly on the famous Riemann-Roch Theorem in its version for line bundles, see [551 
Thm 5.4.1] and |55l Sec. 5.6]. Let K := TE — ► E be the tangent bundle of E viewed as a complex 
line bundle. The metric <?£ and the Levi-Civita connection endow K with a Hermitian metric, 
respectively, a holomorphic structure. K together with this structure is called the canonical line 
bundle of E. 

Theorem B.3.1 (Riemann-Roch). Let E be a closed Riemann surface of genus g. Let La — ► E 
be a Hermitian line bundle endowed with the holomorphic structure given by a unitary connection 
A. Then 

dim C(E, L A ) - dim C(S, K ® L A r ) = deg L A - g + 1. 



n°(s,L) -» n^EjL), 

n°(E,L) -» ^(E,^). 



(B.28) 
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Remark. The left hand side of the Riemann-Roch Theorem is the index of the operator 

8 A :n°(Z,L A ) ^n >\X,L A ). 

To see this, note first that by definition kei B A = 0(S,L A ). To identify the cokernel, we note 
that B\ = — * 8a*- Recall that we are using the complex linear * operator. Therefore, the * 
operator maps the kernel of B A to 

ker (d A ■■ n°> 1 (x,L A )^n 2 (z,LA)). 

Observing that K^ 1 = (T*T>) 0,1 , we can interpret 8a as an operator 

d A ■ K- 1 ® L A ) ft 1,0 (£, K- 1 © L A ). 

Since anti-holomorphic sections of a line bundle are in 1-1 correspondence to holomorphic sections 
of the dual bundle we get that 

dim(ker^) = dim K ® L A r ) 

which identifies the left hand side of the Riemann-Roch Formula as an index. The right hand side 
is then the integral over the corresponding index density as in the Atiyah-Singer Index Theorem 
11.2.161 see p31 Sec. 4.1]. □ 

Relation to the Signature Operator. Since we are usually dealing with the signature operator 
rather than the Dolbeault operator we also want to mention how they can be related. It follows 
from the definition (IB.27j) of the almost complex structure on £ that 

^•^n+nii 1 and n°' 1 = n-nn 1 , 

We thus have isometries 

: n + n° © fl 1 ' , an V2a [0] + a {1] , 

and 

$ : fT -> ft ' 1 © fl 2 , a^a^+V^a^]. 
Let Ba be the Dolbeault operator on Q'(E,L A ). One checks that 

o (d A + d A ) o = V2d A ■. n° © n 1 ' -» n ' 1 © n 2 

and 

$ + o (d + d l ) o = V2B A ■. n ' 1 © n 2 -> n° © n 1 ' . 

This implies 

Lemma B.3.2. The de Rham operator d A + d t A on S with values in the line bundle La is unitary 
equivalent to 

V2(B A + B A ) : fi'(E, L A ) -> fi'(£, L A ). 
Under this equivalence, the signature operator D A corresponds to 

V28 A : n°(S, La) n 1,0 (E, L A ) -» ^ 0>1 (S, L A ) © 2 (S, La) 
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Remark. With Lemma IB. 3. 21 at hand one could derive the Riemann- Roch Theorem from the 
Hirzebruch Signature Theorem and the Gauss-Bonnet Theorem, or vice versa. Certainly, the 
relation among these results becomes more complicated in higher dimensions. 

The Moduli Space of Holomorphic Line Bundles. We now want to give some remarks on 
the notion of equivalence of holomorphic line bundles. First, recall from Section IB. 1.11 that the 
group of gauge transformations Q = C°°(S,U(1)) acts on the space of Hermitian connections 
A(L) on L via 

A ■ u = A + u~ 1 du, u£G, AeA(L) 
One easily checks that the associated twisted Dolbeault operators satisfy 

9a-u = 9a + u~ 1 du = u~ 1 Bau. 

Therefore, for every E/cSwe get an isomorphism of 0£(t/)-modules 

0(U,L A )^0(U,L A . u ), s^u-h. (B.29) 

Because of this, gauge equivalent connections on L give rise to equivalent holomorphic structures. 
The converse is certainly not true. For this note that we can use any / £ C°°(S, C*) to define a 
holomorphic structure on L via 

(5 A ) f := f~ l d A f = B A + r l df. (B.30) 

Via an isomorphism of the form (|B.29p . this holomorphic structure is equivalent to the one 
induced by A. However, the underlying connection A + f~ 1 df is in general not unitary. 

The relation between the moduli space of complex line bundles and the moduli space of 
line bundles with connection can be made very explicit. Since we want to avoid dealing with 
isomorphic Hermitian line bundles which are not equal, we fix one Hermitian line bundle L — > £ 
of degree 1 and let Lk := L® fc , where a negative exponent means taking the tensor product of 
the dual. We then let Ak be the space of Hermitian connections on Lk and A = \J k Ak- 

We now consider the complexified group Q c := C°°(X,C*) of gauge transformations. It acts 
on the set of holomorphic structures on Lk via (IB.30j) . We want to lift this to an action on Ak- 
The underlying idea why this should be possible is a theorem of Chern that associates to every 
holomorphic structure and Hermitian metric on a vector bundle a unique compatible Hermitian 
connection, see [96 \ Thm. III.2.1]. In the simple case at hand we have the following: 

Lemma B.3.3. Let A £ Ak with associated Dolbeault operator 5a, and let f S Q c . Define 

A-f:=A + r'Bf - f- l df. 
The A ■ f is a Hermitian connection satisfying 

d Af = r'dAf. 

This defines an action of Q c on Ak which for Q C Q c coincides with the standard action. 

Proof. It is straightforward to check that f~ l df — f df is an imaginary valued 1-form on X. 
Thus, the connection A- f is Hermitian. Since P 0,1 (/ _1 9/) = 0, the second assertion also follows. 
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The Leibniz rule applied to d and d shows that A ■ (fg) = (A ■ /) • g so that we indeed get an 
action of Q c on Ak- Moreover, a short computations shows that 

r l Qf - r l dj = r l df - ai og \/\ 2 (B.31) 

from which one readily finds that if / takes values in U(l), the action coincides with the usual 
one. □ 

Definition B.3.4. The moduli space of holomorphic structures on L/% is defined as the quotient 
Ak/Q c - Moreover, we define the Picard group as 

Pic(E) := (J A k /G c = A/G c , 

where the group structure is induced by the tensor product of line bundles with connection. 

Remark. We note without further details that we have defined Ak/Q c and thus Pic(E) purely 
in differential geometric language. The proof that the objects we obtain coincide with the ones 
defined in holomorphic terms requires more work than sketched here. 

Relation to the Moduli Space of Unitary Connections. We now have the ingredients to 
relate the moduli space A/Q of line bundles with connections and the moduli space Pic(E) of 
holomorphic line bundles. We start by recalling a structure result for A/Q, see [67\ Sec. 2.2.1]. 
Consider the map sending a connection to its Chern-Weil representative, 

CW :A^n 2 (Z,R), CW(A):=—F A . 

Note that no trace is involved since we are dealing with line bundles. The image of CW is easily 
seen to coincide with the space 0?>(E,Z) of closed 2-forms with integral periods, see Remark 
IB.2.81 Moreover, CW(A + ia) = CW(A) for every closed 1-form a. These considerations produce 
a short exact sequence 

-► E) A ^ 0|(E, Z) -> 0. 

We also note that the action of Q on A changes a connection A by a closed 1-form with integral 
periods. In particular, the map CW is invariant under the action of Q. Moreover, in the case at 
hand 

0^(E,R)/0^(S,Z) = fl" 1 (S,R)/fl' 1 (S,Z) = iJ^E.UCl)). (B.32) 
Thus, taking quotients, we get the following exact sequence of groups 

o^^ 1 (s,u(i)) ^ A/g ^+ n 2 d (x,z) ^ o. 

Remark. This exact sequence generalizes to the case of an arbitrary closed manifold M. How- 
ever, the proof we sketched does not generalize immediately. For this note that in the case of a 
surface S, there are no line bundles which give torsion elements. Moreover, the first homology 
group i?i(E,Z) is torsion-free, a fact we used in the second equality of (IB. 32ft . In the general 
case, the Chern-Weil map does not capture possible torsion. However, the universal coefficient 
theorem shows that 

Tor (H 2 (M,Z)) = Tor (# X (M,Z)). 
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Therefore, the information about torsion is contained in 

i/ 1 (M,U(l)) = Horn [H x (M,Z),U(1)) 

which appears on the left hand side of the above sequence. 

Returning now to holomorphic line bundles over surfaces we state the following structure 
result. 

Proposition B.3.5. The natural projections 

A/G Pic(E) and fijj^E, Z) -» # 2 (£, Z) 
/it mio i/ie following commutative diagram with exact rows 

► H 1 ^^!)) ► A/G -^U 0^(E,Z) ► 

► ff^SjUCl)) > Pic(S) — ^ # 2 (£,Z) ► 0. 

Sketch of proof. We can write every element f € G c uniquely as 

/ = exp(p)u, ueG, V3GC°°(S,E). 

It follows from (|B,3ip that for every A £ A 

A - f = A + u~ 1 du + dtp — 2dip. 

Therefore, the moduli space Pic(E) = A/Q c can alternatively be described as a quotient of A/G 
by the action 

[A] •</>:= [A + d(p — 2dip] , [A] € A/G, <p € C°°(E,R). 
With respect to this, the map CW has the following equivariance property: 

CW([A] ■ tp) = CW([A}) + — ddy = CW([A}) + —(A<p) vol s . 

The latter equality is a consequence of the Kahler identities but can also be checked directly in 
this simple case. Therefore, we can equip the image of CW, i.e., the space fi^(E, Z), with a 
natural action of C°°(E,M) by defining 

w-</? :=w + — (A</?)vol s , y? G C°°(E,IEt), wgfl^(S,Z). 

27T 

It follows from the Hodge decomposition theorem that the quotient of this action coincides with 
i? 2 (E,Z). The stabilizers consist of the constant functions and thus agree with the stabilizers of 
the action of C°°(E,R) on A/G- Moreover, the action of C°°(E,R) on the fiber i? 1 (E,U(l)) is 
trivial. Therefore, taking quotients in the equivariant exact sequence 

-» H l (E,V(l)) -» A/G ^ ^(S,Z) -» 

gives the exact sequence 

-» il 1 (E,U(1)) -> Pic(E) ^ tf 2 (E,Z) -> 
and thus the requested diagram. □ 
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Remark. As in the case of Hermitian line bundles, there is a description of Pic(E) in terms of 
Cech cohomology. Let be the sheaf of nowhere vanishing holomorphic functions on E. Then 

Pic(£) = 

see [96 1 Lem. HI. 4. 4]. Moreover, the exponential sequence Z — ► Oy, — ► 0% gives rise to a long 
exact sequence in cohomology 

... -» ff p (E,Z) -» F p (E,0 s ) -» iP(E,0f;) -» £T P+1 (E,Z) -» ... 

The sheaf 0£ is not fine so that the above sequence contains much more information than its 
smooth version discussed in Section IB. 1.21 In the case at hand, this sequence is essentially 
the second line of the diagram in Proposition IB.3.51 To see this, note that as E is complex 
1-dimensional, we have i7 2 (E,0s) = 0. Thus, the above sequence reads 

H x {p,Z) H l (p,&£) -► Pic(E) F 2 (E,Z) -> 0. 

Moreover, the space -fT 1 (E,Os) is isomorphic to the Dolbeault cohomology group _£f 0,1 (E). Via 
Hodge theory, the latter can be identified with iZ^E.R). Using (TR32j) we arrive at the sequence 
of Proposition IB.3.51 
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Here, we include a computational discussion which will be used in the main body of this thesis. 
We introduce basic Eta and Zeta functions, and derive some of their values. In the second part 
of this appendix, we briefly discuss the Dedekind sums and their generalization which we use in 
Section T4.41 In particular, we establish the relation among them which we need to prove Theorem 
14.4.201 



C.l Values of Zeta and Eta Functions 
C.l.l The Gamma and the Hurwitz Zeta Function 

We will need some standard facts concerning the Gamma function and the generalization by 
Hurwitz of the Riemann Zeta function, see for example [29\ Ch. 9] as a general reference. Recall 
that the integral representation of the Gamma function is 

/>oo 

r(s) = / e~H s ~ l dt, Re(s) > 0. 
Jo 

It satisfies the functional equation 

r(« + 1) = sT(s), (C.l) 

which can be used to extend T(s) meromorphically to the whole plane. Then T(s) has no zeros 
and only simple poles at s = 0, — 1,— 2,... The residues are given by 

(-l) n 

ReslYs) =^— r-, neN. (C.2) 

v '\s=— n n! 

The Hurwitz Zeta function is defined for q £ M + as 

oo 

In particular, Ci( s ) is the- Riemann Zeta function. Using the Mellin transform one can derive 
basic properties of Cq( s )- First, we note that 



1 



(n + q) s T(s) 



t s-l e -t(n+q) dt 
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The formula for the geometric series shows that for t > 0, 

Ee" w = r — t' (°- 4 ) 

^— ' 1 — e 1 

n=0 

which clearly decays exponentially with t as t — > oo. 

Bernoulli Polynomials. The behaviour as t — > of (|C.4|) is determined by the Bernoulli 
polynomials B n (x). Recall, e.g. from [29] Sec. 9.1], that they can be defined via the generating 
function 

= V S n (x)-, |i| < 2vr, x G M. (C.5) 
e 1 — 1 n\ 

n=0 

Comparing this with (|A.5p . we note that the Bernoulli numbers with respect to the normaliza- 
tion we are using are given by B n = B n (0). Moreover, expanding e xt in (|C.5P and comparing 
coefficients of t n yields that 

Bn(x) = £ (l) B k 
In particular, 

B (x) = l, B x (x)=x-\, B 2 {x) = x 2 - x + \. (C.6) 

Prom the definition (|C.5p . one easily finds that the Bernoulli polynomials have the symmetry 
property 

B n {l-x) = {-l) n B n (x). (C.7) 

Values of the Hurwitz Zeta Function. It now follows from (|C.5p and (|C.7p applied to (|C.4p 
that for t G (0, 2vr) 

In particular, YlnLo e~ t<yTl+q ^ = 0{t~ l ) as t —* 0. This implies that we can apply the Mellin 
transform to (|C.3P and interchange summation and integration. Then splitting the integral into 
Jq 1 + J!. 00 one easily obtains that for Re(s) > 1 



i k x n k . 



n=0 

where fa(s) can be extended to a holomorphic function of s G C. Therefore, T{s)C, q {s) extends to 
a meromorphic function on the whole plane. It has simple poles at the points s = 1,0, —1, —2, . . . 
with residues 

Res(r( S )C,( S ))| s _ n+1 = (-l)"^, n G N. (C.8) 

Now, since T(s) has no zeros, we can deduce that Cq( s ) extends to a meromorphic function on 
the whole plane which can have only simple poles. Using (|C.2p and (|C,8P one finds that ( q (s) has 
a simple pole at s = 1 with residue 1. The other poles are cancelled out by the zeroes of r(s) -1 
and 

U-n) = -^f, nGN. (C.9) 
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C.1.2 An Eta Function and a "Periodic" Zeta Function 

Definition C.l.l. For x £ R let [x] denote the largest integer less or equal than x. We define 
the n-th periodic Bernoulli function as 

P n (x) := I . ' ' for n odd, 

nK ' \B n (x-[x}), ifx£Z, 

and 

P n {x) := B n (x — [x]), for n even. 

Remark. The definition of P n (x) for odd n is a bit artificial. Note that (|C.7p implies that 
B n (l) = (— l) n P n (0), so that for n even, we have B n (l) = B n (0). We note without proof, that 
for odd n with one has B n (l) = B n (0) = so that a distinction is unnecessary. However, 

when working with P\(x), the above convention is convenient. Using (IC.6j) we note that explicitly, 

Pl{*) = 1 ! P2{x) = {x-[x]) 2 -(x-[x])+\. (CIO) 

Most of our computations of Eta invariants in the main body of this thesis will be based on 
the following result. 

Proposition C.1.2. Let and define for Re(s) > 1 

Vq(s) ■= V s £ n ( n <j\ an d q( s ) := V" — 

n — or n — o r 

nez 1 ^' nez 1 1 

(i) The function n q (s) extends to a holomorphic function for all s£C, and 

rfc(O) = 2Pi(<z). 

(ii) T/ie function Cq( s ) extends to a meromorphic function with only one simple pole at s = 1. 
Moreover, 

c s (o) = {°; «-!) = -*(.). 

[—1, 11 g G Z, 

Proof. Write go := g — [g] G [0,1). Since the sums defining r/ q (s) and C?( s ) converge absolutely 
for Re(s) > 1, we can change the order of summation. Then, if q £ Z so that go = 0, we find that 



If g ^ Z we get 



and 



%(s) = Ci(s)-Ci(s) = 0, and C,W = 2Ci(a). 

00 00 ^ 

^( S ) = E(^) -E(^) =Cl-»(a)-C<B)(«), 

n=l n=0 

00 00 

&w = E (^4) s + E (^) s = ci-» w + 



n=l n=0 
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Since Ci( s )> Ci-<? ( s ) an< ^ Cg Q ( s ) extend to meromorphic functions on the whole plane, with only- 
one simple pole at s = 1 of residue 1, we can extend Tj„(s) and ( q (s) meromorphically. One sees 
that t] q (s) has no pole, whereas ( q (s) has a simple pole at s = 1. Moreover, rj q (s) vanishes if 
qeZ. Otherwise, we deduce from (fCT9|) . (f(l6|) and (f07|) that 

7/,(0) = Ci-M - ( qo (s) = -Bi(l - q ) + B 1 (q ) = 2£ 1 (< ?0 ). 

Prom the definition of P±(q) and qo, part (i) follows. Concerning part (ii), we first assume that 
qo = 0. Then 

C,(0)=-2B!(1) = -1, and £(-1) = -2^ = -B 2 (0). 
For go 7^ 0, one finds that 

C ff (0) = -Bi(l - go) - 5i(g ) = 5i(g ) - Bi(go) = 0, 

and 

5r(-l) = -|(Ba(l- Qo) + B 2 (q )) = -B 2 (q ). □ 

Remark. Clearly, one could go on without difficulty, and determine more values of rj q (s) and 
Cq(s) in terms of the periodic Bernoulli functions. However, Proposition IC . 1 .21 covers all the cases 
we are interested in. 

C.2 Generalized Dedekind Sums 

When studying the Eta invariant for 2-dimensional torus bundles over the circle, one naturally 
encounters versions of the Dedekind sums. In this section, we include some relevant definitions 
and computations. We start to collect some facts about finite Fourier series, see |12l Ch. 7]. 

C.2.1 Some Finite Fourier Analysis 

Let c G Z with c / 0. In this section we will always use the c-th root of unity £ := exp (^p) • 

Definition C.2.1. Assume that / : Z — * C is c-periodic, i.e., f(k + c) = f(k) for all k £ Z. The 

Fourier transform f : Z — > C is defined as 

|c]-l 
fc=0 

Remark C.2. 2. Since we allow c to be negative, one has to be a bit careful concerning signs. 
Let £ = sgn(c) and denote by f e the Fourier transform of / with respect to the c-th root of unity 
= exp Then for all p G Z 

[c|-l 
k=0 
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Since £ kp is c-periodic in p, the Fourier transform is again c-periodic. Moreover, we can shift 
the sum by any meZ, i.e., 

|c|+m— 1 

T(p)= E /(*)r*- 

k=m 

This implies that if g(k) := f(k + m), then 

|c|-l |cl-l 

g(p) = E + = E /(*or (fc - m)p = a mp f(p). (c.n) 

fe=0 fe=0 

Furthermore, if a 6 Z with gcd(a, c) = 1, then {a/c | A; = 0, . . . , |c| — 1} is a representation system 
of Z modulo c, so that 

|c|-l 

Tip) = E f{ak)C akp , gcd(o,c) = l. 

fc=0 

Hence, if d G Z is an inverse of a modulo c, i.e., ad = 1 (c), then := f(ak) satisfies 

\c\-l |c[-l 

Kp) = E /K)r fep = E /(fe)r** = /(#)■ (c.12) 

A;=0 fc=0 

The finite geometric series yields that 



|c|-l 

E^ fcp 

fc=0 



|c|, if p = 0(c), 
otherwise. 



From this one easily deduces the Fourier inversion formula 

\c\-l 

= R E f(p)?"> ( c - 13 ) 

p=0 

see |12|. Thm. 7.2]. Moreover, if g is another c-periodic function, one has the convolution formulas 

[c[-l [c|-l 

(/ * »)(*) := E " Z ) = A E /(P)?(p)e»*, (C14) 

Z=0 p=0 

and 

|c|-l 

(/*?)(p) = |ciE/( fc )^)r pfe , (c.i5) 

k=0 

see [121 Thm 7.10]. 

The facts we have collected so far are sufficient for the application to generalized Dedekind 
sums in Section [C.2.21 below. Yet, we need to compute the Fourier transform for one particular 
class of functions, which form the building blocks of generalized Dedekind sums. First, we 
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introduce some notation. Note that fixing a pair (a, c) with gcd(a,c) = 1, and an inverse d of a 
modulo c is the same as fixing a matrix 

M=( a b )i e SL 2 (Z), c/0. 



c d. 

Here, b is uniquely determined by requiring that ad — be = 1. Moreover, for x, y € R we define 

Proposition C.2.3. Let Pi be the first periodic Bernoulli function, see Definition \C. 1 . l\ Fix 
M = ( a c b d ) G SL 2 (Z) iwtfi c / 0, let x,y £ R. and x' as in (IC.16j) , Define a c-periodic function by 

(k -\- x \ 
a— \-yj , k G Z. 

T/ien, 

J Pi (a/), if p = 0(c), 

Here, 5 is the characteristic function o/R \ Z, i.e., <5(x') =0 «/ a/ G Z and <5(x') = 1 i/x' ^ Z. 
Moreover, as in Definition \ C. 1. 11 the expression [x 1 ] refers to the largest integer less or equal 
than x' . 

Before we give the proof of Proposition IC.2.31 let us collect some special cases. 
Corollary C.2.4. 

(i) Iff(k) := f , ,x, c (k) = Pi(§), then 

j °> if P = 0(c), 
KP)= 1 1 -t (g), o^™e. (C - 17) 



In particular, 



\c\-l 

Ei\(*)=0. (C.18) 

fc=i 



(ii) Lei x G R, and /^(fc) := ^,0,1,^) = Pi(^)- Then 



{ Pl(x), if p = 0(c), 



2 



icot — J^Np, otherwise. 



Proof of Proposition I C IL 3 The proof consists of proving the special cases (lC.17h and (IC.19h 
first. The general case then follows using (jC.lip and (|C.12|) . Formula (|C.17p is standard, see |X2(, 
Lem 7.3]. Nevertheless, we sketch a proof, since most computations we encounter are deduced 
from this formula. We assume first that c > 0. For k G {0, . . . , c — 1} we have 



f(k) = Pi(l) 



0, if k = 0, 
* — \ , otherwise. 
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Therefore, for p = 0(c), 

/b) = E(!-l) = i £ ¥ 1 -¥ = o J 

k=l 

which is also the claim in (|C.18p . Now, for p not divisible by c, we have 

m =E(*- i)r* = sUS" <*>■ 

fc=i fc=i fc=i 



For x ^ 2nicL, the formula for the finite geometric series states that 

1 -e x 
1 - e x l° 



C ~X l- e x 

E ex p(^) = 7— 



fc=l 

Using this one verifies that 

c-1 



dx 



x=—2mp 

F k=l 



Moreover, for p not divisible by c, one has Y11=i £ fcp = — 1- Therefore, in this case 

/(p) = i + i(^cot(f)-l)=§cot(f), 

which proves ijnTfjl for c> 0. For general c / 0, let e = sgn(c). Then Pi(f) = ePi(£), so that 
we deduce from the case c > and Remark IC.2.21 that 



f(p) 



0, ifp = 0(c), 

^|ecot(^), otherwise. 

Since the cotangent is an odd function, we obtain (|C.17p for c < as well. 

Concerning (|C,19p . we assume first that x £ [0, 1), and again that c > 0. Then 

[Pi(f)+f, otherwise. 

Therefore, for p = 0(c), 

Up) = Pi (f ) + E f + E Pi (!) =-Pl(1) + ^ 

fc=l fc=l 

where we have used ()C.18p . Now, one easily verifies that for x £ [0, 1) 

Pi{^) + ^x = P 1 (x), 

which implies (|C.19p for the case p = 0(c). If p is not divisible by c we use (|C.20p and (IC.17P to 
deduce that 

Up) = ^i(f) + f Er fcp + |>(!)r fcp = p i(f)-f + 1 cot (?)• 
fc=i it=i 
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Since -Pi(-) — f = —^(x), formula (|C,19P follows for x G [0, 1). For arbitrary x G K we write 
x = [x] + xq, so that 

/*(&)= /»*>(* +M)> xo6[0,l). 
Since we have already proved (|C.19|) for f XQ , we can use (jC.lip to get the required formula for 
f x . For this note that in the case p = 0(c) we have = 1. The case c < follows as before, 
using Remark I C , 2 . 2 1 and the fact that f x is odd. 

Now for the general formula of Proposition IC.2.31 observe that 

Uy,aAk) = Pl{a*¥ + V)= Pi(^±f±^) = Pi(^) = fAak), 
where x' = ax + cy. Then (|C,12p implies that 

fx,y,a,c(p) = fx' (dp), 

so that Proposition IC.2.31 follows immediately from (|C.19|) . □ 
C.2.2 Relation Among Some Dedekind Sums 

Let M = (" ^) £ SL2(Z) with c ^ 0. Recall that the classical Dedekind sums are defined by 

\c\-l 

s(a,c):=Y,Pi(f)Pi(l)> (C21) 

k=l 

see e.g., [T2J P- 128]. Since the first periodic Bernoulli function is odd, we can replace c with |c| 
in both denominators of (|C.2ip . Moreover, using that {ap \ p = 0, . . . , |c| — 1} is a representation 
system for Z modulo c, and that ad = 1 (c), one can replace a with cZ, so that 

s(a, c) = s(a, \c\) = s(d, c) = s(d, |c|). (C.22) 

There are many more relations among different Dedekind sums but their discussion would lead to 
far afield. We only mention that (|C,17p and (|C,15p easily imply the classical cotangent formula 

c ) = v\ E 3 cot cot ( - r) = A E cot (?) cot (?)> 

p=l p=l 

The Dedekind sums s(a, c) were generalized in several ways. The generalization we are interested 
in was considered in [351 EH ES] • 

Definition C.2.5. For x,y G E define 

H-i 

Ss , tf (a,c) -E^^ + V^ra- 

fc=0 

Again, there are several relations among generalized Dedekind sums for different values of 
(x, y) and (a, c). For example, s XtV (a, c) depends on (x, y) only modulo 1? . For y this is immediate 
and for x this is because for m G Z, one has 

|c|— m— 1 |c| — 1 

s x+m , y (a,c)= Y, Pi{^ + y)Pi(^) = ^2Pi{a^+y)Pi(^). (C.23) 
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We will not include a separate treatment of other relations but give an ad hoc explanation 
whenever we are using them. However, what we want to single out is the following straightforward 
consequence of Proposition IC.2.31 and (|C.15|) : 

Lemma C.2.6. Let x' be as in (|C.16|) . and let 5 be the characteristic function o/M \ Z. Then 

[c|-l 

s XtV (a,c) = ^P^P^x') - ^ Y, G cot (?) " ^ 

P =l 

x (icot(^) +5(x'))t {[x] - d[x ' ])p 



We will now make a simplifying assumption, which renders the following formulas a bit more 
transparent. 

Assumption. From now on, (x, y) G R 2 will always be chosen in such a way that x S [0, 1) and 

- (id - M,) 6M^ ; ) 6z2 (&24) 

Note that under this assumption we have x — x' = m G Z and [x] =0, which yields that 
[a/] = — m and x' — [x'\ = x. Thus, the cotangent formula of Lemma IC.2.61 simplifies to 

[c|-l 

Sx , y (a,c) = ^(x) 2 - ^ { icot (?) " ( icot (*?) + (C25) 

p=l 

We then have the following relation between the generalized Dedekind sums and the classical 
Dedekind sums, see also [70l Sec. 8] and [71] Sec. 4]. 

Proposition C.2.7. Under the above assumption, let r £ {0, . . . |c| — 1} with m = r (c). T/ien 

*.,„(«, c) - .(a, c) = i (P 2 (x) - J) + £ Pi (f ) + |P: (ft) 

fe=i 

+ - ^(f )) + ¥(x)(i - 5(f)). 

Proof. The cotangent formula ()C.25jl shows that 

[c]-l |c[-l 
..,„(«, c) = ^(x) 2 + ^ £ COt (f ) COt (2*)*** + ^(x) £ 

(C.26) 

[c|-l |c|-l V ; 

Let x = and y = — — , so that in the notation of (|C.16p we have x! = — m, and [x] — d[x'] = dm. 
Applying Lemma IC.2.61 to s X: y(a,c) yields 

|c|-l 

= ir E cot (?) cot {^)i dmp , 

p=l 
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which is exactly the first sum in (|C26|) . On the other hand, by definition, 

M-i kl-i c-i 

S ^(a,c) = £ Pi(^)Px(§) = £ Pi(^)Pi(|) = E P i(^) P i(f )' 
fc=i fe=i fc=i 

where we have first used that P\ is odd and summed over —k, and then summed over ak instead 
of k. Comparing the two expressions for Sx t y(a, c) we find that 

\c\-l \c\-l 

4R E cot (?) cot (^ mP = 2>i(^)A(f) (C.27) 

p=i fc=i 

Using (|C,17p and the Fourier inversion formula (j(J.13[) we can immediately identify two other 
terms in ()C.26|h namely 

|c|-l |c|-l 

REs^ffl^^W- r E§ cot (?K dmp = p (^)- ( c - 28 ) 

p=l p=l 

Moreover, 

H-i 

i dmp = \c\ (1 - - 1 = |c| (1 - 5(E)) - 1, 

p=l 

where in the last equality we have used that gcd(d, c) = 1. Employing this together with (|C.27[) 
and (|C.28jl . we can rewrite (1TI261) as 

k=i (C.29) 
+ \6(x)(l - - ^) + J*(x)(i\(g) - Pi(§ 

To find the claimed formula for s X) y(a, c) — s(a, c), let us first study the difference 

E p (^) Pl (*) " c ) = E p (r) ( p (nf ) - p (r)) . ( c - 3 °) 

k=l k=l 

where we have used that we can replace c with |c| in the first term and that according to (|C.22D 
we have s(a, c) = s(d, |c|). Now, with r G {0, . . . , |c| — 1} satisfying m = r (c), we get 



P (^f)- p i(R) = <| 



( R> if fe < ]c] — r, 
n(^), iffc = |c|-r, 
iffc>|c|-r. 
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Hence, straightforward manipulations yield that (|C.30P equals 

(r - 1) X>(fl) + ' E - - ^O^r 1 ) + ^i(^)^te) 

fc=l fc=l 

= l £^(f)+A(^)(p 1 ^)-^) 

fc=l 

= E^(S) + ^(t)- 

/c=i 

Note that we have used (1C.18|) to see that ^fcii 1 ^i(m) = ^' Combining this computation with 
(|C.29jl . we arrive at 

fl , llf (o,c) - S (a,c) =^Pi(x) 2 - ^S(x) + £ P x (g) + \ Pl {^) 

k=l 

+ (1 - 5(f)) + - P, (**)), 

which is the claimed formula, since -Pi(x) 2 — |<5(x) = x 2 — x = P2(x) — g. □ 
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Appendix D 

Local Variation of the Eta Invariant 



We include some more analytical details concerning the heat operator. Specifically, we will give 
some remarks concerning families of heat operators, and use this to give a proof of Proposition 



D.l More Results on the Heat Operator 

In ChapterQ]we have defined the heat operator e~ tH for a formally self-adjoint elliptic differential 
operator H of order 2 with positive definite leading symbol. We have done this by explicitly 
writing it as the limit of integral operators with smooth kernels, which were defined in terms of 
a spectral decomposition of H. In Lemma 11.2.31 we have derived a basic estimate for the heat 
kernel for large times. Concerning the small time behaviour of the heat operator, it is useful to 
have a description of e~ tH in terms of the resolvent (H — z)~~ l for z £ spec(-ff). In particular, 
the proof of the asymptotic expansion in Theorem 11.2.71 as in [49J uses this description. 

D.l.l Expression via the Resolvent 

Let E be a vector bundle over a closed manifold M of dimension m, and let H be a formally self- 
adjoint elliptic differential operator of order 2 with positive definite leading symbol. As before, 
for s, s' G R, let £$(L 2 , L 2 ,) denote the space of bounded operators from L 2 to L 2 , endowed with 
the operator norm ||.|| ss '. Although this is not really necessary, we assume for simplicity that 
H is non-negative, i.e., spec(-ff) C [0, oo), which is certainly true for an operator of the form 
H = D 2 . Then the elliptic estimate (jl.lip implies that for every s > 0, there exists a constant 
C such that 



rrmi 



C-^Kld+fT^VILa < \W\\lI < C*||(Id+^T) s / 2 



Hi? 



ip E C°°(M, E). 



(D.l) 



Consider the region 



A := {z <E C | Re(z) + 1 < | lm(z 



)!}• 



(D.2) 



Then there exists a constant C > such that 



dist(z,spec(il)) > C\z\ for all z G A. 
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This, together with (|D.1|) and the spectral theorem, implies that for s > 0, z £ A, and ip £ 

C°°{M,E) 

\\(H - z)-VHl| < KWQd+HY'^H - z)-\\\ L , 

< c 2 \ z \- 1 \\(i&+HyiW\ L 2 < cm~ 1 \W\\li 

where we have used that (Id +H) and (H — z)~ l commute. By duality, this also holds for s < 0. 
Thus, for every s£l, there exists a constant C such that 

\\(H-z)- l \\ s , s <C\z\-\ z£A. (D.3) 

We now consider the contour T := dA, oriented as the boundary, i.e., in such a way that [0, oo) 
lies in the interior, see Figure ID. II Then the Cauchy formula implies that 




(D.4) 



Figure D.l: The contour T 

Because of (ID.3p . this expression converges in the operator norm in L 2 S (M, E) for every s£K, 
To get norm estimates in ^{I? s ^l? s , ; ) for / > we need the following basic resolvent estimate. 

Proposition D.l.l. Let s £ R, k £ N ; and < / < 2k. Then there exists a constant C such 
that for all z G A 

\\(H-z)- k \\ ata+l <C\z\ l ' 2 - k . (D.5) 

Proof. For zeA, the spectrum of the operator (H — z)^ 1 is not contained in the negative real 
line, so that {H — z)~ r can be defined for every r > by the spectral theorem. As in (|D,3P one 
then finds 

\\(H-z)- r \\ SjS <C\z\- r . 
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Then, 

\\(H - z)- k \\ s , s+l < dlKld+tf)'/ 2 ^ - z)- fc || s>s 

< d|| {(ld+H)(H - ^)- 1 ) //2 || s s \\(H - zf 2 - k \ 



< C 2 \z\ l / 2 - k (l + \\{l&+z)(H - z)- l \\ k as 

<c 2 \z\ i / 2 - k (i+c 3 ^y. 

The last factor can be bounded, independently of z E A. This proves ()D.5p . □ 

An important consequence of (|D.5|) is that e~ tH does indeed solve the heat equation. We 
give the following summary of well-known facts, see in particular |49^ Lem. 1.7.5]. 

Proposition D.l. 2. Let H be a non-negative operator in & 2 e (M,E) and let s S M. 

(i) The one-parameter family {e~ tH )te(a,oo) ^ s a smooth famil$\ of smoothing operators. If 
ip G C°°(M,E), then 



(f t +H)e~ tn ip = 0, and lim ||e~"V - <p\\ L 2 = 0. 



(ii) The collection e tH forms a semi-group, i.e., 

e -(t+t')H = e -tH e -t>H^ tt , >Q 

(iii) For I > 0, there exists a constant C > such that for t £ (0, 1) 

\\e- tH \\ s ,s + i<Ct- l l 2 . (D.6) 

(iv) Let c > be smaller than the smallest non-zero eigenvalue of H and let to > 0. Then there 
exists a constant C > such that for all t > to 

\\e~ tH -P \\ s ,s<Ce- ct , (D.7) 

where Po is the projection onto ker H. 

Sketch of proof. The assertion (i) is [33 Lem. 1.7.5]. We skip the proof since it uses the same 
ideas as the proof of part (iii). Part (ii) is also standard: Let e > 0, and consider the contour 
r' := r — e. Then, using Cauchy's formula and the resolvent equation, one finds that 

e -t'H e -tH = __L J J e -t'z' e -tz {H _ z) -i {H _ z >yi dzdz > 

tz-t'z' 



/ / -[(H-z)- 1 - (H - z'y^dzdz' . 



J_ffe 



1 See Definition ID . 1 .61 below. 
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It now follows from standard "C-valued" complex analysis, that first term is equal to e (* 5 
while the second term vanishes. To prove (jL\6jl choose ken with I <2k. We integrate (fTXil) 
by parts to find that 



v 



Now let t S (0, 1) and substitute £ = tz in (|D.8p . Then we can use Cauchy's theorem to change 
integration over tT back to integration over T. This shows that for t € (0, 1) 



Now (|D.5|) applied to z = (/t € A shows that 



|e || s ,s+z S 



Ci*- fe ( y |e-^| |CAI //2 - fc dc) < c 2 |t|-'/ 2 . 



This proves (|D.6|) . Concerning (iii) we only note that the large time estimate can be easily deduced 
from Lemma ll.2.31 Alternatively it can be proved using (|D.8p by considering the contour 

r c := {z G C | Re(z) - c/2 = | Im(z)|}, 

and employing estimates corresponding to the ones in (|D.5p . see Figure [D. 21 □ 




i 



Figure D.2: The contour T c 
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D.l. 2 Perturbed Operators 

Let £ be a vector bundle over a closed manifold M of dimension m, and let K be an integral 
operator on L 2 (M, E) with smooth kernel k(x, y) G C°°(M x M, EME*). Then K is a smoothing 
operator and thus, 

K G ^(L 2 S , L 2 sl ) for all s, s' G R. 

Moreover, the C fc -norms of k(x, y) can be controlled by the operator norms of K. More precisely, 
for each k G N, we can find a constant C as in \4Q\ Lem. 1.2.7] such that 

\\k{x,y)\\ ck <C\\K\U th l>k + m/2. (D.9) 

Remark. Conversely, the Schwartz Kernel Theorem (see e.g. [94} Sec. 4.6]) ensures that an 
operator K on L 2 (M,E), which satisfies j < oo for I > k + m/2, has a kernel k(x,y) of 

class C fc such that (1D.9|1 holds. 

As before, assume that H £ & 2 e (M,E) is non-negative. If A" is a symmetric smoothing 
operator on C°°(M, the operator H-\-K will in general not be an elliptic differential operator. 
Nevertheless, it follows from standard perturbation theory that H + K has all the properties, we 
have obtained in Theorem 11.2.21 for the unperturbed case. In particular, we get a well-defined 
heat operator e ~*(^+- fs "). "We need to have a control on the difference e ~ t ( H + K ) — e~ tH . The 
following result is basically [131 Prop. 9.46], only that we have changed it into a statement about 
operators rather than kernels. 

Proposition D.1.3. Let K be a symmetric smoothing operator on C°°(M, E), and let H G 
& 2 e (M,E) be non-negative. For k > 1 and t > define inductively 

K (t) := e~ tH , K k (t) := f e~^ H KK k ^(s)ds. 

Jo 

Then, if I EN, there exists a constant C > such that for all k > 1 

||^(t)||-M<^ll^ll-M> 
Moreover, for each N > 1 £/iere exists C > swc/i t/iai /or a// £ G (0, 1) 

TV 



e -*(^)_ e -w_^(_l)*^ fc ( t ) 



fe=i 



< Ct JV+1 . 



Remark. Before we sketch the proof we want to point out that for k > 1 the operator Kk{t) 
can also be described as follows. Let 

A fc := {(«!, . . . , s k ) G R k | < si < . . . < s k = 1} 

be the standard A:-simplex. Then 

K k (t)=t k [ e - t{1 ~ Sk)H Ke- t{sk - Sk ^ )H ...Ke-^ S2 - Sl)H Ke- tSlH ds. (D.10) 
J At 
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Sketch of proof . We use (|D.10|) to prove the estimate on K k (t). First it follows from (|D.6P and 
CEJ) that \\e- tH \\ s , s can be bounded, independently of t. Thus, 



\Ke-^ H \U^ < ||ii-||_ I> ,|| e - to ^||_, ) _ J < C||K||_ M , 



On the other hand, 



| e -t(i-sfc)H^ e -*(sfc-sfe_i) j^ e -t(s2-si)H^ < C fe [|.K~[|*7' 1 



Since < CHiTH-^ we deduce, 



rik+k 

!• ,.„i, \ . >r<l--\ /.-li'. ' _ 1 \\K\\ k 

kl 



where we have used that vol(A^) = -k. Now the definition of K k (t) shows that 



f t K k (t)=KK k _ 1 (t)-HK k (t). 



Thus, for all N > 1, 



N 



(i + H + K) Y,{-V k K k {t) = (-l) N KK N (t). 



k=0 

Using the estimate on [|.Kfc(f)[|_^ we see that 

N 



+ H + K)Y J (-l) k K k (t) 



k=0 



-U 



< C N t 



N 



Thus, ^2 k= o(— ]-) k K k (t) is an approximate solution to the heat equation in terms of H + K in 
the sense of [131 Sec. 2.4]. This implies that 



N 



e -t(H+K) _ e -tH _J2(-l)* Kk (t) 



k=l 



—1,1 



< Ct 



N+l 



□ 



We also need a result on the heat trace asymptotics when we perturb the operator H by a 
smoothing operator K. We first borrow the following from |X3|, Prop. 2.47]. 

Proposition D.1.4. Let K be a smoothing operator on L 2 (M,E). Then there exists an asymp- 
totic expansion of the form 



Tr{e~ tH K) ~ Tr(K) + jT a n t n , as t -> 0. 



n=0 



Remark. The proof in [13] relies on the explicit description of the heat kernel by geometrically 
constructed approximations. This method to obtain the heat trace asymptotics is different from 
the one presented in [39], which is the one we are following in our presentation. However, a rough 
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idea to prove Proposition ID.1.41 with the methods already established is the following: For each 
N G N let 

n=0 

Since K is a smoothing operator, K^(t) is a smoothing operator as well. Applying the heat 
equation to ifjv(i) yields 

(i + H)K N (t) = t^l H N + i K _ 

bmce we can bound \\H N+1 K\\_ij for fixed N, this shows that K N (t) is an approximate solution 
to the heat equation. For t — ► it converges strongly to K which implies that 

\\e- tH K-K N (t)\\_ hl < Ct N+1 . 

Using (|D.9|) and the expression of the trace in terms of kernels, we can then estimate 

\Tr{e- tH K-K N (t)) \ <Ct N+1 . 

From this one finds that the assertion holds with 

i-D n 

a n :=^-Tr(H n K). 
n! 

The following result is what we were aiming at in this section. We will give a version which 
suffices for our considerations, although a more general statement should be possible. 

Proposition D.l. 5. Let H and K be as before, and assume in addition that K and H commute. 
Let D be an auxiliary formally self-adjoint differential operator of order d, and let K' be a 
symmetric smoothing operator on C°°(M, E). Then there exists an asymptotic expansion 

oo 

TT{(D + K')e~ t ( H+K ^r,J2t^ A a n , as t - 0. 

n=0 

Moreover, if we denote by a n (D,H) the coefficients of the asymptotic expansion of Tr(De~ tH ), 
we have 

a n = a n (D, H), for n <m. 

Sketch of proof. According to Theorem 11.2.71 it suffices to check that 

Tr ((D + K')e-^ H+K y) - Tr (De~ tH ) 

has an asymptotic expansion as t — > as a power series in t. The assumption that K and H 
commute simplifies the situation considerably, since then 

°° I j.\n 
e -t(H+K) =e -tHy(-t)_ K n j 

n=0 

where the series converges in every L_, because K is smoothing and thus bounded. This reduces 
the claim to the study of terms of the form 

Tr(De- tH K n ) and Tv(K' e - tH K n ), (D.ll) 

where n > 1. Now the trace property shows that both are of the form Tr (e~ tu for some 
smoothing operator K. We can thus apply Proposition ID . 1 .41 to deduce that the terms in (|D. 1 1|) 
are indeed asymptotic to power series in t. □ 
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D.1.3 Variation of the Heat Operator 

Now let (K U ) U £U be a p-parameter family of smoothing operators. The constant C in the estimate 
()D.9p is independent of u. This implies that if K u depends smoothly on u with respect to ||.||_n 
for each I G N, then the family of kernels k u (x,y) will depend smoothly on u with respect to all 
C fc -norms, where I > k + m/2. This motivates the following definition. 

Definition D.1.6. Let K u be a one-parameter family of operators with smooth kernels. Then 
K u is called a smooth family of smoothing operators, if for all I G N, the assignment u >— > -RT U is 
smooth in 3§ [L 2 _ p Lif) . 

We can now formulate the following version of Duhamel's formula, compare with [13(. Thm. 
2.48]. 

Theorem D.1.7. Consider a one-parameter family H u in & 2 e {M,E) of non-negative operators, 
and assume that H u is smooth in the sense of Definition \1.3.9L Then e~ tHu is a smooth family 
of smoothing operators, and 

^e~ tH - = - f e-^ H -(^H u )e- sH -ds. (D.12) 
J o 

Remark. Note that in contrast to the discussion in |13|, Sec. 2.7] the smoothness in u does 
not follow from our description (|1.14|) of the heat kernel since in general the eigenvalues and 
eigenvectors of H u will not depend smoothly on u. However, we can use the description of e~ tHu 
in terms of the resolvent to obtain the result. 

Proof. First note that the basic resolvent estimates (ID, 3ft and (ID, 5ft can be made uniform in u 
since the constants appearing there depend on u only through the elliptic estimate, which can be 
made locally uniform in u. 

We now want to prove that [H u — z)^ 1 varies smoothly with u. Without loss of generality 
we consider an interval around 0. First of all, let T be the contour defined as the boundary of 
(|D~2l) . Then for all z G T, 

H u -z = (H - z)(ld+(H - z)~ l (H u - H )) =: (H - z)(ld+T u ). (D.13) 

It follows from our smoothness assumption that T u is a bounded operator on each Lf for every 
choice of I G Z, and that the assignment 

is smooth. Moreover, we can choose 5 > such that for all u G (—5, 5) 

\\T u \\n,n < \ for n G {-I, ...,/}. 

Using the Neumann series, this ensures that Id +T U is invertible in each £${L\, L^)- Furthermore, 
the assignment u \— > (Id+T M ) _1 is differentiable with 

^(id+rj- 1 = (id+r^-^^cid+r,,)- 1 . 

Inductively, one finds that (Id+Tu)" 1 is smooth in u. Now (|D.13jl shows that for all z G T 

(H u - z)- 1 = (Id+T^Cffo - z)-\ 
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This yields that the family (H u — z) 1 depends smoothly on u as a map to £3(L 2 l _ 2 ,L 2 l ), where 
as before n G {— I, . . . ,1}. Hence, for k large enough, the assignment 

(-6,5) -^<%(L 2 _ h L 2 ), u ^(H u -z)- k 

is well-defined and smooth in u. Moreover, one easily finds that 

k 

±{H U - z)~ k = - J2(Hu ~ z)- n (lH u )(H u - z) n - k -\ (D.14) 

n=l 

Since the basic resolvent estimate (ID. 5ft can be made uniform in u, we deduce from (|D.8j) that 
e -tH u j g differentiable and that we can differentiate under the integral using (|D.14|) . Inductively, 
one finds that e~ tHu is a smooth map to Lf). 

Having established the smoothness of e~ tHu in u, we can prove Duhamel's formula (|D.12p 
along the same lines as in [131 Sec. 2.7]: First, the heat equation implies that 

(4 + ^)4^- = -(4^-*^. 

On the other hand, one finds that 



Jo 



tH,. 



Thus, 



<L„-tH«^l e -<t-»)Hu(d_H u )e-' H »d8 (D.15) 



solves the heat equation. We are thus left to show that (|D.15p converges to in L 2 (M,E) as 
t — ► 0. Concerning the first term, we use 



du e 



^Je~ t '(H v -z)- 1 {g i H u )(H u -z)- 1 dz 



and the resolvent estimate ()D.3|) . Then, as in the proof of (|D.6|h one easily finds small time 
estimates 

\\^e- tH -ip\\ L 2 < Ct\\<p\\ L2 , if e L 2 (M, E), 

which are uniform in u and t & (0,1). This shows that -^e~ tHu converges to as t — > in 
L 2 ). For the second term in (|D.15|) . we can argue as in the proof of Proposition ID. 1 ."31 to 
get uniform bounds on the integrand as t —* 0. This implies our assertion. □ 

In a similar way one can show the following result. 

Proposition D.l. 8. Let D u be a smooth family in &g e (M,E) and assume further that 
dim(kerD u ) is constant. 

(i) The projection P u onto ker(Z} n ) is a smooth family of smoothing operators. 

(ii) Denote by G u the family of Green's operators of D 2 , defined by 

G u \kev(P u ) = (Ai|ker(.P„)) > ^«lim(P«) = 0- 
Then, for every s£R, the family G u is smooth in u as a map to £3(L 2 , L 2 , d ). 
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Sketch of proof . Since D u varies smoothly with u, one can verify — using the smooth dependence 
of the resolvent on u — that for compact u-intervals, the non-zero eigenvalues are uniformly bonded 
away from 0. Then, according to the spectral theorem, the projection P u onto ker D u is given by 

Pu = ^~ I {D u - z)- 1 dz, (D.16) 

where Y is the clockwise oriented boundary of a small disk B such that 

B n spec(Aj) = {0}, for all u. 

Integrating by parts, we get 

Pu = ^- j^-z) k -\D u - z)- k dz. 

Resolvent estimates as in (|D.3|) and (|D.5|) and the formula (|D,14j) for the derivative of the resolvent 
with respect to u then yield that P u is a smooth family of smoothing operators, see [13, Prop. 
9.10] for a related discussion. 

Concerning the family of Green's operators, we can take the same small disk B and orient 
the boundary V counter-clockwise. Then 

G u = f z-\D u - zY x dz. (D.17) 

Now the uniform bound \\(D U — z)~ l || s>s +d < C and the formula for the derivative of the resolvent 
show that G u is a smooth family of operators in SS{1? S ^ L 2 s+d ). □ 

Remark D.1.9. 

(i) Note that in (|D.17p we cannot integrate by parts to increase the regularity of G u . This is, 
of course, already clear in the case of a single operator. 

(ii) If there exists a constant c such that c ^ spec(|-D u |) for all u in some interval [—(5,(5], we 
can use (|D.16P — with V being a circle of radius c around — to deduce that the spectral 
projection onto all eigenvalues of norm less than c is smooth u, see also \1'6\ Prop. 9.10]. 

(iii) Theorem ID. 1.71 and Proposition ID. 1.81 carry over verbatim, if we consider a smooth p- 
parameter families of formally self-adjoint elliptic operators. This is important for the 
discussion of fiber bundles. 

We also need the following consequence of Theorem ID. 1.71 

Lemma D.1.10. Let H u be a smooth one-parameter family of non-negative operators in 
&s e (M, E), and let D u be an auxiliary smooth one-parameter family of formally self-adjoint 
differential operators of order d. Then D u e~ tHu is a differentiable family of trace-class operators 
and, if D u commutes with H u , 

ATr(^e-^)=Tr(^e- 



-tTrfZVffe-" 1 * . (D.18) 
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Proof. Let K u := D u e~ tHu / 2 and L u := e ~ tHu / 2 . Then Theorem ID. 1.71 implies that L u is a 
smooth family of smoothing operators, and the same is true for K u , since by Lemma 11.3. 101 the 
operators D u £ &(Lf +d , Lf) depend smoothly on u for every / G Z. We now observe the following 

(i) K u and L u are smooth families of operators in ^(L 2 ,L 2 ), and 



d (rs t \ _ dD u „-tH u , pt d „-tH u 

du {J^u^u) — du e -ru Udu e , 

where we are using the pairing 

<%(L 2 , L 2 ) x <%(L 2 , 1 2 ) -> <^(L 2 , L 2 ), (5, T) ' ^ ST, 

to differentiate D u e~ tHu / 2 . 

(ii) iT u and L n are trace-class operators. Expressing the trace in terms of the kernels it follows 
from (|D.9p that they depend continuously on u with respect to the trace norm. 

Using the Holder inequality | Tr(ST)| < Tr \S\ ||T||o,o, these observations imply that Tr (D u e~ tHu ) 
is differentiable. If D u and H u commute, we can use (|D.12|) to compute that 



fu Tr {D u e- tH ") = Tr (^e^) + Tr (A^e^) 

= T H^ e ~ tHu )~ I Tr {D u e~^ H -(£H u )e- sH ")ds 
Jo 

= ^ (^e-^) - Ctt (D^H^e^ds. 
Jo 

= ^ illt e ~ tHu ) " iTr (A^e-"*-). □ 

D.2 Parameter Dependent Eta Invariants 

As a consequence of the above discussion, we can now describe a proof of the variation formula 
for the Eta invariant. 

D.2.1 Large Time Behaviour 

To study parameter dependent Eta invariants we let H u = D 2 , where D u is a smooth family in 
£Pg e (M,E). We can then state the following parameter dependent version of Proposition 11.2.31 
see also [31] Lem. A. 14]. 



Lemma D.2.1. Under the assumptions of Theorem D.1.7, the one-parameter family Du& u 
is a differentiable family of trace- class operators, and 



d_ 

du 



Tr(D u e~ tD ") = (l + 2i|) Tr (^e~ tD '). (D.19) 



Moreover, if dim(ker D u ) is constant, then for to > 0, there exist constants c and C such that for 
t>to 

\Tr(D u e- tD ")\ < Ce~ ct , (D.20) 

locally uniform in u. 
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Proof. By ([L\18]) we have 



f u Tr(D u e'^)=Tr(^e-^-tTr(Dj^e-^) 



du 

= Tt( ^ e -^ )+2 ^Tr(^ e -^). 
Proposition 11.2.31 shows that for to > 0, we can find constants C(u) such that for t > t$ 

\Tr{D u e- tD -)\ < C{u)e~ tx °^l 2 , 

where Xq{u) is the smallest non-zero eigenvalue of D 2 . The proof of Proposition [L~2~i1 shows that 
C(u) depends continuously on u so that we can find C with C{u) < C for compact u intervals. 
Moreover, the eigenvalues of D 2 , vary continuously. Hence if dim(ker D u ) is constant, the non-zero 
eigenvalues of D 2 have a uniform positive lower bound on compact u intervals. This proves the 
second assertion. □ 

The above lemma has the following consequence 

Corollary D.2.2. If dim(ker D u ) is constant, then 

j roo roc 

— / Tr (D u e- w At^dt = -2Tr (^e"^) -s Tr (^e'^t^dt, 



duj 1 " v r ' y du ' J x y du 

and both sides are holomorphic for all s £ C. 

Proof. Let P u be the orthogonal projection onto ker D u . Since dim(ker D u ) is constant we know 
from Proposition ID.1.81 that P u depends smoothly on u. Moreover, 

lD u = ^((Id-P u )D u (U-P u )) 

= -^D u (ld-P u ) + (I d -P u )^(Id-P„) - (ld-P u )D u ^ 

From this one deduces that Tr {^^e~ tL>u ^ satisfies an estimate of the form ()D.20p . Thus, for 
fixed T > 1 we can use (|D.19P to differentiate under the integral. Integrating by parts, we find 
that 



H t^Tr(D u e~^)dt = ^ & (l + 2t£) Tr (*fre-«*)dt 

= 2[T^Tr(^e-^ ) _ Tr( ^ e -^ ) 

- S [ T Tr (^e-^)t^dt. 

The uniform estimates on Tr {D u e~ tD ^) and Tr (^^e~ tDu ) show that both sides are holomorphic 
for s£C and allow us to take T — > oo. This proves the result. □ 
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D.2.2 Small Times and Meromorphic Extension 

To extend Corollary ID, 2. 21 to small times t £ [0, 1] , we need the following parameter dependent 
version of Theorem 11.2,71 see \49[ Lem. 1.9.3], A detailed proof can also be found in |23| Thm.'s 
3.3 & 3.4]. 

Theorem D.2.3. Let A u be an auxiliary smooth family of formally self-adjoint operators of order 
a. There is an asymptotic expansion, locally uniform in u, such that 

oo 

Ti{A u e- tD ") ~5^t a= T= a a n (A B , J D tl ), as t -> 0. (D.21) 

n=0 

The a n (A u , D u ) are integrals over quantities locally computable from the total symbols of A u and 
D u . Moreover, the functions a n (A u , D u ) are smooth in u and (|D,21j) can be differentiated term 
by term, i.e., 

oo 

& Tr(A u e- tD ") ~ ^ f^^a^A^ D u ), as t -» 0. 

n=0 

Proposition D.2.4. If dim(ker D u ) is constant, the meromorphic extension of rj(D u , s) is con- 
tinuously differentiable in u, and 

where o m (^ , D^) is the constant term in the asymptotic expansion of 

VtTr{^e- tD *), ast^O. 

Proof. According to Theorem ID . 2 . 31 we have asymptotic expansions, which can be differentiated 
in u, 

oo 

Tr (D u e~ w *) ~ ^ t^^^a^u), as t -> 0, 

n=0 

and 

oo 
n=0 

As remarked in Theorem 11.2.71 they can be differentiated in t as well so that (lD.19h implies 

-§-a n {u) = {n-m)a' n (u). (D.22) 

Let N G N be fixed, and let 

N 

r N (t, u) := Tr (^e - * 2 ^) - ^ t Ii ^ i a n (u), 

n=0 

and 

N 

r' N (t,u) :=Tr(^e-^)-J2t^aUu). 

n=0 
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Then and r' N satisfy estimates, locally uniform in u, 

\r N (t,u)\ <Ct N , \r' N (t,u)\ <Ct N , as t -» 0. (D.23) 
Moreover, (pXT9j) and (IL\22l) imply that 

d. rN (t,u) = (l + 2tf t y N (t, U ). (D.24) 
Now for all s G C with Re(s) > m — (N + 1) and s ^ {m — n \ n 6 N} 



/ 1 ^Tr(^e-^)dt = V 2a " (u) + /"W 

JO t^n S + n ~ 171 Jo 



+ / t 2 risr(t,u)dt. 

a -f- n — ui 

n=0 

Using ()D.23P we can differentiate under the integral to deduce from (|D.22p and (|D.24|) that 

N nl m f..\ rl 



d f s-i m , „ , n 2\ , 2(n — m) a'(u) f s-i , , . . , 

_ £ 2(„ - ro) < M + /■' ^ 

= 2 Tr tffre-'*) + £ " » / ^Mt, u)dt, 



n=0 

since 

2(n — m)a'(u) „ , , . — 2s a' (it) 

— ; v y - 2a' (it) = 

s+n— m s+n— m 

On the other hand, 

f ^ * (^e^)« = £ + /' tW„(«, «)*. 

JO n=0 s + n-m j 

This shows that the meromorphic extension to C of Jq 1 i~2~ Tr (D u e~ tD ^dt is continuously dif- 
ferentiable in it away from the poles, with derivative given by the meromorphic extension of 



2Tr(^e-^)-s f\^Tr(^e- D l)dt. 
Jo 



Since dim(ker D u ) is constant we can apply Corollary ID, 2. 21 to deduce that the meromorphic 
extension of the Eta function r](D u ,s) is continuously differentiable in u. Moreover, for N > m 
and a suitable function Hn{u, s), holomorphic for Re(s) > m — (N + 1), 



V 2 a' (u) 



^V(D U , s) = ( ^2 " _ + h N (u, s) 



r(tti) V s + n — m 

*• 2. ' n=0 

In particular, 

l V (D u ) = -2r(I)-V m (n) = -J2=a m (^,Dl). □ 
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D.2.3 The Case of Varying Kernel Dimension 

If we want to drop the assumption on dim(ker we have to study the reduced ^-invariant 
[£(AJ] G M/Z as in Definition EJLM 

Proposition D.2.5. Let D u be a smooth family in &l e (M, E). Then the reduced ^-function 
G M/Z is continuously differ entiable in u, and 

where a m (^^,D^) is the constant term in the asymptotic expansion of 

VtTr (^ e - tD '), ast^O. 

The result is the same as [3TJ Prop. A. 17]. We include a proof for completeness and sketch a 
few more details. 

Proof. Choose S small enough so that there exists c £ (0, 1) with c ^ spec(|D u |) for all u E (—5, 5). 
Denote by X l u with i = 1, . . . the finite number of eigenvalues of D u with |A„| < c, and let 

»Q 

E u (c) :=0ker (D u - AjJ. 
i=l 

Let P u (c) be the projection onto E u (c). According to Remark ID. 1.91 P„(c) is a smoothH family 
of finite rank operators with smooth kernel. Thus 

D u (c) := D u { Id -P u (c)) +P u (c) 

is a smooth perturbation of -D u by finite rank operators with smooth kernel. Note that for fixed u 
we replace with 1 the finite number of eigenvalues of D u which are of norm smaller than c. Thus, 
the large eigenvalues of D u (c) are the same as those of D u . This implies that the Eta function is 
well-defined for Re(s) > m and satisfies 

T){D u (c), s) = n(D u , s) + dimker(A0 + ^ [l - SJ 0±] , Re(s) > m. (D.25) 

Since the right hand side admits a meromorphic continuation to C, the same holds for r}(D u (c), s) . 
Moreover, s = is no pole, and the reduced ^-invariant satisfies 

[e(D„(c))] = [Z(D U )). (D.26) 

We now need to understand the variation of £(D u (c)). Since D u (c) is invertible we will study 
r]{p u (cy\ instead. Note that we cannot directly apply Proposition ID . 2 .41 since D u (c) is in general 
not a family of differential operators. However, we have already done the major work and indicate 
the changes to be made: 



2 Kato's selection theorem f |561 Sec. II.6]), ensures that the eigenvalues A„ can be ordered in such a way that they 
are parametrized by continuously differentiable functions. Nevertheless, the total projection onto all eigenspaces 
spanned by the collection X u depends smoothly on u. 
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(i) Since D u (c) is a smooth perturbation of D u by symmetric smoothing operators, the proof 
of Theorem ID. 1.71 goes through verbatim, showing that e~ tDu ^ is a smooth family of 
smoothing operators which satisfies (|D.12|) . 

(ii) Then, as in Lemma ID.2.H one finds that the one-parameter family D u (c)e~ tDu ^ is a 
differentiable family of trace-class operators satisfying (|D.19p . Clearly, the uniform large- 
time estimate (1D.20P and Corollary ID.2.21 also continue to hold. 

(iii) Since D u (c) 2 is of the form D\ + K u , where K u is a smooth family of smoothing operators 
which commutes with D 2 , we can apply Proposition ID.1751 for fixed u to get asymptotic 
expansions 

oo 

Tr (D u (c)e~ tDu{c)2 ) ~ s ^t r ^ 1 a n {u), as t -> 0, (D.27) 

n=0 

and 

oo 

Tr ((lD u (c))e- tD ^ 2 ) ~ ^Tr^P^u), as t - 0, (D.28) 

n=0 

where a' m (w) is equal to the constant term in the asymptotic expansion as t — > of 
Tr (^j^e~ tDu ) ■ Moreover, one deduces from Theorem ID. 2. 31 and the proof of Propo- 
sition ID. 1.51 that (|D.27p and (|D.28j) are locally uniform in u with coefficients depending 
smoothly on u. 

Now the proof of Proposition ID .2.41 carries over to the situation at hand yielding that 77 (.D u (c)) 
is continuously differentiable in u with 

i 1 r ] (D u (c))=-^a m (^,Dl). 
Since [£(.D U )1 = hq{D u {cf\ , the proposition follows. □ 

From the proof of Proposition ID. 2. 51 we can also easily deduce the variation formula for the 
^-invariant, as stated in Proposition 11.3.141 

Corollary D.2.6. Let D u with u 6 [a, b] be a smooth one-parameter family of operators in 
&>l e (M,E). Then 

((D b )-^D a ) = SF(D u ) ue[aM + [ &[€(D u )]du. 

J a 

Proof. Without loss of generality we may assume that [a, b] = [—6, 5] for 5 as in the proof of 
Proposition ID. 2, 5l Moreover, let D u {c) be the family of perturbed operators defined there. Then 
the fundamental theorem of calculus shows that 

v(D s (c)) - rj(D- S (c)) = J* ^n{D u {c))du. 
We deduce from analytic continuation of (|D.25j) to s = that 

Z(D S ) - ^D-s) = f fa(D u (c))du - #{t € {1, . . . , io} I Aj < 0} 
J-s 



8 

d 



+ #{ie{i,...,i } | A^<0} 

^£(D u (c))du + SF(D u ) ue[ _ StS] . 
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Since £(D u (c)) is differentiable, 

MDu(c)) = ^(D u (c))]. 
Now the equality [f (D u (c))] = [£(D U )] from <|H26|> proves the result. □ 
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